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Abctract
The reduction of a cross-section 3D problem to a 2D problem would
accelerate the computation, but it takes more than only to reduce the
dimension of the domain to investigate. We propose a way to reduce
the gap between the 2D and 3D problems and apply it on a problem of
electrostatics.

Background
Problem 1. Let Ω2 ⊂ R2 and Ω3 = Ω2× [−d, d] ⊂ R3. Find the electric
potential u ∈ C2(Ω3) ∩ C1(Ω3) such that

div(γ∇u) = f in Ω3,
∂u

∂ν
= 0 on ∂Ω3, (1)

where f is the charge density and γ the electrical conductance.

For suitable f and γ the corresponding weak formulation∫
Ω3

γ∇u · ∇v dx = −
∫
Ω3

fv ds for all v ∈ H1
�(Ω3)

has a unique solution in the Sobolew subspace

H1
�(Ω3) := {u ∈ H1(Ω3) :

∫
∂Ω3

u ds = 0},

see Lax-Milgram theorem in [1]. Let n2 the degree of freedom for
a discrete 2D problem. Then holding the spacial resolution constant
this number increases to n3 for a 3D problem. Fortunately, in many
applications e.g. in geoelectrics, or in medical field, it is sufficient to
find the solution of a 3D problem only in Ω2. We name such problem
as a cross-sectional 3D problem.

Aim
We aim to reduce the effort for such situations, but we may not apply
the 2D mesh without further activity, because the solution is depending
on the dimension of the domain Ω. This is clarified for example by the
free space fundamental solution of the Poisson equation, i.e. γ ≡ 1 in
(1), see [2]:

Φn(x) =

{
− 1

2π ln ‖x‖, x ∈ R2\{0},
1
4π

1
‖x‖, x ∈ R3\{0}.

Idea
Let un, fn : Rn ⊇ Ωn → R. From 42u2(x) = f2(x) we construct a new
2D PDE

42u2(x) + h(x) = f2(x), (2)

such that its solution uh2 coincides with u3 restricted to a cross-section
E ⊂ R3. So, by adding h we change the stimulation of the potential to
get the desired equality (3). In [3] an another approach was presented
to face this challenge: a data transformation method.

Result
Thus, inserting Φ3|E into (2) for f2 = δ2 yields

h(x) = − 1

2π

1

‖x‖3
, x ∈ R2.

Then, by construction, uh2 fulfills

uh2(x) = Φ3|E(x), x ∈ R2. (3)

But how would (3) change for a non-constant γ? Since the direct prob-
lem is continuous w.r.t. γ, see [3], and h is not adapted to γ and ∂Ω2,
the following approximation holds for relative small perturbations in
γ:

uh2(x) ≈ Φ3|E(x), x ∈ R2.

Thus, by means of proposed method, a direct cross-secional 3D prob-
lem can be solved approximatively, however faster than a 3D solver
can.
Example. Let Ω2 = [−1, 1] × [−1, 1] and Ω3 = Ω2 × [−1, 1]. For
γ ≡ 1 we set f (x) = 1 in B0,025((1/2, 1/2)

>) and f (x) = −1 in
B0,025((−1/2,−1/2)>). Replacing the Poisson equation in the BVP (1)
by

42u
h
2(x) = f (x)− (f ∗ h)(x), x ∈ R2

we obtain a fast solver for a cross-sectional 3D problem, compare the
potentials in Fig. 1.

Figure 1: Numerical solution of u2, u3|Ω2
and the adapted solution uh2 .

Future Study
It makes sense to utilize the introduced idea for Electrical Impedance
Tomography (EIT) to speed up the reconstruction algorithm, as many
of them involve a direct problem solver. The EIT is an imaging ap-
proach for reconstruction of inner structure γ based on relations given
in (1).
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