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Abstract

We define an infinite series of translation coverings of Veech’s double-
n-gon for odd n ≥ 5 which share the same Veech group. Additionally we
give an infinite series of translation coverings with constant Veech group
of a regular n-gon for even n ≥ 8. These families give rise to explicit
examples of infinite translation surfaces with lattice Veech group.

1 Introduction

Billiards in a polygon with angles commensurable with π, can be investigated by
considering the geodesic flow on an appropriate translation surface (see [ZK75]).
The fundamental work of Veech in 1989 connects the properties of the geodesic
flow to the so called Veech group of the translation surface (see [Vee89]). The
Veech alternative states, that if the Veech group is a lattice, then the billiard
flow in each direction is either periodic or uniquely ergodic.

Some translation surfaces which have the lattice property already considered
by Veech himself, are the double-n-gons Xn for odd n ≥ 5. They arise from bil-
liards in a triangle with angles π/n, π/n and (n−2)π/n. For even n, n ≥ 8, the
regular double-n-gons considered by Veech, are degree 2 coverings of the regular
n-gons Xn. The Veech groups of all these surfaces are well known lattice groups.

For every odd n ≥ 5 and every d ≥ 2 we define a translation covering
pn,d : Yn,d → Xn of degree d and calculate the Veech group of Yn,d.

Theorem 1 a). For odd n ≥ 5, the Veech group of Yn,d is

Γn := Γ(Yn,d) = 〈−I, Tn, Rn Tn2Rn−1, . . . , Rn
n−1
2 Tn

2Rn
−n−1

2 〉 ,

where

Rn =

(
cos πn − sin π

n
sin π

n cos πn

)
, Tn =

(
1 λn
0 1

)
, λn = 2 cot

π

n

and I ∈ GL2(R) is the identity matrix.

If we likewise define translation coverings pn,d : Yn,d → Xn in the even case
for n ≥ 8 and d ≥ 2, we get a similar statement.
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Theorem 1 b). For even n ≥ 8, the Veech group of Yn,d is

Γn := Γ(Yn,d)

= 〈−I, Tn, Rn2 Tn2Rn−2, . . . , Rnn−2 Tn2Rn−(n−2), (Tn
−1Rn

2)2,

Rn
2 (Tn

−1Rn
2)2Rn

−2, . . . , Rn
n−2 (Tn

−1Rn
2)2Rn

−(n−2)〉 ,

where Rn, Tn, λn and I are defined as in Theorem 1 a).

So for all n ≥ 5, n 6= 6 we obtain an infinite family of translation coverings
with fixed Veech group Γn. The Teichmüller curve arising from the translation
surface Yn,d has the following properties.

Corollary. H/Γn has genus 0, n+1
2 cusps if n is odd and n+2

2 cusps if n is
even.

The limit of each family is an infinite translation surface, Yn,∞.

Theorem 2. For n ≥ 5, n 6= 6, the Veech group Γ(Yn,∞) of Yn,∞ is Γn. In
particular Yn,∞ is an infinite translation surface with a lattice Veech group.

So the families give rise to explicit examples of infinite translation surfaces
with lattice Veech groups, which are rare by now. One example of an infinite
translation surface with lattice Veech group was found in [HW09]. It is a Z-cover
of a double cover of the regular octagon. A second example is the translation
surface described in [Hoo08]. It is build from two infinite polygons, the convex
hull of the points (n, n2) and the convex hull of the points (n,−n2). Another
example is the infinite staircase origami Z∞2,0, calculated in [HS10].

We will treat the case where n is odd in detail. The proof for even n works
very similar, hence we keep it short.
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2 Basic definitions and preliminaries.

In this section we want to shortly review the basic definitions used to state and
prove our theorems. For a more detailed introduction to Veech groups see e.g.
[HS01] or [Vor96]. More details on Teichmüller curves can be found e.g. in
[HS07].

A (finite) translation surface X is a compact Riemann surface with a finite,
nonempty set Σ(X) of singular points together with a maximal 2-dimensional
atlas ω on X \ Σ(X), such that all transition functions between the charts are
translations. The 2-dimensional atlas ω induces a flat metric on X \ Σ(X),
whereas the angles around points in Σ(X) are integral multiples of 2π. If the
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angle around a singular point is 2π, then the flat metric can be extended to
that point, otherwise the flat metric has a conical singularity. A translation
surface is obtained by gluing finitely many polygons via identification of edge
pairs using translations. In this construction, singularities may arise from the
vertices of the polygons. Especially in this situation the translation structure
on X is somehow obvious, so we often omit ω in the notation.

A continuous map p : Y → X is called a translation covering, if p(Σ(Y )) =
Σ(X) and p : Y \Σ(Y )→ X \Σ(X) is locally a translation. Since both X and Y
are compact, p is a finite covering map in the topological sense, ramified at most
over the singularities Σ(X). In the context of translation coverings p : Y → X,
we call X the base surface and Y the covering surface of p. A translation sur-
face (X,ω) that, in this sense, is not the covering surface of a base surface with
smaller genus, is called primitive. In the following, only base surfaces of genus
greater than one are considered and all singularities have conical angle greater
than 2π, so p−1(Σ(X)) = Σ(Y ). This kind of translation coverings are often
called balanced translation coverings. It is a result of Möller in [M0̈6], that every
translation surface is the (balanced) covering surface of a primitive base surface
and that the primitive surface is unique, if its genus is greater than one.

The affine group of a translation surface (X,ω) is the set of affine, orientation
preserving diffeomorphisms on X, i.e. maps that can locally be written as z 7→
Az + b with A ∈ SL2(R) and b ∈ R2. The translation vector b depends on the
local coordinates, whereas the derivative A is globally defined. The derivatives
of the affine maps on X (i.e. of the elements in the affine group), form the
Veech group Γ(X) of X. An important connection between the Veech groups
of a primitive base surface and the covering surface in a translation covering is
stated in the following lemma.

Lemma 2.1. Let p : (Y, ν)→ (X,ω) be a (finite, balanced) translation covering
with primitive base surface (X,ω) and genus g(X) > 1, then Γ(Y ) is a subgroup
of Γ(X).

The Lemma is an immediate consequence of the result of Möller cited above
(see [McM06]). In Chapter 5, the statement of Lemma 2.1 will be proved sep-
arately as Lemma 5.3 for finite and infinite coverings of the base surfaces Xn,
which are introduced in Chapter 3.

We will often use the cylinder decomposition of a translation surface X. A
cylinder is a maximal connected set of homotopic simple closed geodesics. The
inverse modulus of a cylinder is the ratio of its length to its height. Whenever
the genus of X is greater than one, every cylinder is bounded by geodesic in-
tervals joining singular points. Such a geodesic is called saddle connection if
no singular point lies in the interior. The Veech alternative states, that if the
Veech group of a translation surface is a lattice, then the geodesic flow in each
direction is either periodic or uniquely ergodic. This important result of Veech
implies in particular, that if X has a lattice Veech group and if there exists a
closed geodesic in direction θ on X then the surface decomposes into cylinders
in direction θ.
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Being a compact Riemann surface, X defines a point in the moduli space
Mg,s of Riemann surfaces of genus g with s = |Σ(X)| punctures. Every ma-
trix A ∈ SL2(R) can be used to change the translation structure ω on X, by
composing each chart with the affine map z 7→ A · z. We call the new transla-
tion surface XA. The identity map idA : X → XA is an orientation preserving
homeomorphism, so (XA, idA) is a point in the Teichmüller space Tg,s. The
surfaces XA and XB define the same point in Tg,s iff A · B−1 ∈ SO2(R) thus
defining a map i : SL2(R)/SO2(R) ∼= H ↪→ Tg,s. The Veech group Γ(X) lies
in the stabiliser in SL2(R) of XI as Riemann surface. Hence we obtain a map
from H/Γ(X) to Mg,s. By the Theorem of Smillie the image of this map, which
is birational to H/Γ(X), is an algebraic curve in the moduli space iff Γ(X) is a
lattice in SL2(R). In this case, this curve is called a Teichmüller curve.

3 The base surfaces.

3.1 The odd regular double-n-gon.

The translation surface described in this section, the odd regular double-n-gon
Xn, was already considered by Veech himself in [Vee89]. Other references con-
cerning this translation surface are [HS01] Chapter 1.7 and [Vor96] Chapter 4.
The surface arises from a triangle with angles π/n, π/n and (n− 2)π/n by the
unfolding construction described in [ZK75].

In the following, let n be an odd number, greater or equal to 5. The trans-
lation surface Xn can be glued of two regular n-gons Pn and Qn. Rotate the
n-gons until each of them has a horizontal side and Pn lies above its horizontal
side, whereas Qn lies below it. Gluing parallel sides leads to the desired trans-
lation surface. To fix lengths, let the circumscribed circle of Pn (respectively of
Qn) have radius 1. Then the edges of the n-gons have lengths 2 · sin(πn ). We

Figure 1: Labelling of X9

label the edges of the two polygons in the following way: Label the edges of Pn
and Qn counter-clockwise with x0, x1, . . . , xn−1 and x′0, x

′
1, . . . , x

′
n−1, starting

with the horizontal side (see Figure 1). Whenever needed, we initially glue the
edges xn−1 and x′n−1 to obtain only one polygon that defines Xn.

Remark 3.1. Following the identification of vertices while gluing the edges xi
and x′i one can easily see that all the vertices are identified. Xn thereby has

4



exactly one singularity with conical angle 2n n−2
n π = (n − 2) 2π. The Euler

characteristic is χ = 1− n+ 2 = 3− n and the genus of Xn is g(Xn) = n−1
2 .

According to [Vee89] Theorem 5.8, the Veech group of Xn is generated by
the matrices

Rn :=

(
cos πn − sin π

n
sin π

n cos πn

)
and Tn :=

(
1 λn
0 1

)
where λn = 2 cot

π

n
.

Let ϕR denote the orientation preserving affine diffeomorphism of Xn with
derivative Rn. The map ϕR rotates Xn around the centre mP of Pn and further
translates Xn along the vector from mP to the centre mQ of Qn.

To understand the affine map on Xn with derivative Tn, we use a cylin-
der decomposition of Xn. The horizontal saddle connections in Xn decompose
the translation surface into n−1

2 cylinders. Figure 2 indicates how to compute
the heights and lengths of these cylinders: First we rotate the double-n-gon
counterclockwise by 90 degrees. If we choose the origin of a coordinate sys-
tem in the centre of Pn, then the vertices of Pn lie in ( cos(jπ 2

n ), sin(jπ 2
n ) ),

j = 0, . . . , n− 1. This is all the information we need.

Figure 2: Horizontal cylinder decomposition of X9

We name the cylinder containing the gluing along the edges xi and xn−i with
i (see Figure 2). If hi denotes the height and li the length of the ith cylinder
and j = n+1

2 − i, then

hi = cos 2π
n (j − 1)− cos 2π

n j

= −2 sin π(2j−1)
n sin −πn = 2 sin π(2j−1)

n sin π
n

(1)
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and
li = 2(sin 2π

n j + sin 2π
n (j − 1))

= 4 sin π(2j−1)
n cos πn

(2)

for i ∈ {1, . . . , n−12 }. Note that we used the following consequence of the addi-
tion and subtraction theorems for sin and cos:

cosx− cos y = −2 sin(x+y2 ) sin(x−y2 )
sinx+ sin y = 2 sin(x+y2 ) cos(x−y2 )

The inverse modulus in all horizontal cylinders of Xn is λn = 2 cot πn . Thus
we can construct an orientation preserving affine diffeomorphism ϕT of Xn with
derivative Tn (see e.g. [Vor96] Chapter 3.2). The map ϕT fixes all horizontal
saddle connections pointwise and twists every cylinder once.

Remark 3.2. The Veech group Γ(Xn) is the Hecke triangle group with signa-
ture (2, n,∞), thus it is a lattice.

It is well known, that the translation surface Xn is primitive. We give a
short proof nevertheless.

Lemma 3.3. The translation surface Xn with odd n ≥ 5 is primitive.

Proof. Suppose p : Xn → Y is a translation covering of degree d > 1. The
surface Xn has one singularity, say x, so p is ramified at most over p(x). We
have to distinguish two cases.

If y = p(x) is a removable singularity in the flat structure, than Y is w.l.o.g.
the once punctured torus. According to [GJ00] a translation surface is the
covering surface of the once punctured torus if and only if its Veech group is
arithmetic, i.e. commensurable to SL2(Z). But the Veech group of Γ(Xn) is not
arithmetic.

In the second case, y is a non removable singularity in the flat structure.
Then p−1(y) = {x}. It follows that the preimage of a saddle connection on Y is
the union of d saddle connections on Xn. The map p is locally a translation, so
theses d saddle connections all have the same length and direction. Since there
is only one shortest saddle connection on Xn in horizontal direction, this leads
to a contradiction to d > 1.

We conclude that every translation covering p : Xn → Y has degree 1, i.e.
the genus of Y equals the genus of X.

In particular Xn has no translations, with the consequence that there is ex-
actly one affine map with derivative A for each A in the Veech group Γ(Xn).

According to Remark 3.1, the translation surface Xn has one singularity and
genus n−1

2 . Consequently the fundamental group π1(Xn\Σ) is free of rank n−1.
We use the centre of the side xn−1 as base point. A basis of the fundamental
group of the double-n-gon can be chosen in such a way, that the ith generator
(i ∈ {0, . . . , n − 2}) crosses the edge xi once from Pn to Qn (and respectively
the edge xn−1 once from Qn to Pn). The ith generator of the fundamental
group will be called xi, like the label of the edge it crosses (see Figure 3). Now
an arbitrary element of the fundamental group π1(Xn \Σ) can be factorised in
this basis by recording the names of the crossed edges and the directions of the
crossings. The edge xn−1 corresponds to the identity element.
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Figure 3: Fundamental group of the double-5-gon

3.2 The even regular n-gon.

Now let n be an even number and n ≥ 8. The translation surface Xn arises
from a regular n-gon P , with opposite sides glued together. As indicated in
the introduction, the regular double n-gon, considered by Veech in [Vee89], is a
degree-2-covering of this surface. It is well known, that the regular n-gon is a
primitive translation surface. To fix the size and orientation of the polygon, let
the jth vertex of P lie in (cos(j 2πn ), sin(j 2πn )), j ∈ {0, . . . , n− 1}. We label the
edges P counter-clockwise with x0, . . . , xn/2−1, x

′
0, . . . , x

′
n/2−1, starting with the

edge between vertex 0 and vertex 1 (see Figure 4).

(a) X8 (b) X10

Figure 4: Labelling of Xn for even n

Remark 3.4. The surface Xn has one singularity, if n/2 is even and two sin-
gularities if n/2 is odd. Using the Euler characteristic it follows, that Xn has
genus

g(Xn) =

{
n/4 , if n ≡ 0 mod 4
(n− 2)/4 , if n ≡ 2 mod 4

.

Lemma J in [HS01] states, that the Veech group ofXn equals the Veech group
of Veech’s double-n-gons for even n ≥ 8. So according to [Vee89] Theorem 5.8,
Γ(Xn) = 〈Tn, Rn2, RnTnRn−1〉 where

Rn :=

(
cos πn − sin π

n
sin π

n cos πn

)
, Tn :=

(
1 λn
0 1

)
and λn = 2 cot

π

n

are defined as in the odd case. Since RnTnRn
−1 = Rn

n+2 Tn
−1 (see relations

on page 11), only the first two generators are needed.

Again we need the cylinder decomposition of Xn in horizontal direction to
understand the affine map on Xn with derivative Tn. The surface Xn decom-
poses into n/4 or (n−2)/4 cylinders, depending on n ≡ 0 mod 4 or n ≡ 2 mod 4.
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If we label the cylinder containing the gluing along the edges i and (n/2−1)− i
with i+ 1 (see Figure 4), we get

hi = 2 cos
(2i− 1)π

n
sin

π

n
and li = 4 cos

(2i− 1)π

n
cos

π

n
(3)

for i ∈ {1, . . . , n4 } or i ∈ {1, . . . , n−24 }, respectively. It follows that the inverse
modulus is 2 cot πn = λn in all horizontal cylinders.

Remark 3.5. For even n, the rotation Rn is not contained in the Veech group
Γ(Xn). In this case Γ(Xn) is a triangle group with signature (n2 ,∞,∞) and an
index 2 subgroup of the Hecke triangle group 〈Tn, Rn〉 with signature (2, n,∞).

The translation surface Xn has one singularity and genus n/4 if n ≡ 0 mod 4
or two singularities and genus (n − 2)/4 if n ≡ 2 mod 4. In both cases, the
fundamental group π1(Xn \ Σ) is free of rank n/2. We use the centre as base
point and choose closed paths that cross exactly one edge xi one time as basis
of the fundamental group (see Figure 5). Now an arbitrary element of the
fundamental group π1(Xn \ Σ) can be factorised in this basis by recording the
names of the crossed edges and the directions of the crossings.

Figure 5: Fundamental group of the regular 8-gon

4 A series of n-gon coverings.

Using a generalised algorithm of the one presented in [Sch04], it is possible to
calculate the Veech group of an arbitrary finite covering of a double-n-gon or
n-gon (see [Fre08]). With the help of such computations, a conjecture about an
interesting family of translation coverings

pn,d : Yn,d → Xn

arose. In the following we define the family pn,d and prove that the Veech group
of the covering surface Yn,d is

Γ(Yn,d) = 〈−I, Tn, Rn Tn2Rn−1, . . . , Rn
n−1
2 Tn

2Rn
−n−1

2 〉

for odd n ≥ 5 and

Γ(Yn,d) = 〈−I, Tn, Rn2 Tn2Rn−2, . . . , Rnn−2 Tn2Rn−(n−2), (Tn
−1Rn

2)2,

Rn
2 (Tn

−1Rn
2)2Rn

−2, . . . , Rn
n−2 (Tn

−1Rn
2)2Rn

−(n−2)〉

for even n ≥ 8 with Rn and Tn as in Chapter 3.1. In particular, it is independent
of the covering degree d. Our proof uses geometric arguments and not the
methods, used to develop the algorithm mentioned above.
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The series of coverings is somehow similar to the stair-origamis in [Sch06]
and to the Zk2,0 series in [HS10]. It likewise uses two slits in the base surface to
construct the covering surface and has a Veech group that is independent of the
covering degree.

We will define the coverings by their monodromy. We recall the definition of
the monodromy; for more details see [Mir95] Chapter III.4. Let pn,d : Yn,d → Xn

be a covering of degree d and Σ = Σ(Xn). Choose a base point x in Xn \ Σ
and call its preimages in Yn,d 0, . . . , d − 1. Every closed path in Xn \ Σ at x
can be lifted to a path in Yn,d with starting point in {0, . . . , d − 1}. The end
point of the lifted path is again contained in {0, . . . , d − 1} and the lifts define
a permutation of the points {0, . . . , d− 1} in Yn,d. The corresponding map

m : π1(Xn \ Σ, x)→ Sd

has the following property

m([w1] · [w2]) = m([w2]) ◦m([w1]) ∀ [w1], [w2] ∈ π1(Xn \ Σ, x)

and is called the monodromy of the covering. Its image in Sd is a transitive
permutation group. On the other hand, every such map m : π1(Xn \Σ, x)→ Sd
with transitive image defines a degree d covering of Xn.

To define the map m it is sufficient to define the images of the generators
x0, . . . , xn−2 (or x0, . . . , xn

2−1 respectively) of π1(Xn\Σ, x) in Sd. The generator
xi crosses the edge xi and no other edge, so that the permutation σi = m(xi)
indicates directly how the d copies of Xn are glued along the edges xi and x′i to
obtain the covering surface Yn,d. The edge xi in copy j is glued to the edge x′i
in copy σi(j).

4.1 Definition of the coverings.

In the following, we define for each d ≥ 2 a covering p : Yn,d → Xn by giving its
monodromy mn,d. For the definition, we need the two permutations

σd,1 =

{
(0 1) (2 3) · · · (d− 2 d− 1) , d even
(0 1) (2 3) · · · (d− 3 d− 2) , d odd

and

σd,2 =

{
(1 2) (3 4) · · · (d− 3 d− 2) (d− 1 0) , d even
(1 2) (3 4) · · · (d− 2 d− 1) , d odd

.

Further, let

k1 =


n−1
2 , n odd

n
4 − 1 , n ≡ 0 mod 4
n−2
4 − 1 , n ≡ 2 mod 4

and k2 =


n+1
2 , n odd

n
4 , n ≡ 0 mod 4
n−2
4 + 1 , n ≡ 2 mod 4

.

For d ≥ 2 define the monodromy mn,d by:

mn,d :


π1(Xn \ Σ) −→ Sd
xi 7→ id , i /∈ {k1, k2}
xk1 7→ σd,1
xk2 7→ σd,2
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Let Yn,d denote the covering surface of the translation covering p : Yn,d → Xn,
defined by the monodromy mn,d : Fn−1 → Sd or mn,d : Fn

2
→ Sd, respectively.

Figure 6 shows the degree 2, 3 and 4 coverings of the double-5-gon, as well as
the degree 2 and 3 covering of the 8-gon. The non labelled edges are glued to
the parallel edge in the same Xn copy, labelled edges are glued to their labelled
correspondent.

(a) X5 degree 2 (b) X8 degree 2

(c) X5 degree 3 (d) X8 degree 3 (e) X5 degree 4

Figure 6: Translation coverings Yn,d of Xn

Figure 7 and Figure 8 show the action of the generators of π1(Xn \ Σ) via
mn,d on the set {0, . . . , d− 1}.
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Figure 7: Monodromy action for even d

Remark 4.1. We excluded n = 4 and n = 6 in our considerations, because the
genus of X4 and X6 is one. In these cases the singularities of the base surface Xn

are removable (i.e. have angle 2π). Hence it is an additional assumption, that
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Figure 8: Monodromy action for odd d

affine maps on the surface map singularities to singularities and that covering
maps p : Y → Xn satisfy p−1(Σ(Xn)) = Σ(Y ). If n = 4 the covering surface
Y4,d for even degree d = 2l is the lattice surface Γl2,0 defined in [HS10] and the
limit of our series is their lattice surface Γ∞2,0. For n = 6, considerations similar
to Proposition 2.6. in [Sch04] show that every affine map f on Y (respecting
Σ(Y ) = p−1(Σ(X6)) ) descends via a translation covering p : Y → X6 to an
affine map f̃ on the twice punctured torus X6 with p ◦ f = f̃ ◦ p, i.e. Γ(Y ) ⊆
Γ(X6) = 〈T6, R6

2〉. By considering some extra cases in the proof, it can be seen
that Theorem 1 b) also holds for n = 6.

4.2 The Veech group of the odd series.

The goal of this section is the proof of our main theorem for odd n ≥ 5.

Theorem 1 a). For odd n ≥ 5, the Veech group of Yn,d is

Γn := Γ(Yn,d) = 〈−I, Tn, Rn Tn2Rn−1, . . . , Rn
n−1
2 Tn

2Rn
−n−1

2 〉 .

The matrices Rn and Tn are defined as in Chapter 3.1 as

Rn =

(
cos πn − sin π

n
sin π

n cos πn

)
and Tn =

(
1 λn
0 1

)
where λn = 2 cot

π

n

and I ∈ GL2(R) is the identity matrix.

In particular, Γn is a subgroup of Γ(Xn) of index n (see Lemma 4.2) and
independent of the covering degree d. At the end of this section, we deduce the
basic properties of the Teichmüller curve defined by the translation surface Yn,d
in Corollary 4.3. We start the proof of the theorem with the following lemma.

Lemma 4.2. The group G := 〈−I, Tn, Rn Tn2Rn−1, . . . , Rn
n−1
2 Tn

2Rn
−n−1

2 〉
is of index n in Γ(Xn) = 〈Rn, Tn〉. The set of cosets is

G\Γ(Xn) = {GI,GRn, . . . , GRnn−1} ,

where I ∈ GL2(R) denotes the identity matrix.

Proof. Write Γ(Xn) = F/N , where F is the free group on the generators R and
T and N is the normal subgroup corresponding to the relations of R and T
in Γ(Xn). The image of Γ(Xn) in PSL2(R) is a triangle group with signature
(∞, n, 2), so a possible set of defining relations in PSL2(R) is {Rn, (T−1R)2}.
An easy calculation shows, that Rn = −I = (T−1R)2. We deduce (see e.g.
[Joh97] Chapter 10), that a possible set of defining relations of Γ(Xn) in SL2(R)
is {(T−1R)2 = Rn, R2n = I,RnT = TRn}.
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The method of Schreier (see e.g. [Joh97] Chapter 2) shows, that

SchreierGen = {Rn, T,R T (Rn−1)−1, . . . , Rn−1 T R−1}

is a free basis of an index n subgroup U of F with Schreier transversal

T = {I,R, . . . , Rn−1} .

Let p : F → Γ(Xn) denote the projection from F onto Γ(Xn). Our first
claim is that p(U) = G.

To simplify notation we skip the index n in the following computations, i.e.
p(R) = R and p(T ) = T . The inclusion G ⊂ p(U) is immediate: The first two
generators of G belong to p(SchreierGen), the other generators are contained in
〈p(SchreierGen)〉 since RjT 2R−j = RjT (Rn−j)−1 · Rn−jTR−j . The inclusion
p(U) ⊂ G needs some more arithmetic. The relation Rn = −I = (T−1R)2

implies TR−1T = −R and T−1 = −R−1TR−1. It follows, that RjT (Rn−j)−1 ∈
G for 1 ≤ j ≤ n−1

2 :

(Rn)j ·RjT 2R−j ·Rj−1T 2R−(j−1) · · · · ·R2T 2R−2 ·RT 2R−1 · T · (Rn)−1

= (Rn)j︸ ︷︷ ︸
(−I)j

·RjT TR−1T︸ ︷︷ ︸
−R

TR−1 . . .︸ ︷︷ ︸
−R

. . . . . . R−1T︸ ︷︷ ︸
−R

TR−1T︸ ︷︷ ︸
−R

TR−1 · T︸ ︷︷ ︸
−R

·R−n

= (−I)j(−I)jRjTRj−n = RjT (Rn−j)−1

If n−12 < j < n−1 then 0 < n−1−j < n−1
2 , so that Rn−1−jT (Rn−(n−1−j))−1 =

Rn−1−jTR−j−1 ∈ G. Because of

Rn · (Rn−1−jTR−j−1)−1 = −I ·Rj+1 T−1︸︷︷︸
−R−1TR−1

R−n+j+1 = RjTR−n+j

this implies RjT (Rn−j)−1 ∈ G for n+1
2 ≤ j ≤ n−2. The equation Rn·Rn·T−1 =

−I ·Rn · (−R−1TR−1) = Rn−1TR−1 completes the proof of the claim.

It remains to show, that the kernel of p is contained in U . Then the in-
dex [Γ(Xn) : G] = [F : U ] = n with {I,R, . . . , Rn−1} a system of coset
representatives. The kernel of the map p is the normal closure of the set
Rel = {Rn(T−1R)−2, R2n, RnTR−nT−1}, so that we need to show Uwr = Uw
∀ w ∈ F , r ∈ Rel. Because {I,R, . . . , Rn−1} is a system of coset representatives
for U , this is equivalent to RjrR−j ∈ U ∀ r ∈ Rel, j ∈ {1, . . . , n− 1}.

Rj ·Rn(T−1R)−2 ·R−j = Rn+j−1TR−1TR−j

= Rn ·Rj−1T (Rn−(j−1))−1 ·Rn−jTR−j ∈ U

Rj ·R2n ·R−j = R2n = (Rn)2 ∈ U

Rj ·RnTR−nT−1 ·R−j = Rn ·RjT (Rn−j)−1R−nRn−jT−1R−j

= Rn ·RjT (Rn−j)−1 ·R−n · (RjTR−n+j)−1 ∈ U

The surface Xn is primitive and has genus greater than one, so Γ(Yn,d) is a
subgroup of Γ(Xn) (see Lemma 2.1). In combination with Lemma 4.2 the proof
of Theorem 1 a) reduces to the proof of

12



(i) {−I, Tn, Rn Tn2R−1n , . . . , Rn
n−1
2 Tn

2Rn
−n−1

2 } ⊂ Γn = Γ(Yn,d) and

(ii) I,Rn, . . . , Rn
n−1 lie in different cosets of Γn\Γ(Xn).

The rest of the proof of Theorem 1 a) is divided into four steps. The first step

is to prove, that the parabolic matrices Rn Tn
2Rn

−1, . . . , Rn
n−1
2 Tn

2Rn
−n−1

2

with shearing factor 2λn are contained in Γn. Afterwards we show, that I,
Rn, . . . , Rn

n−1 lie in different cosets of Γn\Γ(Xn). The last two steps will show
that −I and Tn belong to Γn.

Step 1: Rn
l Tn

2 Rn
−l ∈ Γn for 1 ≤ l ≤ n−1

2
= k1

The affine map on R2, x 7→Ml · x with

Ml = Rn
l Tn

2Rn
−l =

(
1− 2λn cos( lπn ) sin( lπn ) 2λn cos2( lπn )

−2λn sin2( lπn ) 1 + 2λn cos( lπn ) sin( lπn )

)

is the shearing in direction vl = Rn
l ·
(

1
0

)
=

(
cos(lπ/n)
sin(lπ/n)

)
with factor 2λn.

To find an affine map on Yn,d with derivative Ml, we investigate the cylinder
decomposition of Yn,d in direction vl.

Because of the rotational symmetry in Xn the cylinder decomposition of Xn

in direction vl has the same properties as the horizontal cylinder decomposition
(see page 5). The vector vl lies in the same direction as the edge xl/2 if l is even
and in the same direction as the edge xk1+(l+1)/2, if l is odd. The cylinders in
the cylinder decomposition in direction xi contain gluings along the following
edges (where all the indices are understood to be modulo n):

• cylinder 1: xi−1 and xi+1

• cylinder 2: xi−2 and xi+2

...

• cylinder n−1
2 : xi−n−1

2
and xi+n−1

2

Since the monodromy map for Yn,d sends xi to the identity in Sd iff i /∈
{k1, k2}, the d copies of Xn are connected only by the edges xk1 and xk2 . Copies
of cylinders in Xn that contain neither xk1 nor xk2 are glued to themselves
in Yn,d. They keep their inverse modulus λn. Cylinders that contain either
xk1 or xk2 are glued according to mn,d(xk1) or to mn,d(xk2) respectively. For
every cycle of length a in mn,d(xk1) (or in mn,d(xk2)), a copies of the cylinder
containing xk1 (or xk2) are glued to form one cylinder in Yn,d (see Figure 9).
Since both mn,d(xk1) and mn,d(xk2) have only cycles of length 2, the inverse
modulus of theses cylinders is 2λn. Non of the vectors vl is horizontal (l 6= 0),
so that no cylinder decomposition in direction vl has a cylinder containing both
edges xk1 and xk2 .

We may conclude, thatMl is the derivative of the affine map φl on Yn,d, fixing
each saddle connection in direction vl pointwise and twisting the cylinders in
the cylinder decomposition in direction vl once or twice (again see e.g. [Vor96]
Chapter 3.2 for a more detailed explanation of such an affine map). It follows
that Rn

l Tn
2Rn

−l ∈ Γn for 1 ≤ l ≤ k1.

13



Figure 9: Diagonal cylinder decomposition

Step 2: I,Rn, . . . , Rn
n−1 lie in different cosets of Γn\Γ(Xn)

It is sufficient to show, that Rn
l /∈ Γn ∀ l ∈ {1, . . . , n− 1}, since

Γ(Xn) ·Rni = Γ(Xn) ·Rnj ⇔ Rn
i−j ∈ Γ(Xn) .

In this part of the proof we use the horizontal cylinder decomposition of Xn. In
this decomposition, cylinder k1 = n−1

2 contains the gluings along the edges xk1
and xk2 . More precisely, a closed horizontal path in the cylinder k1 describes
an element in 〈xk1xk2−1〉 ⊂ π1(Xn \ Σ). As above we conclude that for every
cycle of length a in mn,d(xk1xk2

−1) a copies of the cylinder k1 are glued in Yn,d
to form one cylinder.

If d is even, then:

mn,d(xk1xk2
−1) = mn,d(xk2

−1) ◦mn,d(xk1)
= ( (1 2) (3 4) · · · (d− 3 d− 2) (d− 1 0) )−1 ◦ (0 1) (2 3) · · · (d− 2 d− 1)
= (1 2) (3 4) · · · (d− 3 d− 2) (d− 1 0) ◦ (0 1) (2 3) · · · (d− 2 d− 1)
= (0 2 4 . . . d− 2) (1 d− 1 d− 3 . . . 3)

If d is odd, it follows:

mn,d(xk1xk2
−1) = mn,d(xk2

−1) ◦mn,d(xk1)
= (1 2) (3 4) · · · (d− 2 d− 1) ◦ (0 1) (2 3) · · · (d− 3 d− 2)
= (0 2 4 . . . d− 3 d− 1 d− 2 d− 4 . . . 3 1)

Therefore the inverse modulus of the horizontal cylinders of Yn,d, which map
onto the cylinder k1 of Xn, is d

2λn if d is even and dλn if d is odd. All the other
horizontal cylinders in Yn,d have inverse modulus λn.
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The conclusions made in step 1 about the cylinders in the direction vl do
not rely on l to be smaller or equal to n−1

2 . They also apply for 1 ≤ l ≤ n− 1.
We conclude that all the cylinders in direction vl have inverse modulus λn or
2λn. Now suppose φRl to be an affine map on Yn,d with derivative Rn

l. Then
φRl would send the horizontal cylinders onto the cylinders in direction vl. As a
rotation is length preserving, the moduli of the cylinders in horizontal direction
would have to match the moduli of the ones in direction vl. It is an immediate
consequence for d /∈ {2, 4}, that Rn

l is not contained in Γn. Simply, because
there is no cylinder in direction vl with inverse modulus d

2λn or dλn respectively.

For d = 2, all the cylinders in horizontal direction have inverse modulus λn.
In all other directions vl, there is no cylinder containing both edges xk1 and xk2 .
On the other hand, only one of the edges xk1 or xk2 can lie in direction vl, so
that there is at least one cylinder containing one of xk1 or xk2 . This cylinder has
only one preimage cylinder c̃ in Yn,d, so that the cylinder c̃ has inverse modulus
2λn, which leads to a contradiction.

If d = 4, then there are 2 cylinders with inverse modulus 2λn in the horizontal
decomposition of Yn,d. For all directions vl, where xk1 and xk2 do not lie in
direction vl, Yn,d has 4 cylinders with inverse modulus 2λn, 2 from xk1 and
2 from xk2 . In the remaining cases, were d = 4 and vl is parallel to xk1 or
xk2 , the moduli of the cylinders in the decomposition in direction vl match the
ones of the horizontal decomposition. Here we have to examine the heights
of the cylinders with inverse modulus 2λn. The cylinder k1 = n−1

2 and of
course also its preimages, have the height 2 sin(πn ) sin(πn ) (see equation 1 on
page 5). The cylinder of Xn in direction vl which is parallel to xk1 or xk2
and contains the gluing along xk2 or xk1 respectively, is the cylinder 1 (i.e. the
image of cylinder 1 in the horizontal decomposition under Rn

l). It has the height
2 sin((n − 2)πn ) sin(πn ). Using the consequence of the addition and subtraction
theorems for sin and cos

sinx− sin y = 2 cos(
x+ y

2
) sin(

x− y
2

) ,

the difference of the heights of the cylinders with inverse modulus 2λn in Yn,d
can be simplified as follows:

2 sin(πn ) sin(πn )− 2 sin(πn ) sin((n− 2)πn )
= 2 sin(πn ) cos(n−12 ·

π
n ) sin(−n+3

2 · πn ) 6= 0

Since a rotation can not map cylinders with different heights onto each other,
this case also leads to a contradiction.

Step 3: Tn ∈ Γn

To show, that Tn is contained in the Veech group of Xn, we use again the hor-
izontal cylinder decomposition of Xn. In the following we construct an affine
map φT on Yn,d with derivative Tn.

As shown above, for all but the outermost cylinder of Xn the preimage
on Yn,d decomposes into d cylinders with inverse modulus λn, respectively. An
affine map φT with derivative Tn on Yn,d twists these cylinders once and possibly
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permutes them, with say σT . Of course, if an inner cylinder j in copy i is mapped
onto cylinder j in copy σT (i), then all the other inner cylinders in copy i are
mapped onto their correspondent in copy σT (i). The preimages of cylinder n−1

2
in Xn (now called c) form 1 or 2 cylinders in Yn,d, depending on d being odd or
even. These cylinders are sheared by the factor λn.

Recall, that Yn,d is a degree d translation covering of Xn, in particular Yn,d
contains d copies of every point in Xn, except for the vertices which may be
ramification points. The preimage of c in one copy of Xn is not connected, so
from now on we use a slightly different labelling. To get the new labelling we
cut the lower part of c in each copy along the horizontal saddle connection and
glue it along the edge xk1 , i.e. the lower part of c in copy i now “belongs” to
the copy mn,d(xk1

−1)(i) (see Figure 10).

Figure 10: New labelling of the outermost cylinders

Every new copy i of c has as lower neighbour copy i of Xn \ c and as upper
neighbour copy mn,d(xk1)(i) of Xn \ c (see Figure 11).

Figure 11: Schematic drawing of the outermost cylinder

The preimage cylinder(s) of c define a natural order of the d copies:

suc(i) = mn,d(xk1xk2
−1)(i) pred(i) = mn,d(xk2xk1

−1)(i)

All we need to prove is the existence of a permutation σT of the copies of
Xn,d that fulfils the following two conditions:

1. The lower neighbours retain their order, i.e. the image of the successor of
i equals the successor of the image of i:

σT (suc(i)) = suc(σT (i))

2. The upper neighbours are shifted by one, i.e. the upper neighbour of the
image of i is the image of the upper neighbour of the predecessor of i:

mn,d(xk1)(σT (i)) = σT (mn,d(xk1)(pred(i)))
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Using the definition of pred and mn,d(a · b) = mn,d(b) ◦ mn,d(a), the
equation can be written as

mn,d(xk1)(σT (i)) = σT (mn,d(xk2)(i)) .

Such a permutation induces an affine map φT as follows:
The inner cylinders of copy i are mapped to the inner cylinders of copy σT (i)
and further twisted once. The preimages of c are sheared by the factor λn.
The lower bounding saddle connection of copy i of c is mapped onto the cor-
responding saddle connection in copy σT (i), the upper saddle connection to its
correspondent in copy σT (suc(i)) (in the new labelling). The two conditions
above ensure, that φT respects the gluings.

Claim. For even d, σT = (1 3 5 . . . d− 3 d− 1) satisfies condition 1 and 2.

Proof.

σT ◦ suc = (1 3 5 . . . d− 3 d− 1) ◦ (0 2 4 . . . d− 2) (1 d− 1 d− 3 . . . 3)
= (0 2 4 . . . d− 2)
= (0 2 4 . . . d− 2) (1 d− 1 d− 3 . . . 3) ◦ (1 3 5 . . . d− 3 d− 1)
= suc ◦ σT

mn,d(xk1) ◦ σT = (0 1) (2 3) · · · (d− 2 d− 1) ◦ (1 3 5 . . . d− 3 d− 1)
= (0 1 2 3 . . . d− 2 d− 1)
= (1 3 . . . d− 3 d− 1) ◦ (0 d− 1) (1 2) · · · (d− 3 d− 2)
= σT ◦mn,d(xk2)

Claim. For odd d, σT = m((xk1xk2)
d−1
2 ) satisfies condition 1 and 2.

Proof. Recall, that mn,d(xk1) = σd,1, mn,d(xk2) = σd,2 and that σd,1 as well
as σd,2 is of order 2. Since the permutation mn,d(xk1xk2) = σd,2 ◦ σd,1 =
(0 2 4 . . . d − 3 d − 1 d − 2 d − 4 . . . 3 1) is of order d, it follows that
(σd,2 ◦ σd,1)d = id and the second condition

σd,1◦(σd,2◦σd,1)
d−1
2 = (σd,2◦σd,1)d◦σd,1◦(σd,2◦σd,1)

d−1
2 = (σd,2◦σd,1)

d−1
2 ◦σd,2

holds. The first condition is immediate:

σT ◦ suc = (σd,2σd,1)
d−1
2 ◦ σd,2−1σd,1 = (σd,2σd,1)

d+1
2 = suc ◦ σT

The two claims finish the proof of the fact that Tn ∈ Γn.

Step 4: −I ∈ Γn

We need to construct an affine map φ−I that is locally a rotation by π. Let
φ−I denote the map that rotates every copy of Xn around the centre of its edge
xn−1 by π. Clearly the map sends every copy of Xn to itself. The preimage
of an edge xi is send to x′i. It remains to show, that this is consistent with
the gluing of the copies according to the monodromy map. The monodromy
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mn,d(xi) for i /∈ {k1, k2} is trivial, so there is nothing to prove. The permuta-
tions mn,d(xk1) and mn,d(xk2) are involutions, so that the neighbour copy at xi
equals the neighbour copy at x′i for all i ∈ {0, . . . n−2}. It follows, that −I ∈ Γn.

Step 1 to 4 together with Lemma 4.2 and Lemma 2.1 prove Theorem 1 a).

Knowing the Veech group of the translation surfaces Yn,d for all odd n ≥ 5
and all d ≥ 2, we can compute the basic properties of the Teichmüller curves
belonging to the surfaces.

Corollary 4.3. H/Γn has genus 0 and n+1
2 cusps.

Proof. A fundamental region F of Γ(Xn) is shown in Figure 12(a). Since
Γ(Xn) = Γn I ∪ ΓnRn ∪ · · · ∪ ΓnRn

n−1, the fundamental region of Γn is
G = I(F ) ∪ Rn(F ) ∪ · · · ∪ Rnn−1(F ) (see e.g. [Kat92] Theorem 3.1.2). Fig-
ure 12(b) illustrates the fundamental region G of Γ5 in a schematic picture.
The elements T5, R5T5R5

−4, R5
2T5R5

−3, R5
3T5R5

−2 and R5
4T5R5

−1 identify

(a) Γ(Xn) = 〈Tn, Rn〉 (b) Γ5

Figure 12: Fundamental regions

the edges with labels a, b, c, d and e. The cusps in R ∪∞, i.e. the non equiv-
alent vertices of the fundamental region of Γ5, are labelled by the letters A
to C, where A = {∞}, B = {cotα5,− cotα5} and C = {cot 2α5,− cot 2α5},
with αn = π

n . At the three cusps in H/Γ5, one, two and two copies of the
fundamental region of Γ(X5) meet, respectively. We say the cusps have rela-
tive width 1, 2 and 2. In addition it can be seen, that the Euler characteristic
χ(H/Γ5) = (3 + 4)− (2 · 5) + 5 = 2 and thus the genus of H/Γ5 is 0.

In general, the fundamental region G of Γn consists of n quadrilaterals with
one cusp A0 = {∞} of relative width 1 and n−1

2 cusps Ai = {cot iαn,− cot iαn}
for i = 1, . . . , n−12 of relative width 2. In addition, H/Γn has a vertex at

i and n+1
2 non equivalent vertices at cotαn + i

sinαn
, R(cotαn + i

sinαn
), . . . ,

R
n−1
2 (cotαn+ i

sinαn
). It follows, that χ(H/Γn) = (n+1

2 +1+ n+1
2 )−(2·n)+n = 2

which implies g(H/Γn) = 0.
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4.3 The Veech group of the even series.

In this section, we explicitly determine the Veech group for Yn,d in the case that
n is even. Just like in Section 4.2 the Veech group depends only on n and is
generated by −I and parabolic matrices. Hence we obtain Theorem 1 b) as
analogue of Theorem 1 a).

Theorem 1 b). For even n ≥ 8, the Veech group of Yn,d is

Γn := Γ(Yn,d)

= 〈−I, Tn, Rn2 Tn2Rn−2, . . . , Rnn−2 Tn2Rn−(n−2), (Tn
−1Rn

2)2,

Rn
2 (Tn

−1Rn
2)2Rn

−2, . . . , Rn
n−2 (Tn

−1Rn
2)2Rn

−(n−2)〉 .

The matrices Rn and Tn are defined as in Chapter 3.1 as

Rn =

(
cos πn − sin π

n
sin π

n cos πn

)
and Tn =

(
1 λn
0 1

)
where λn = 2 cot

π

n

and I ∈ GL2(R) is the identity matrix.

The proof is very similar to the proof of Theorem 1 a). Hence we will state
the outline of the proof while mainly referring to the corresponding proofs in
Section 4.2.

Concept of proof: Using similar arguments as in Lemma 4.2 one obtains that
Γn is an index n

2 subgroup of Γ(Xn) = 〈Rn2, Tn〉 with coset representatives

I,Rn
2, Rn

4, . . . , Rn
n−2. We now have to repeat the steps 1 to 4. Step 3 and 4

work the same way as in Section 4.2. Thus it is sufficient to carry out step 1
and step 2.

Step 1: We have to find affine maps with parabolic derivatives Rn
2l Tn

2Rn
−2l

for l ∈ {1, . . . , n−22 } and Rn
2l (Tn

−1Rn
2)2Rn

−2l for l ∈ {0, . . . , n−22 }. Let

vj = Rn
j ·
(

1
0

)
. The matrix Rn

2l Tn
2Rn

−2l is the derivative of the shearing in

direction v2l with factor 2λn. A consequence of the relation RnTn
−1Rn = −Tn

is (Tn
−1Rn

2)2 = Rn
−1Tn

2Rn, so the matrix Rn
2l (Tn

−1Rn
2)2Rn

−2l is the
derivative of the shearing in direction v2l−1 with factor 2λn. Hence we in-
vestigate the cylinder decompositions of Xn and Yn,d in the directions vj for
j ∈ {−1, 1, 2, . . . , n − 2}. In direction v2l−1, Xn decomposes into n

4 cylinders
if n ≡ 0 mod 4 and into n+2

4 cylinders, if n ≡ 2 mod 4. A short calculation
shows that the innermost cylinder has inverse modulus 1

2λn and that all other
cylinders have inverse modulus λn. Recall that the cylinders in the cylinder de-
composition in direction v2l have inverse modulus λn (see equation 3 on page 8).
Only the vertical decomposition (j = n

2 ) contains a cylinder containing both xk1
and xk2 (j 6= 0 excludes the horizontal direction). We conclude that the argu-
ments in the odd case also hold in the even case for the parabolic matrices
Rn

2l Tn
2Rn

−2l where l ∈ {1, . . . , n−22 }, l 6=
n
4 and for Rn

2l (Tn
−1Rn

2)2Rn
−2l

where l ∈ {0, . . . , n−22 }, l 6=
n+2
4 .

For n ≡ 0 mod 4 and l = n
4 , the innermost cylinder in the decomposition of

Xn in direction v2l contains xk1 and xk2 . This cylinder has 1 or 2 preimage cylin-
ders in Yn,d with inverse modulus dλn or d

2λn, respectively (depending on d being
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odd or even). If we rotate Yn,d and Xn clockwise by 90 degrees and introduce a
new labelling of the preimages of Xn in Yn,d (see Figure 13), we can repeat the

arguments of step 3 in Section 4.2 and find an affine map forM = Rn
n
2 TnRn

−n
2 .

Then of course M2 = Rn
n
2 Tn

2Rn
−n

2 lies in Γ(Yn,d). To find an affine map for

Figure 13: New labelling of the cylinders for X8

M we have to find a permutation σM of the copies of Xn in Yn,d that fulfils the
two conditions σM (suc(i)) = suc(σM (i)) and σd,2(σM (i)) = σM (σd,2(pred(i)))
with suc(i) = σd,1(σd,2(i)) and pred = suc−1. The permutation σ−1T with σT as
in step 3 in Section 4.2 fulfils these two conditions.

The same arguments prove that M2 = Rn
n+2
2 (Tn

−1Rn
2)2Rn

−n+2
2 is con-

tained in the Veech group of Yn,d if n ≡ 2 mod 4 (l = n+2
4 ).

Step 2: In the same way as in Section 4.2 we obtain that Rn
2l /∈ Γ(Yn,d) for

l ∈ {1, . . . , n−22 }, l 6=
n
4 if d 6= 4 or if d = 4 and vl = Rn

2l ·
(

1
0

)
is not parallel

to xk1 or xk2 .
If d = 4 and vl is parallel to xk1 (or xk2 respectively), then n ≡ 2 mod 4

and in particular n ≥ 10. In this case one cylinder c in direction vl contains
the gluing along xk2 (or xk1 respectively). This cylinder has two preimage
cylinders, both with inverse modulus 2λn and cylinder number n−2

4 − 1 i.e.
it has height h = 2 cos(n−82 · πn ) sin(πn ) (see equation 3 on page 8). The two
cylinders in the horizontal decomposition of Yn,4 with inverse modulus 2λn are

preimages of cylinder n−2
4 , so they have height h̃ = 2 cos(n−42 ·

π
n ) sin(πn ). Since

h̃− h = 2 sin(πn )(cos(n−42 ·
π
n )− cos(n−82 ·

π
n )) = −4 sin(n−62 ·

π
n ) sin2(πn ) 6= 0, no

affine map with derivative Rn
2l exists on Yn,4.

If n ≡ 0 mod 4 and l = n
4 , then vl is vertical and the cylinder decomposition

of Yn,d in direction vl has a cylinder with height h = 2 cos(πn ) sin(πn ) and inverse

modulus dλn or two cylinders with inverse modulus d
2λn, respectively (depend-

ing on d being odd or even). The cylinder with inverse modulus dλn or d
2λn in

the horizontal decomposition of Yn,d has height h̃ = 2 cos(n−22 ·
π
n ) sin(πn ) which

is different from h. Hence we may conclude that no affine map with derivative
Rn

n
2 exists on Yn,d.

We deduce the following Corollary on the Teichmüller curve to Yn,d.

Corollary 4.4. H/Γn has genus 0 and n+2
2 cusps.

Proof. The Veech group Γ(Xn) = 〈Tn, Rn2〉 has index two in the Hecke group
〈Tn, Rn〉. In particular it has a fundamental region F as shown in Figure 14(a)
with 2 cusps, {∞} and {− cotαn, cotαn} with αn = π

n . A fundamental region

of Γn is F̃ = F ∪ Rn2(F ) ∪ · · · ∪ Rnn−2(F ). The vertices of F̃ in R ∪ {∞}
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(a) Γ(Xn) = 〈Tn, Rn
2〉 (b) Γ8

Figure 14: Fundamental regions

are {∞} and cot(r αn) with r ∈ {1, . . . , n − 1}. The matrices Rn
2l Tn

2Rn
−2l

and Rn
2l (Tn

−1Rn
2)2Rn

−2l identify n−2
2 pairs of vertices (see Figure 14(b) for

Γ8), so H/Γn has n+2
2 cusps. Using the Euler characteristic, it can be seen that

H/Γn has genus 0.

5 Infinite translation surfaces.

In this section we study the limit of our covering families and show that their
Veech groups are lattices in SL2(R). An infinite translation surface X∞ can be
obtained by gluing countably infinitely many polygons via identification of edge
pairs using translations. We only consider the case where countably infinitely
many copies of one polygon are glued together. Then, if infinitely many copies
are glued at one vertex, an infinite angle singularity arises. Let Σ∞ be the set
of infinite angle singularities, then X∞ \ Σ∞ is a Riemann surface and X∞ is
the metric completion of X∞ \Σ∞. So we get a so called tame flat surface. For
more details on infinite translation surfaces see e.g. [Val09].

As in the finite case, let n ≥ 5, n 6= 6. To simplify notation, let X∗ =
X \ Σ(X) for a finite or tame infinite translation surface X. Our series of
translation coverings give rise to the infinite translation surface Yn,∞, defined
by the monodromy

mn,∞ :


π1(X∗n) −→ Sym(Z)

xi 7→ id , for i /∈ {k1, k2}
xk1 7→ σk1
xk2 7→ σk2

where σk1 : l 7→
{
l + 1 , l even
l − 1 , l odd

, σk2 : l 7→
{
l − 1 , l even
l + 1 , l odd

,

k1 =


n−1
2 , n odd

n
4 − 1 , n ≡ 0 mod 4
n−2
4 − 1 , n ≡ 2 mod 4

and k2 =


n+1
2 , n odd

n
4 , n ≡ 0 mod 4
n−2
4 + 1 , n ≡ 2 mod 4

.

Remark 5.1. The surface Yn,∞ has 4 infinite angle singularities.
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Proof. For odd n and even n, n ≡ 0 mod 4, a simple clockwise path around the
singularity in Xn is given by

p = x0x1
−1x2x3

−1x4 . . . xn−3xn−2
−1x0

−1x1x2
−1x3 . . . xn−3

−1xn−2 or
p = x0x1

−1x2x3
−1x4 . . . xn

2−2x
n
2−1
−1x0

−1x1x2
−1x3 . . . xn

2−2
−1xn

2−1 ,

respectively. Since the monodromy of xi is the identity iff i /∈ {k1, k2}, σk1 =
σk1
−1 and σk2 = σk2

−1, we have

(mn,∞(p)) (l) = (σk2 ◦ σk1)2(l) =

{
l + 4 , l even
l − 4 , l odd

.

For even n, n ≡ 2 mod 4, two simple clockwise paths p1 and p2 around the
two singularities in Xn are given by p1 = x0x1

−1x2x3
−1x4 . . . xn

2−2
−1xn

2−1 and

p2 = x1x2
−1x3 . . . xn

2−2x
n
2−1
−1x0

−1 . It follows

(mn,∞(p1)) (l) = (mn,∞(p2)) (l) = σk2(σk1(l)) =

{
l + 2 , l even
l − 2 , l odd

.

Remark 5.2. The covering pn,∞ : Yn,∞ → Xn is not a Z-covering, but Yn,∞
is a Z-covering of Yn,2: A basis of π1(Y ∗n,2) is B = {xk2xk1−1, xk12, xk1xk2} ∪
{xi, xk1xixk1−1 | i /∈ {k1, k2} } and π1(Y ∗n,∞) ⊆ π1(Y ∗n,2). Every copy of Yn,2 in
Yn,∞ consists of two copies of Xn with numbers 2l and 2l+1. Since σk2σk1(2l) =
2l+ 2 and σk1

−1σk2 = (σk2σk1)−1, the image of π1(Y ∗n,2) under mn,∞ restricted
to the even numbers defines a transitive permutation group on 2Z isomorphic
to Z. It follows that

m̃ = mn,∞|π1(Y ∗
n,2)

=


π1(Y ∗n,2) → Sym(2Z) ∼= Sym(Z)
xk1xk2 7→ (2l 7→ 2l + 2)

xk2xk1
−1 7→ (2l 7→ 2l − 2)
w 7→ id , w ∈ B \ {xk1xk2 , xk2xk1−1}

defines a normal covering p̃ : Yn,∞ → Yn,2 with Galois group Z and pn,∞ =
pn,2 ◦ p̃.

In [HW09] Z-covers are defined by non-zero elements in the relative ho-
mology H1(X,Σ(X);Z). In our case, a representative for the element w ∈
H1(Yn,2,Σ(Yn,2);Z), defining Yn,∞, consists of two reverse paths on the edges
xk2 in copy 0 and copy 1. For n = 8 this can be seen in Figure 15. The holon-

Figure 15: w ∈ H1(Y8,2,Σ(Y8,2);Z), defining Y8,∞

omy hol(w) = 0, so according to [HW09] the cover is recurrent, i.e. the straight
line flow on Yn,∞ is recurrent for almost every direction θ.
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We want to determine the Veech group of Yn,∞ and start by arguing, why
Γ(Yn,d) is contained in Γ(Xn), even for d = ∞. For this we use the devel-
opments of the saddle connections of a translation surface (X,ω) (see [Vor96]
Chapter 3.1). For every saddle connection there is a chart containing the saddle
connection without end points. Thus the saddle connection defines an interval
in R2, i.e. a vector and its additive inverse in R2, not depending on the chosen
chart. The set of all theses vectors is called SC(X).

Lemma 5.3. For n ≥ 8, the Veech group Γ(Yn,d) of Yn,d is contained in Γ(Xn),
even for d =∞.

Proof. The covering map pn,d : Yn,d → Xn is locally a translation, so every
saddle connection in Yn,d is mapped one to one to a saddle connection in Xn

and every saddle connection in Xn can be lifted to a saddle connection in Yn,d.
It immediately follows SC(Xn) = SC(Yn,d). This idea, at least for finite d, and
the following statement can be found in [Vor96]. Affine maps preserve the set
of saddle connections. We conclude that Γ(Yn,d) is contained in the stabiliser
Stab(SC(Yn,d)) of SC(Yn,d) and Γ(Xn) ⊆ Stab(SC(Xn)), respectively. Accord-
ing to [Vor96] Proposition 3.1, SC(Xn) has no limit points, hence Stab(SC(Xn))
is a discrete group.

For odd n, the Veech group Γ(Xn) is a Hecke group. In particular it is
a maximal discrete subgroup of SL2(R) and Γ(Xn) ⊂ Stab(SC(Xn)) implies
Γ(Xn) = Stab(SC(Xn)) which proves the statement for n odd.

For even n, Γ(Xn) is a triangle group with signature (n2 ,∞,∞). According
to [Sin72] Theorem 1 and Theorem 2, the only possible discrete groups properly
containing Γ(Xn) are the triangle groups with signature (n, 2,∞). Let G denote
the triangle group (n, 2,∞), containing Γ(Xn). Then G = 〈Tn, Rn〉 and [G :
Γ(Xn)] = 2. The shortest saddle connections in Xn are the edges of the regular
n-gon. Their corresponding elements in SC(Xn) are

vl = Rn
2(l+1) ·

(
1
0

)
−Rn2l ·

(
1
0

)
=

(
cos(2(l + 1)πn )− cos(2l πn )
sin(2(l + 1)πn )− sin(2l πn )

)
=

(
−2 sin((2l + 1)πn ) sin(πn )
2 cos((2l + 1)πn ) sin(πn )

)
.

The rotation Rn doesn’t change the length of a saddle connection, but

Rn · vl = Rn
2(l+1)+1 ·

(
1
0

)
−Rn2l+1 ·

(
1
0

)
=

(
−2 sin((2l + 2)πn ) sin(πn )
2 cos((2l + 2)πn ) sin(πn )

)
6= vj

for all j ∈ {0, . . . , n− 1}. So Rn /∈ Stab(SC(Xn)) and Stab(SC(Xn)) = Γ(Xn).
We conclude Γ(Yn,d) ⊂ Stab(SC(Yn,d)) = Stab(SC(Xn)) = Γ(Xn).

Now we can calculate the Veech group of the infinite covering surface by
reproducing the arguments of the finite case.

Theorem 2. For n ≥ 5, n 6= 6, the Veech group Γ(Yn,∞) of Yn,∞ is Γn. In
particular Yn,∞ is an infinite translation surface with a lattice Veech group.

Proof. We reconsider the steps 1 to 4 of the proof in the finite case. In step 1
we can use identical arguments to show that Rn

l Tn
2Rn

−l (if n is odd) or
that Rn

2l Tn
2Rn

−2l and Rn
2l (Tn

−1Rn
2)2Rn

−2l (if n is even) are contained
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in Γ(Yn,∞). Once again the proof for Rn
n
2 Tn

2Rn
−n

2 if n ≡ 0 mod 4 and for

Rn
n+2
2 (Tn

−1Rn
2)2Rn

−n+2
2 if n ≡ 2 mod 4 rely on σT (as defined below).

To prove that I,Rn, . . . , Rn
n−1 (or I,Rn

2, . . . , Rn
n−2 respectively) lie in

different cosets of Γ(Yn,∞)\Γ(Xn) in step 2, we compute the monodromy of the
core curve p of cylinder

k =


n−1
2 , n odd

n
4 , n ≡ 0 mod 4
n−2
4 , n ≡ 2 mod 4

of the horizontal cylinder decomposition of Xn:

mn,∞(p) = mn,∞(xk1xk2
−1) = σk2

−1 ◦ σk1 =

{
i 7→ i+ 2 , i even
i 7→ i− 2 , i odd

So cylinder k has two preimages of infinite length in Yn,∞. Recall that no
cylinder of Xn in the decomposition in direction vl contains both xk1 and xk2
if n is odd or if n is even and l 6= n

4 . This implies that Yn,∞ contains no infinite
cylinder (i.e. no strips) in these directions. As in the finite case n ≡ 0 mod 4
and l = n

4 is an exception. There the cylinder decomposition in direction vl
contains two infinite cylinders. But their height differs from the height of the
infinite cylinders in the horizontal decomposition. We conclude that there is no
affine map with derivative Rn

l (or Rn
2l) on Yn,∞.

The proof of Tn ∈ Γ(Yn,∞) is similar to the finite case when d is even.
We consider the two infinite length preimages of cylinder k of the horizontal
cylinder decomposition. The maps suc and pred are defined as in the finite
case and again we need to prove the existence of a permutation σT ∈ Sym(Z)
fulfilling the two properties: σT (suc(i)) = suc(σT (i)) and mn,∞(xk1)(σT (i)) =
σT (mn,∞(xk2)(i)) . Let

σT =

{
i 7→ i , i even
i 7→ i+ 2 , i odd

.

The map suc = mn,∞(xk1xk2
−1) was calculated above. It remains to check the

two conditions on σT :

σT (suc(i)) =

{
i+ 2 , i even
i , i odd

= suc(σT (i))

mn,∞(xk1)(σT (i)) = i+ 1 = σT (mn,∞(xk2)(i))

Finally the proof for −I ∈ Γ(Yn,∞) in step 4 works as in the finite case.
Lemma 5.3 and Lemma 4.2 complete the proof.
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