
Graph Theory winter term 2017

Problem sheet 7

Due date: December 6.

Definition. A plane multigraph is a pair G = (V,E) of finite sets (of vertices and
edges respectively) so that V ⊆ R2, every edge is either an arc between two vertices or
a polygon containing exactly one vertex (its endpoint) and apart from its endpoint(s),
an edge contains no vertex and no point of any other edge. In a plane multigraph
both loops and double edges count as a cycles.
Consider a plane multigraph G and place a new vertex inside each face of G and
link these new vertices up to form another plane multigraph G∗, as follows: for every
edge e, we link two vertices in faces incident with e by an edge e∗ crossing e; if e is
incident to only one face, then we attach a loop e∗ to the new vertex in that face,
again crossing e. The plane multigraph formed this way is called the dual of G.
(A precise definition can be found in the book Graph Theory by Reinhard Diestel.)

Problem 25. 5 points
Consider a plane embedded graph G so that each face of G is a 4-cycle and the dual G∗

of G is a plane triangulation. How many vertices and edges can G have?

Problem 26. 5 points
Let G be a plane graph with a face bounded by a 4-cycle C. Prove without using the
4-color-theorem that there is a proper 5-coloring of G such that the vertices of C get
distinct colors.

Problem 27. 5 points
Let Gn be the graph on 2n vertices whose complement is a perfect matching. Show that
the list-chromatic number of Gn is n.

Problem 28. 5 points
Show that a planar triangulation is 4-colorable if and only if its plane dual is 3-edge-
colorable.

Open Problem.
Prove without using the 4-color-theorem that every n-vertex planar graph has an inde-
pendent set of order at least dn/4e.
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