
Graph Theory winter term 2017

Problem sheet 10

Due date: 10. January

You can submit 3 of the Problems 37− 40, and in addition, the bonus problem.

Problem 37. 5 points
Let G be a graph on n vertices with minimum degree δ(G) ≥ b r−2

r−1
· nc + 1. Show that

there is a copy of Kr in G.

Problem 38. 5 points
Let x1, · · · , xn ∈ R2 be vectors whose length (i.e. Euclidean norm) is at least 1. Show
that there are at most bn2/4c pairs xi, xj such that ||xi + xj|| < 1.

Problem 39. 5 points
Prove that the maximum number of edges in an n-vertex graph without an even cycle is

b3(n−1)
2
c. Compare it with the maximum number of edges in an n-vertex graph without

an odd cycle.

Problem 40. 5 points
Show that every graph G without C6 has a subgraph H with |E(H)| ≥ |E(G)|/2, which
contains no C4.

Turn the page for a bonus problem! y
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Bonus Problem. 5 bonus points

A business consultant had visited Santa Claus and told him that he is employing way
too many elves and should lay off some. But the elves have a strong labor union, so he
cannot just inform them about their enforced redundancy. He needs to be witty. So he
walks into the workshop and tells his elves: “I need to find out who of you is actually
working here, so I want you to build a tree of order k + 1 for me. You have fifteen
minutes!” The Quizzical Elf asks back: “Gladly, dear Santa, but which tree exactly?”
but Santa just snorts “Just do what you are told” and leaves.

The Fatalistic Elf begins to whine “How can we build the tree he wants? Even if we
build some tree, he will just claim that he wanted a different one and feed us to the
reindeer.” Everybody is quiet for a while. Then the Resourceful Elf calms him down:
“Here we have n vertices, with n ≥ k + 1, and (k − 1)n −

(
k
2

)
+ 1 edges, maybe we

build something larger and with some luck the tree he wants is part of what we build.”
The Fatalistic Elf stopped whining and looked optimistically for a moment, but then the
Chronistic Elf shouted “We have only two minutes left”, so in an act of desperation, the
Hasty Elf takes all the vertices and edges and connects them arbitrarily.

Just after he finished, Santa Claus comes back, with a malicious grin. He starts to
point at random elves and shouts “I will have to lay off you, you, you and you because
you did not build the tree that I expected, see, the tree that I wanted was” but stops
there, looks at the construction, wants to say something, again aborts, and eventually
gives up. “Never mind, I see exactly the tree that I wanted. Nobody gets laid off, and
the business consultant will be spanked this year.”

All the elves thanked the Hasty Elf wholeheartedly, as it seems that he saved them
all. But was it really his deed?

Open Problem.
Determine the largest number of triangles in an n-vertex graph without a copy of K4.
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