
Graph Theory winter term 2017

Problem sheet 14

Due date: 07. February

Problem 53. 5 points
Let (G, s, t, c) be a network and let (S, S) and (T, T ) be cuts of minimum capacity. Prove
that (S ∪ T, S ∪ T ) and (S ∩ T, S ∩ T ) are also cuts of minimum capacity.

Problem 54. 5 points
Show that every R-circulation f on a graph G decomposes into cycles, i.e., there are
R-circulations f1, . . . , fk on G such that f =

∑k
i=1 fi and for i = 1, . . . , k the set of edges

with non-zero value in fi is a cycle.

Problem 55. 5 points
You can submit the solution of one of the parts I. and II. (each worth 5 points).

I. A tournament is a set of n teams and one match between any two teams. Assume
every match has a winner, there is no draw. Is it possible that in some tournament
for every triple of teams there exists a fourth team that wins against each team in
the triple?

II. a) What is the expected number of paths of length 3 (length is the number of
edges) in G(n, p)?

b) What is the expected number of induced cycles of length 5 in G(n, p)?

c) Given n ∈ N, find those values of p so that the expected number of different
labeled spanning trees in G(n, p) is at least 1.
You can use the fact that the number of trees on n labeled vertices is nn−2.

Problem 56. 5 points
Show that, for constant p ∈ (0, 1), almost every graph in G(n, p) has diameter 2.

Open Problem.
Prove or disprove that every bridgeless graph G = (V,E) admits a circulation f : Ẽ → Z5

with f(x, y) 6= 0 for each (x, y) ∈ Ẽ.
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