
Institut für Analysis Summer 2018
DR. TOBIAS RIED 2 July 2018
www.math.kit.edu/iana1/edu/kinetictheo2018s/

Mathematical Topics in Kinetic Theory

Exercise Sheet 6

Exercise 10 (Conservation of higher moments for the homogeneous Boltzmann equation with
bounded collision kernel)

Assume that 0 ≤ f0 ∈ L1
κ(R

d ) for some κ ≥ 2 and that B satisfies the assumptions

(i) 0 ≤ B
(
|v − v∗ |, v−v∗

|v−v∗ | · σ
)
≤ CB ,

( ii) B(|v − v∗ |, v−v∗
|v−v∗ | · σ) ≤ KB(1 + |v |λ + |v∗ |λ) with λ = min{κ/2, 2}.

Show that the solution of the homogeneous Boltzmann equation constructed in Theorem III.1 satisfies

f (t, ·) ∈ L1
κ(R

d ) for all t ≥ 0

and for all 0 ≤ t ≤ T we have the estimate

‖ f (t, ·)‖L1
κ
≤ cT ‖ f0‖L1

κ
,

where the constant cT depends only on ‖ f0‖L1
κ
, T , KB , and κ.

Exercise 11 (Boltzmann H theorem)
Let f be a solution to the homogeneous Boltzmann equation with kernel satisfying

0 ≤ B
(
|v − v∗ |,

v − v∗
|v − v∗ |

· σ

)
≤ CB

and initial datum 0 ≤ f0 ∈ L1
2(R

d ). Assume that, in addition, f has the property that

εT e−CT |v |2 ≤ f (t, v) ≤ KT , 0 ≤ t ≤ T ,

for some constants T , εT ,CT ,KT > 0. Show that for the Boltzmann H functional we have

d
dt

H ( f (t, ·)) =
d
dt

∫
Rd

f (t, v) log f (t, v) dv ≤ 0.
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