KIT

Karlsruhe Institute of Technology

Surface Gap Solitons for the NLS
Dedicated to the memory of Wolfgang Walter (May 2, 1927 — June 26, 2010)

Tomas Dohnal, Michael Plum, Wolfgang Reichel
Research Training Group Seminar e June 28, 2010

Institute for Analysis

KIT — University of the State of Baden-Wuerttemberg and
National Research Center of the Helmholtz Association



Ground states for the periodic NLS

Purely periodic problems: 1 < p < ££2

(n-2)4
(=A + Vi(x))u = T;(x)uP'uin R",
~———
=:L;

Vi, Vo, 4,2 1-periodic, essinfl; > 0 (focusing)
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Ground states for the periodic NLS

Purely periodic problems: 1 < p < ££2

(n-2)4
(=A + Vi(x))u = T;(x)uP'uin R",
~———
=:L;

Vi, Vo, 4,2 1-periodic, essinfl; > 0 (focusing)

Pankov: 0 ¢ o(L;) = 3 ground state w;

Ci = inf

[Vul? + Vi(x)u? ~ [i(x)|ulPt

ueM; Jrn 2 p +1

where M; = Nehari-manifold
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Interface problems for the NLS
(=A 4 V(x))u=T(X)ufP " uinR"

................................

sl

Vi(x), xq >0,
V(x):{ 1), x b A

Vo(x), x1 <0, “M

M(x), x1>0,
Ma2(x), x4 <0

Vi(x)
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Interface problems for the NLS A\K“
(=A 4 V(x))u=T(X)ufP " uinR"

or Vi(x)

Vi(x), x4 >0,
V(X) = 1( ) ! or Y

Vo(x), x1 <0, j!

r(x), x1 >0, il
M(x) = 100 x il

M2(x), xi <0 —

\vj 2 vV 2 r p+1

¢ = inf Vul” + V(x)u - (lul dx, M = Nehari-manifold

ueM Jrn 2 p+1
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Interface problems for the NLS A\K“
(=A 4 V(x))u=T(X)ufP " uinR"

or Vi(x)

Vi(x), x4 >0,
V(X) = 1( ) ! or Y

Vo(x), x1 <0, j!

r(x), x1 >0, il
M(x) = 100 x il

M2(x), xi <0 —

\vj 2 vV 2 r p+1

¢ = inf Vul” + V(x)u - (lul dx, M = Nehari-manifold

ueM Jrn 2 p =+ 1
M={u+0: J{Zm IVul? + V(x)u? dx = fRn F(x)|ulP* dx}
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Interface problems for the NLS A\K“
(=A 4 V(x))u=T(X)ufP " uinR"

sk

Vi(x)
Vi(x), x4 >0,
V(X) — 1( ) 1 6k Vo(x)
Vo(x), x1 <0,

s

2

M(x), x1>0,
Mx) = { Ma(x), x1 <0 °L

L L L L
-15 -10 -5 0 5 10

IVul? + V(x)i? T (x)|uPt!

¢ = inf dx, M = Nehari-manifold
ueM Jgn 2 p+1
Question: M={u#0: [, IVu? + V(x)u?dx = [, T(x)lulPt dx}

® [s c attained, i.e., are there ground states for the interface problem?
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Interface problems for the NLS A\K“
(=A 4 V(x))u=T(X)ufP " uinR"

sl

Vi)
Vi(x), x4 >0,
V(X) — 1( ) 1 6k Vo(x)

Vo(x), x1 <0,

s

2 A

M(x), x1>0,
Fx) = { Ma(x), x1 <0 °L

e in [ UEEVOIE TP

- ueM RN 2 p + 1
Question: M={u#0: [, IVu? + V(x)u?dx = [, T(x)lulPt dx}
B Is c attained, i.e., are there ground states for the interface problem?

dx, M = Nehari-manifold

T. Dohnal and D. Pelinovsky: Surface gap solitons at a nonlinearity interface.
SIAM J. Appl. Dyn. Syst. 7 (2008), 249—-264.
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Assumptions and observations
Spectrum of L:

o(L) = o(L1) Uo(L2) U { possibly eigenvalues}

Assume in the following: 0 < info(L)
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Assumptions and observations KIT

..............................

Spectrum of L:
o(L) = o(L1) Uo(L2) U { possibly eigenvalues}

Assume in the following: 0 < info(L)
Energy-levels:
¢ < min{cy, Co}
There are sequences {uk }ken in M with
B J[uk] - c1 (likewise for cy)
m J[u] -0
By —~0ask >
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Assumptions and observations KIT

..............................

Spectrum of L:
o(L) = o(L1) Uo(L2) U { possibly eigenvalues}
Assume in the following: 0 < info(L)
Energy-levels:
¢ < min{cy, Co}

There are sequences {uk }ken in M with

B J[uk] - c1 (likewise for cy)

m J[u] -0

By —0ask - o
Non-existence:

| if Vi < Vo, Iy > T, (strict somewhere)

® minimizing sequence wants to look like wy(x — tey), t large

B = no minimizer exists
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Abstract result ﬂ(“
Theorem (Dohnal, Plum, R., 2010)

Assume 0 < info(L) and1 < p < (:_J;i. If c < min{cy, co} then c is

attained, i.e., there exists a ground state for the interface problem
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Abstract result AT

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

Theorem (Dohnal, Plum, R., 2010)

Assume 0 < info(L) and1 < p < (,;“_Ji. If c < min{cy, co} then c is

attained, i.e., there exists a ground state for the interface problem

Proof idea: Take minimizing sequence ux € M s.t.
Juk] = ¢, J'[uk] - 0as k — co.

Then 0 < d; < ||ukll £ db, i.e. ux — ug (for a subsequ.). Show uy # 0.
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Abstract result AT

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

Theorem (Dohnal, Plum, R., 2010)

Assume 0 < info(L) and1 < p < (,;“_Ji. If c < min{cy, co} then c is

attained, i.e., there exists a ground state for the interface problem

Proof idea: Take minimizing sequence ux € M s.t.
Juk] = ¢, J'[uk] - 0as k — co.

Then 0 < d; < ||ukll £ db, i.e. ux — ug (for a subsequ.). Show uy # 0.
If lim inf{|ukllp1 (s,) = 0, S5 = [=6,6] x R™'=c¢ > min{cy, cz). Impossible!
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Abstract result AT

sssssssssssssssssssssssssssssss

Theorem (Dohnal, Plum, R., 2010)

Assume 0 < info(L) and1 < p < (,;“_Ji. If c < min{cy, co} then c is

attained, i.e., there exists a ground state for the interface problem

Proof idea: Take minimizing sequence ux € M s.t.
Juk] = ¢, J'[uk] - 0as k — co.

Then 0 < dy < ||ukll < db, i.e. ux — up (for a subsequ.). Show ug # 0.
If lim inf{|ukllp1 (s,) = 0, S5 = [=6,6] x R™'=c¢ > min{cy, cz). Impossible!
Reason:

Uk = X[5,00)xR-1 Uk T X (—co,—5]xrn-1Uk + rest

-0

=V =Wk
Hence

J[uk] = Ji[vk] + J2[wk] + o(1) > min{cy, c2} + o(1)
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Consequence: a practical criterion
Find one function u € M such that

J[u] < min{cy, co}
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Consequence: a practical criterion
Find one function u € M such that

J[u] < min{cy, co}
Candidate: If c1 < ¢o take

ur(x) == wy(x —tey), t— o
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Consequence: a practical criterion A\K“
Find one function u € M such that
J[u] < min{cy, co}
Candidate: If c1 < ¢o take
ur(x) == wy(x —tey), t— o

Scale: Choose s > 0 such that su; e M (M is a top. sphere)
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Consequence: a practical criterion A\K“
Find one function u € M such that
J[u] < min{cy, co}
Candidate: If c1 < ¢o take
ur(x) == wy(x —tey), t— o

Scale: Choose s > 0 such that su; e M (M is a top. sphere)
Compute:

C + 3 fon (Vo = Vi)uZ dx(1 + o(1))
Ct + 517 Jon (T2 = T1) P dx(1 + o(1))
< ¢y forlarge t >> 1 provided

J[sui] = ¢

(p+1)f(V2—V1)Ut2dX<2f (F2—F1)|ut|p+1dx
R? RM
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Strategy AT

How to verify the criterion (assuming ¢y < ¢):

(P‘H)f (V2—V1)Ut2dX<2f(rz—ﬂ)lutl’”r1 dx ?
R" R7
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Strategy AT

................................

How to verify the criterion (assuming ¢y < ¢):

(P‘H)f (V2—V1)Ut2dX<2f (To = T)lulPax 2
R" R7

B Make sure ¢1 < ¢o
@ Make sure Vo — V4 < 0 and < 0 somewhere
® Use the candidate u;(x) = wy (x — te;) = O(e~ YMix-teil
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Example 1 (potentials related by scaling)

8/12

= k2Va(x),
= yla(kx),

June 28, 2010

k
ground states: wy(x) = (;)

v (.r):4‘+2('().\'(2x)

= (3)
energies: ¢4 = | —
Y
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'y > 0 or
-1
=T "5 ’ ;
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Example 1 (potentials related by scaling) AT

..............................

Vi (X) — K2 V2(X), k €N, j: Vy(x)=1+0.5c0s(x)
= N
F(x) = yla(kx), y>0

Vi (x)= 4+2(()\(2x)

.
<10 -5 0

2
p—-1

ground states: wy(x) = (;) wa(kx)

4

Kk \P-T
energies: ¢ = (—) k®> "¢,
Y

Verify criterion:

n-2—- p(n 2)

B ci <cp: takeysolarge thatyp T>K
B Vo < Vy: take k so large that sup Vo < kZinf Vs
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Example 2 (large contrast in ['{/I2) KIT

..............................

Let Vo < V4. How to ensure ¢4 < ¢2?
Assume: '1(x) > B0 >0, polarge
c1 =c(Vy,T1) < c(Vy,B0) (monotonicity)
-2
=B c(Vi.1)
<c(Vo,l2) =c (provided By large)
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Example 2 (large contrast in I'1/I,) AT

sssssssssssssssssssssssssssssss

Let Vo < V4. How to ensure ¢4 < ¢2?
Assume: [{(x) > B0 >0, polarge
c1 =c(Vy,T1) < c(Vy,B0) (monotonicity)
-2
=B c(Vi.1)
<c(Vo,l2) =c (provided By large)

Theorem (Dohnal, Plum, R., 2010)

Assume 0 < info(L) and let V4(x) > Va(x). There is a value 3y > 0
such that if T1(x) > Bo then there exists a ground state for the interface
problem.
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Example 3 — Dislocation (n = 1) A\KIT
(_dd_22 + V(x) = )u=Tx)uP'uonR

Vo(x +7), x1 >0, Mo(x+ 1), x1>0,
V(x) = Mx) =
Vo(x — 1), x1<0, Mo(x—=71), x4 <0
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Example 3 — Dislocation (n = 1)

Vo(X—l—T),
Vi) = { Vo(x - 7).

10/12

d2
(_F

+ V(x) = Du=TX)uP'uonR

xy >0,
Xi <0,

................................

June 28, 2010

<0
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Example 3 — Dislocation (n = 1) A\KIT
(_dd_22 + V(x) = )u=Tx)uP'uonR

Vo(x +7), x1 >0, Mo(x+ 1), x1>0,
V(x) = F(x) =
Vo(x — 1), x1<0, Mo(x—=71), x4 <0

: 4 T
Jlwyl=c, 4 wsp Jw]<¢ =0

Heuristically: up i <0

V/(0) =0,V”(0) <0,7>0

gives energetic advantage!
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Example 3 — Dislocation (n = 1) KIT

..............................

Check criterion for large t:

(p+ 1)\[0 SV()We(x +7—1)dx < Zfo o (X)Iwo(x + 7 — £)P" dx

o0 —00

=:h =:h
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Example 3 — Dislocation (n = 1) KIT

..............................

Check criterion for large t:

0 0
(p+ 1)f SVO)W2(x + 7 —t)dx < 2f ST (x)lwo(x + 7 = )P dx
— =
Use asymptotics:
W00 xom gy 6% _ Bloch mode for — -2 + V(x) -1
p-(x)e™ T o
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Example 3 — Dislocation (n = 1) KIT

..............................

Check criterion for large t:

0 0
(p+ 1)f SVO)W2(x + 7 —t)dx < 2f ST (x)lwo(x + 7 = )P dx
— =
Use asymptotics:
W00 xom gy 6% _ Bloch mode for — -2 + V(x) -1
p-(x)e™ T o

0
Iy = const.2(1 + o(1))e>(0 f SV(x)p_(x + 7)%e®* dx
1

0
o = const1(1-+ 0(1))el? 00 [ 4 (x0p-(x+ 7)1+ i
—1
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Example 3 — Result AT

I

12/12

................................

0
(Vo(x - 1) - Vo(x + T))pf(x + 7)e®* dx < 0 = 3 ground state
;
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Example 3 — Result AT

................................

0
f (Vo(x - 1) - Vo(x + T))pf(x + 7)e®* dx < 0 = 3 ground state
-1

This can be used as follows:
® check numerically
® let spectral parameter 4 — —co
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Example 3 — Result AT

................................

0
f (Vo(x - 1) - Vo(x + T))pf(x + 7)e®* dx < 0 = 3 ground state
-1

(same if f01(Vo(x +7) = Vo(x — 7))p3.(x — T)e"#* dx < 0)
This can be used as follows:

® check numerically
® let spectral parameter 4 — —co
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Example 3 — Result AT

yyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy

0
f (Vo(x - 1) - Vo(x + T))DE(X + 7)e®* dx < 0 = 3 ground state
-1

(same if f01(Vo(x +7) = Vo(x — 7))p3.(x — T)e"#* dx < 0)
This can be used as follows:

® check numerically
® let spectral parameter 4 — —co

Theorem (Dohnal, Plum, R., 2010)
For A << 0 ground states for the dislocation problem exist if:

Vo(-7) # Vo(7) or Vo(-7) = Vo(7) and Vg(—7) > Vi(r). (1)
For |7| sufficiently small the above condition (1) holds if
Vi(0) #0 or V4(0) = 0 and signt V{'(0) < 0. )
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