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PARTIAL SYMMETRY OF SOLUTIONS TO PARABOLIC
PROBLEMS VIA REFLECTION METHODS

Abstract. We survey several results on radial and axial symmetry of solutions to parabolic
and elliptic systems and equations with Neumann and Dirichlet boundary conditions. As a
particular case, these results describe the qualitative properties of solutions to cooperative
and competitive systems coming from models in physics and biology.

1. Introduction.

The relationship between the symmetry of a solution to a nonlinear partial differential
equation (PDE) and the symmetries of the data has been a very active field of research
in the past years. Sometimes the physical motivation of a problem suggests strongly
that any solution should inherit the symmetry of the data. Whenever this is true, the
proofs are often far from trivial and are a source of new, powerful, and elegant meth-
ods and techniques. Surprisingly, in many situations the phenomenon of symmetry
breaking can occur, even in a strongly symmetric setting. In this short survey we re-
call and comment on some of the symmetry results that are available for elliptic and
parabolic systems and equations. The proofs are mostly based on reflection methods,
which means that a nonlinear problem is linearized using reflections, and then these
linear problems are studied with a perturbation argument using different types of max-
imum principles. The main challenge is to adapt this scheme to each of the different
problems. As we comment below in more detail, a proof via reflection methods varies
substantially between Neumann and Dirichlet boundary conditions, for example, or
between scalar equations and systems. Furthermore, in the case of systems, proofs of
symmetry results and the kind of symmetry that is obtained, vary according to the way
components interact (cooperatively or competitively).

The main goal of this survey is to focus on parabolic problems, and we obtain
straightforward corollaries for elliptic problems. For more results on reflection methods
focused on elliptic equations we refer to [18].

This survey is organized as follows. We begin presenting one of the most well-
known techniques to obtain symmetry via reflection methods and discuss its limita-
tions. Then we comment on some variants which yield partial symmetry results. In
Section 2.2 we briefly discuss the case of Neumann boundary conditions in scalar equa-
tions and finally, in Section 2.3, we present some applications to models coming from
ecology and physics.
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2. Moving plane method and radial symmetry

One of the most versatile and robust methods to show symmetry of solutions is the
well-known moving-plane method (MPM). This technique has its roots in the work of
Alexandrov [1], who investigated surfaces with constant mean curvature; then Serrin
[16] elaborated it in order to analyze overdetermined boundary value problems associ-
ated with elliptic PDEs. In the seminal paper [5], Gidas, Ni, and Nirenberg developed
a powerful variant of Serrin’s argument to derive, in particular, radial symmetry of
positive solutions to some elliptic problems in balls.

To be precise, consider the elliptic problem

−∆u = f (u, |x|) in B, u = 0 on ∂B,(1)

or its parabolic version

(2)

ut −∆u = f (u, |x|, t), x ∈ B, t > 0,
u(x, t) = 0, x ∈ ∂B, t > 0,
u(x,0) = u0,i(x), x ∈ B

where ∆u = ∑
N
i=1 ∂iiu is the Laplacian, f is a smooth nonlinearity, and B ⊂ RN (N ≥

1) is a ball or an annulus. In this setting, the MPM relies strongly on the following
hypothesis:

(C) Convexity of the domain, in particular, B cannot be an annulus.

(P) Positivity of the solution, in particular, u cannot be sign-changing.

(M) Monotonicity of the nonlinearity f in the |x| variable.

Note that a solution of (1) is also a (stationary) solution of (2), and therefore
all the symmetry results that we present below for parabolic problems have immediate
corollaries for the associated elliptic problem.

If u is a classical solution of (1) and assumptions (C), (P), and (M) are satisfied,
then the MPM yields that u must be radially symmetric and monotone decreasing in
the radial variable [5]. On the other hand, if u is a uniformly bounded classical solution
of (2) and assumptions (C), (P), and (M) are satisfied, then a parabolic version of the
MPM yields that u is asymptotically radially symmetric and monotone decreasing, that
is, all elements in the omega limit set of u given by

ω(u) := {z ∈C(B) : ∃ tn→ ∞ such that lim
n→∞
‖u(·, tn)− z‖L∞ = 0},

are radially symmetric functions and decreasing in the radial variable [11]. These re-
sults extend to much more general situations, including fully nonlinear elliptic and
parabolic problems, and domains which are only symmetric and convex in one direc-
tion (in this case one may only obtain reflectional symmetry and monotonicity with
respect to a symmetry hyperplane). We refer to the survey [10] and its references for
an account of these results.
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2.1. Symmetry breaking and partial symmetries

If one removes any of the assumptions (C), (P), and (M), one cannot expect results on
radial symmetry in general and explicit counterexamples are known to exist, see the
discussion in [14] in this regard. However, even without (C), (P), and/or (M), one can
expect that some symmetry should be inherited to solutions if the data of the problem
is symmetric. This can be studied by suitably adapting the MPM. For example, a
variant of the MPM, known as rotating-plane method (RPM), was used in [9] to prove
a weaker notion of symmetry of solutions of elliptic problems without assuming (C),
(P), and/or (M), but at the cost of some extra stability and convexity assumptions.
The symmetry involved in the results from [9] is called foliated Schwarz symmetry.
Since this symmetry plays an important role in the following results we give a precise
definition. Let N ≥ 2, B ⊂ RN be a ball or an annulus, SN−1 = {x ∈ RN : |x| = 1} be
the unit sphere in RN , and let p ∈ SN−1. We say that a function u ∈ C(B) is foliated
Schwarz symmetric with respect to p if u is axially symmetric with respect to the axis
Rp and nonincreasing in the polar angle θ := arccos( x

|x| · p) ∈ [0,π].

The results from [9] already show that the MPM can be adjusted to study a
variety of problems, however, the stability assumptions needed in [9] do not have a
direct analogue for parabolic problems and therefore new ideas were needed to extend
these results to problem (2).

In [14] a different kind of assumption was explored to substitute the extra sta-
bility and convexity assumptions required in [9]. This new kind of assumption is a
weak condition imposed directly on the shape of the solution (in the case of elliptic
problems) or on the initial profile (in the parabolic case), and refers to the existence of
a dominant half domain. To state this hypothesis in a precise way we introduce some
notation. For a vector e∈ SN−1, consider the half domain B(e) := {x∈ B : x ·e> 0} and
the reflection σe : B→ B given by σe(x) := x−2(x · e)e for each x ∈ B. For a function
v ∈C(B), consider the following condition.

(G) There is e ∈ SN−1 such that v(x) ≥ v(σe(x)) for all x ∈ B(e) and v 6≡ v ◦σe in
B(e).

Geometrically, assumption (G) may be understood as requiring that v is slightly
more concentrated on a half domain than in the other (with respect to reflections). The
main result in [14] reads as follows.

THEOREM 1. Let B be a ball or an annulus, f :R×R× [0,∞)→R be a contin-
uous function locally Lipschitz in the first variable uniformly with respect to the other
two variables and such that f (0, ·, ·) is bounded. Moreover, let u be a classical uni-
formly bounded solution of (2) such that the initial profile u(·,0) satisfies (G). Then
u is asymptotically foliated Schwarz symmetric, i.e., there is p ∈ SN−1 such that all
elements of ω(u) are foliated Schwarz symmetric with respect to p.

We stress that Theorem 1 applies to sign-changing solutions, to annular do-
mains, and to non-monotone nonlinearities.
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Condition (G) is sharp, in the sense that solutions of (2) which are not foliated
Schwarz symmetric can be constructed if (G) is not satisfied. For precise references on
how to build these counterexamples, we refer to [14].

2.2. Neumann boundary conditions

Although many (existence) results hold regardless of the boundary conditions (Neu-
mann or Dirichlet, for instance), the Neumann boundary conditions are much less re-
strictive than the Dirichlet counterpart, and the symmetry is coerced to a lesser degree
by the influence of the boundary. This is exemplified by the fact that the Gidas-Ni-
Nirenberg result from [5] on radial symmetry of solutions to elliptic problems is no
longer true under Neumann boundary conditions, see [8]. However, the technique
used in Theorem 1 can be used to show that solutions satisfying Neumann boundary
conditions are foliated Schwarz symmetric, although the proof requires some major ad-
justments, in particular, a quantitative Harnack-Hopf type lemma, which estimates the
boundary values of solutions, is used. Since the statement is very similar to Theorem 1
(only changing the boundary conditions) we do not quote this result here, but we refer
to [12, 15] for the precise statements and the proofs.

2.3. Applications

In this last section we would like to show how these ideas can be used to study some
well-known models coming from biology and physics. To begin with, let us consider
the Lotka-Volterra system,

(3)

(u1)t −µ1(t)∆u1 = a1(t)u1−b1(t)u2
1−α1(t)u1u2 in B× (0,∞),

(u2)t −µ2(t)∆u2 = a2(t)u2−b2(t)u2
2−α2(t)u1u2 in B× (0,∞),

∂ui

∂ν
= 0 on ∂B× (0,∞), ui(x,0) = u0,i(x)≥ 0 for x ∈ B, i = 1,2,

where B is a ball or an annulus in RN , ν denotes the outward-pointing normal vector
field, and u0,1 and u0,2 are continuous functions. This system is commonly used to
model two different species that compete for food, nesting sites, or resources in general.
The coefficients µi, ai, bi, and αi represent diffusion, birth, saturation, and competition
rates respectively [2]; and the functions u1 and u2 represent the population density
of each species. The time-dependence of the coefficients can be used to model the
effect of different time periods (e.g. seasons) on the birth rates, the movement, or
the aggressiveness of the species. Furthermore, the Neumann boundary conditions
are a no-flux condition, which means that the species are isolated in a compound and
individuals are not allowed to go in or out of the domain B.

In this setting, loosely speaking, the following asymptotic symmetry result is
available: if the initial profiles u0,1 and u0,2 satisfy a reflectional inequality, then the
resulting population densities of the species become increasingly symmetric as the time
variable t goes to infinity; in particular, they tend to be foliated Schwarz symmetric
functions with a common symmetry axis but with respect to antipodal points.
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A precise statement is given by studying the symmetry and monotonicity prop-
erties of elements in the associated omega limit set of a classical solution (u1,u2) of
(3), which is defined as

ω(u1,u2) := {(z1,z2) ∈C(B)×C(B) :
max
i=1,2

lim
n→∞
‖ui(·, tn)− zi‖L∞(B) = 0 for some sequence tn→ ∞}.

For global solutions which are uniformly bounded and have equicontinuous semiorbits
{ui(·, t) : t ≥ 1}, i = 1,2, the set ω(u1,u2) is nonempty, compact, and connected. The
equicontinuity can be obtained under mild boundedness and regularity assumptions on
the equation and using boundary and interior Hölder estimates, see [2, 15]. We are
ready to give a precise statement taken from [15].

THEOREM 2. Suppose that

(4)
ai,bi,αi ∈ L∞((0,∞)) satisfy

ai(t),bi(t)≥ 0 for t > 0 and inf
t>0

αi(t)> 0 for i = 1,2.

and let u = (u1,u2) be a classical solution of (3) such that ‖ui‖L∞(B×(0,∞)) < ∞ for
i = 1,2. Moreover, assume that

(Gs) u0,1 ≥ u0,1 ◦σe, u0,2 ≤ u0,2 ◦σe in B(e)

{
for some e ∈ SN−1 with

u0,i 6≡ u0,i ◦σe for i = 1,2.

Then there is some p ∈ SN−1 such that every (z1,z2) ∈ ω(u1,u2) has the property that
z1 is foliated Schwarz symmetric with respect to p and z2 is foliated Schwarz symmetric
with respect to −p.

As far as we know, this is hitherto the only result available regarding symme-
try for the Lotka-Volterra problem with competition, even in the stationary case with
constant coefficients, i.e., the elliptic version of problem (3). We remark that the long-
time dynamics of this system have a very rich structure and depend strongly on the
relationships between the coefficients, see [2] for a broad discussion on these kind of
systems.

As in the scalar case, if the assumption (Gs) is not satisfied, then it is possible
to construct the following counterexample to the symmetry results.

THEOREM 3 (Theorem 7.1 in [15]). Let k ∈ N. Then there exists ε > 0 and
λ > 0 such that

(5)

−∆u1 = λu1−u1u2 in B,

−∆u2 = λu2−u1u2 in B,

∂νu1 = ∂νu2 = 0 on ∂B.

admits a positive classical solution (u1,u2) in B :=Bε = {x∈R2 : 1−ε< |x|< 1}⊂R2

such that the angular derivatives ∂ui
∂θ

of the components change sign at least k times on
every circle contained in Bε.
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For cooperative systems, that is, if the coefficients α1 and α2 in (3) are negative,
then much more is known for positive solutions on balls, since in this case a maximum
principle for small domains can be used to perform a moving plane method and ob-
tain radial symmetry and monotonicity, see [4]. In population dynamics, cooperative
systems model species which help each other to survive.

We remark that the Neumann boundary conditions in (3) are essential in the
proof of Theorem 2, since a reflection across the boundary preserving positivity of the
solutions is done, which is only possible with zero normal derivatives at the bound-
ary. The boundary conditions also play an important role in a normalization argument
involved in the proofs. Therefore, a symmetry result for the Dirichlet version of (3) re-
quires some major changes in the proof. This was studied in [13], where one of the key
ingredients in the proofs is a new parabolic version of Serrin’s boundary point lemma
[16, Lemma 1] that provides bounds which depend only on given quantities. In ecol-
ogy, Dirichlet boundary conditions can be used to model a very harmful environment at
the boundary of the domain for the modeled species, due to lack of food, for example,
or the presence of predators.

Finally, as a further example for applications, we mention the cubic system

(6)

(u1)t −∆u1 = λ1u1 + γ1u3
1−α1u2

2u1 in B× (0,∞),

(u2)t −∆u2 = λ2u2 + γ2u3
2−α2u2

1u2 in B× (0,∞),
∂νu1 = ∂νu2 = 0 on ∂B× (0,∞),

ui(x,0) = u0,i(x)≥ 0 for x ∈ B, i = 1,2,

where λi,γi, and αi are positive constants. The elliptic counterpart of this system is
being studied extensively due to its relevance in the study of binary mixtures of Bose-
Einstein condensates, see [3]. The asymptotic symmetry of uniformly bounded classi-
cal solutions of this problem satisfying (Gs) can be characterized in a similar way as
in Theorem 2. To see this, minor adjustments are needed in the proof of Theorem 2 to
deal with a slightly different linearized system. Details can be found in [12]. Symmetry
aspects of the elliptic counterpart of (6) have been studied in [17], exploiting the fact
that this system has a variational structure.

We close this survey by mentioning that reflection methods have also been used
to describe symmetry properties of solutions to parabolic problems involving pseudod-
ifferential operators, such as the fractional Laplacian, which is an example of a nonlocal
operator that has received a lot of attention in the recent years, and is used to model
long-distance interactions. For more results in this direction we refer to [6, 7] and the
references therein.
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