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Remark. The exercises marked with a ∗ can be handed in for correction in the “Funktional-
analysis” box in the atrium of building 20.30 at the latest at 14:00 on the day of the exercise
class next week.

Exercise 1: Weakly convergent sequences are bounded
Let X be a normed space. We say that a set A ⊆ X is weakly bounded if for all φ ∈ X ′ the
set φ(A) ⊆ K is bounded. Show that A is bounded if and only if it is weakly bounded. In
particular, show that any weakly convergent sequence is bounded.

∗ Exercise 2: Bounded operators and weak convergence
Let X,Y be normed spaces. We say that an operator T : X → Y is strong-weak continuous
if for all sequences (xn)n∈N in X that converge strongly (i.e. in norm) with limit x ∈ X, the
sequence (Txn)n∈N converges weakly to Tx. The notions weak-strong and weak-weak continuity
are defined analogously.

(a) Show that the following are equivalent:

(i) T ∈ L(X,Y );

(ii) T is strong-weak continuous;

(iii) T is weak-weak continuous.

(Hint: to get back to (i), show that if T /∈ L(X,Y ), then there exists a sequence
(xn)n∈N such that ‖xn‖ → 0 and ‖Txn‖ → ∞.)

(b) Consider the statements

(i) T ∈ K(X,Y );

(ii) T is weak-strong continuous.

Show that (i)⇒(ii). Moreover, show that if X is reflexive, then (ii)⇒(i).

Exercise 3: Weak convergence of basis vectors in `p

For n ∈ N we denote by en the sequence which is 0 in every entry except for the n-th one,
where it is equal to 1.

(a) Let p ∈ (1,∞). Show that (en)n∈N converges weakly to 0 in `p.

(b) Show that (en)n∈N does not converges weakly in `1, but it does converge weakly-∗ to 0
when viewing `1 as the dual of c0.
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∗ Exercise 4: Weak convergence in Hilbert spaces
Let H be a Hilbert space and let (xn)n∈N be a sequence in H.

(a) Show that (xn)n∈N converges weakly to x ∈ H if and only if for all y ∈ H we have
(xn, y) → (x, y) a n → ∞.

(b) Show that if (xn)n∈N converges weakly to x ∈ H, then

‖x‖ ≤ lim inf
n→∞

‖xn‖.

(c) Let x ∈ H. Prove that the following are equivalent:

(i) (xn)n∈N converges weakly to x and ‖xn‖ → ‖x‖ as n → ∞;

(ii) (xn)n∈N converges strongly to x.

(d) Suppose that (xn)n∈N converges weakly to x and a sequence (yn)n∈N converges strongly to
y ∈ H. Show that (xn, yn) → (x, y) as n → ∞.

(e) Let (en)n∈N be a sequence of pairwise orthogonal elements in H. Show that the following
are equivalent:

(i) The series
∑∞

n=1 en converges strongly in H;

(ii) The series
∑∞

n=1 en converges weakly in H;

(iii) The series
∑∞

n=1 ‖en‖2 converges.
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