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Remark. The exercises marked with a ∗ can be handed in for correction at the beginning of the
exercise class next week.

Exercise 1: Totally boundedness

(a) Suppose that (X, d) is a totally bounded metric space. Show that X is separable.

(b) Let (xn)n∈N be a Cauchy sequence in a metric space (X, d). Show that the set {xn : n ∈ N}
is totally bounded.

(c) Show that a subset of Rn is totally bounded if and only if it is bounded.

(d) Equip R with the metric d(x, y) := min{1, |x − y|}. Show that (R, d) is bounded, but not
totally bounded.

Exercise 2: Compactness

(a) Let (X, d) be a compact metric space and let A ⊆ X be closed. Show that A is compact.

(b) Let (X, d) be a metric space and let B ⊆ X be relatively compact. Show that any subset
A ⊆ B is also relatively compact.

(c) Let (X, d), (Y, ρ) be metric spaces and suppose that X is compact. Show that if f : X → Y
is a continuous bijective map, then its inverse f−1 : Y → X is also continuous.

(d) Let (X, d), (Y, ρ) be compact metric spaces. Show that X × Y is also compact.

∗ Exercise 3: Compact inclusions into C([0, 1])
For a function f : [0, 1] → R and α ∈ (0, 1] we define

|f |C0,α := sup
x,y∈[0,1]

x 6=y

|f(x)− f(y)|
|x− y|α

.

Moreover, we define the space of α-Hölder continuous functions on [0, 1] as

C0,α([0, 1]) := {f : [0, 1] → R : |f |C0,α < ∞}.

We equip this space with the norm ‖f‖C0,α := ‖f‖∞ + |f |C0,α .
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(a) Show that the ball BC0,α := {f ∈ C0,α([0, 1]) : ‖f‖C0,α < 1} is relatively compact in
C([0, 1]), i.e., its closure with respect to ‖ · ‖∞ is a compact subset of C([0, 1]).

Next, define C1([0, 1]) as the set of those functions f ∈ C([0, 1]) that are continuously differ-
entiable in (0, 1), and whose derivative f ′ extends continuously to [0, 1]. We equip this space
with the norm

‖f‖C1 := ‖f‖∞ + ‖f ′‖∞.

(b) Show that the ball BC1 := {f ∈ C1([0, 1]) : ‖f‖C1 < 1} is relatively compact in C([0, 1]).

(Hint: show that C1([0, 1]) ⊆ C0,1([0, 1]).)

∗ Exercise 4: Compactness of subsets of `p

(a) Let p ∈ [1,∞). Suppose a bounded set A ⊆ `p satisfies the property that

lim
J→∞

sup
x∈A

∞∑
j=J+1

|xj |p = 0.

Prove that A is totally bounded.

(b) Show that the set A := {x ∈ `1 : |xj | ≤ 2−j for all j ∈ N} is compact.
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