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ABSTRACT. We study the asymptotic behaviour of solutions of the Cauchy
problem v’ = (327, (4; + Aj_l) —2nl)u, u(0) = x as t — oo, for invertible
isometries A1,...,An.

1. Introduction

Let E be a complex Banach space, L(E) the Banach algebra of all bounded
linear operators on E, and let Ay, ..., A, € L(E) be invertible, pairwise commuting,
and such that || Ay|| = |4, | =1 (k=1,...,n). Let T},..., T, € L(E) be defined
by T, = Ax + A,:l —2I,and let T =Ty + --- +7T,. The aim of this paper is to
clear the asymptotic behaviour of the Cauchy problem
(1.1) o' (t) = Tu(t), u(0)=uqg

that is of ¢t — exp(tT)ug for ¢ — oco. Such problems occur in a natural way by

semidiscretization of the parabolic Cauchy problem v; = Av, v(0,z) = vo(z): For

example, if vy : R™ — R is bounded, the longitudinal line method, see for example

[4], with step size 1 leads to a linear Cauchy problem of type (1.1) in I*°(Z™) with
Ak:r’ = (':E(jl’an s ajk—ly.jk + 1ajk+1a s 7jn))jEZ"'

The corresponding problem for the heat equation was studied in [1].

2. Notations and preliminaries

For A € L(E) let N(A), A(E), 0(A) and r(A) denote the kernel, the range,
the spectrum and the spectral radius of A, respectively. Let ID denote the complex

unit circle {z € C: |z| < 1}.
PROPOSITION 2.1. Let A € L(E), 0 ¢ o(A) and ||A|| = ||A7|| = 1. Then:

(1) A is an isometry;
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|A™| = [JA||" =1 (n € N), hence A is normaloid;
r(A) =1 and o(A) C ODy

N(A-D)n (A= T)(B) = {0};

B)= (A=~ 1)(B);

) N((A—-1)?);

@ (A—1I)(E) is closed;

E) is closed then E=N(A—1)® (A—-I)(E).

PROOF. (1) and (2) are obvious.
(3): From (2) we get r(A) = 1. Next, it is clear that

o(A)yus(A™h) CD.

Since o(A) = {z € C: 271 € 0(A71)}, we conclude o(A) C ID.

(4): Let z € N(A—I)N(A—=1I)(E), let ¢ > 0 and choose z € E such that
lx—(A—=1)z|| < e. According to [2, Satz 102.3], we have ||z|| < ||z —(A—1I)z|| < e,
hence z = 0.

(5): Follows from (A — Iz = (I — A~1)(Ax).

(6): Follows from [2, Satz 102.3].

(7): Choose a sequence (z,) in N(A—1I)® (A—I)(E) with z,, — x¢ and corre-
sponding decompositions x,, = y, + z,. According to [2, Satz 102.3] we have

[Yn — Ymll < |20 — 2m|  (n,m €N),
hence (y,,) is convergent to a vector yo € N(A — I). Thus
Zn =T — Yo — 70 — Yo € (A= I)(E),

and therefore zg € N(A—1I)® (A —I)(E).
(8): Follows from [2, Satz 72.4 and 102.4]. O

PROPOSITION 2.2. Let A € L(E) be as in Proposition 2.1, let T = A+ A~ —2I,
and let ¢ : [0,00) — R denote the function
1 D

c(t) = exp(— (1 + Z -

We have

(1) lexp(tT)[| <1 (t = 0);
(2) t — Vtc(t) is bounded on [0,00) and

lexp(tT)(A = D] < c(B)llz] (t=0, =z € E);

(3) 1imy o0 exp(tT)y = 0 (y € (A = I)(E));
(4) if y € E then

tlim exp(tT)y=0<=y e (A-1)(E);
—00

(5) NA-I)={ze€ E:exp(tT)z =z (t > 0)}.
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PROOF. (1): For each t > 0
| exp(ET)]| = || exp(—2t) exp(tA) exp(tA~)|
< exp(—2t) exp(t]|Al|) exp(t| A7) =
(2): Since T'= (A~ —I) + (A — I) we have
exp(tT)(A— 1) = exp(t(A™r = I))exp(t(A—I))(A—1I) (t€R),

and
exp(t(A — I))(A — D)z = exp(~1) 3 %(A"“ —AMa
= exp(—t) (i = (1 _ ! )) A"y —exp(—t)x
n! n+1 '
n=0
Hence, since ||A]| =1,

lexp(tT)(A — Dzl < [exp(t(A™" = D) | exp(t(A — I))(A — I)z|
<c@zll (¢=0, z € E).
To see that t +— /tc(t) is bounded on [0,00) let N € Nand N <t < N + 1. Then

[eS) N-1 oo
" t " t " t
11— =3y = -1 —(1-

Zn! n—i—l’ z;)n! (n+1 >+nz:n!( n+1>

n=0 n= =N

tN
- 2ﬁ 1,

Vie(t) = Vtexp(— <1+Ztn‘ ¢ D

< VN + lexp(—N) (1—&—2(]\[;\;!1) — 1)

2(N + 1)N+1/2 exp(—N)
N! ’
which is bounded according to Stirling’s formula.
(3): Follows from (2).
(4): The implication < follows from (3). Now suppose that exp(tT)y — 0 as
t — oo. Since

and therefore

oo tn
exp(tT)y =y + Z ET”y

n=1

i AI"l(IA)

n=1
we conclude y € (A —I)(E).
(5): The inclusion

NA-I)C{zeFE:exp(tDz =z (t > 0)}
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is obvious. Now suppose that € E and exp(tT)x = z (t > 0). By differentiation
0=Texp(tT)z (t > 0), thus A=Y (A — I)?x = Tz = 0. Part (6) of Proposition 2.1
now shows that x € N(A —1I). O

3. The asymptotic behaviour of exp(tT)
THEOREM 3.1. Let A and T be as in Proposition 2.1. For x € E the following
assertions are equivalent:
(1) lim¢—, oo exp(tT)x exists in E [resp. lim;_oc exp(tT)z = 0];
(2) xe NA-I)® (A—I)(E) [resp. x € (A—I)(E)];
(3) the sequence

<x+Am+-~+Amx>
m+1 meN

is convergent [resp. is convergent with limit 0].
PRrROOF. That (2) implies (1) follows from Proposition 2.2.

Now, assume that (1) holds, and let z = lim; o exp(tT)x. As in the proof of
part (4) of Proposition 2.2

‘ ~+
S

(A= DT AT

3

exp(tT)x =z + (A—1I) i

hence © — z € (A—I)(E). [In particular, if z = 0 then € (A —I)(E).] From
part (3) of Proposition 2.2 we obtain

(A-1)z = tlim exp(tT)(A - Iz =0,
—00

and therefore x = 24+ (v —2) e N(A—1) @ (A - I)(E).
The equivalence of (2) and (3) is proved in [3, Ch.2, Theorem 1.3]. O

According to part (8) of Proposition 2.1 the following corollary shows, that
lim;_, o0 exp(tT)z exists for each x € E if T(F) is closed:

COROLLARY 3.1. We have
(1) T(E) = (A—D)*(E) C (A—I)(E) CT(E);

(2) T(E) = T(E) += (A-1?*E) = (A-1)(E) <= (A-D)(E) =
(A-I)(E).
PROOF. (1): Part (5) of Proposition 2.1 gives
T(E) = (A~ I)(E) C (A I)(E).

As in the proof of Theorem 3.1 we obtain (A —I)(E) C T(E). Now, (2) follows by
[2, Satz 102.4]. O
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4. The general case

Now, let Ay,...,A,, T1,...,T, and T be as in section 1. Moreover we introduce
the following subspaces of E:

X = ﬂ N(A; = 1), Xy= Z(Aj —I)(E), X=X+ Xo.

Jj=1 j=1
THEOREM 4.1. Under the assumptions above
(1) Xg={z € E: limy_, o0 exp(tT)z = 0};
2) Xi={ze€eE:exp(tTz =z (t 20)};
(3) X ={x € E : lim;_,oc exp(tT)x exists in E};
(4) X1 N Xy = {0}, and X is closed.

ProoF. (1): Let z € X5. Then x = lim,,_ o &, where
Tm €Y _(A; — I)(E).
j=1

By part (1) and part (3) of Proposition 2.2 we obtain
tli)rgo exp(tT)xm =0 (m € N).
Let € > 0, and choose N € N such that ||z — zx]|| < €/2. Next, choose tg € [0, 00)
such that ||exp(tT)zn| < &/2 (t = t9). Then
lexp(tT)x|| = [|exp(tT)(x — zn) + exp(tT)zN||
<z —zn||+ [[exp(tT)zn|| <& (¢t = to).

Thus lim;_, o exp(tT)z = 0.
Now suppose that z € F and lim;_, o, exp(tT)z = 0. Set

(oo}

Since T; = (A; — I)({ — Aj_l) (j=1,...,n), we have

hence

Thus, exp(tT)z = x + h(t) and lim;_,o exp(tT)z = 0 imply = € Xo.
(2): The inclusion C is obvious. For the reversed inclusion let # € E be such that
exp(tT)x = x (t > 0). Then by part (1) we obtain

(A — DNz =exp(tT)(A; — Dz — 0 (t > 0) (j=1,...,n),
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hence x € X;.
(3): Here, the inclusion C follows from parts (1) and (2) directly. Now, assume
that © € F is such that lim;_, . exp(tT)z = z. As in the proof of part (1)

exp(tT)x =z + h(t), h(t) € Xo.
Therefore  — z € X5. From part (1) we derive
(A — Iz = tli}rgoexp(tT)(Aj —DNz=0 (j=1,...,n).
Thus z € Xj,andsox =2+ (x —2) € X1 & Xy = X.
(4): Let x € X1 N X5. Then, by parts (1) and (2), we have
exp(tT)z =z (t 20), exp(tT)r — 0 (t — 00),

thus « = 0. Next, if (x,,,) is a sequence in X with limit z(, then there exist
sequences (Yn,) and (z,) in X; and X, respectively, with z,, = y,, + 2. From
part (1) and part (2) we obtain

exp(tT)(xm — k) — Ym — Yr (t — 00).
Since || exp(tT)(xm — xx)|| < [|Tm — x| (£ = 0), we have
lym = yill < llzm — i,

thus (y,) is convergent. Let yo = lim,,— oo Ym. Then z,, = Tp — Ym — To — Yo-
Hence we have yg € X1, 9 — yo € X2, and therefore x¢g € X7 & X5 = X. [l

The following result provides sufficient conditions for the convergence of
exp(tT)x.

THEOREM 4.2. Let (ky,...,k,) € NI, and set B = A" ... Akn. We have
(1) Ny (N4 - D e T —1(B)) € X;

(2) (B-I)(E) € X,
(3) if x € E and if the sequences

(x—i—ij—i-“-—&-A}"x)
meN

m+1

are convergent (j =1,...,n), then lim;_, exp(tT)x exists in E;
(4) if x € E and if the sequence

(x+Bm+--~+Bmx>
m+1 meN

is convergent to 0 in E, then lim;_,o exp(tT)z = 0.

PROOF. According to Theorem 3.1 we see that (3) follows from (1), and (4)
follows from (2).
For the proof of (1) we use induction. If n = 1 the result follows by Theorem 3.1.
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Suppose that n € N and that (1) holds. In the case of n+ 1 operators 11, ..., Tnt1
we write Ty =11+ -+ Ty, s0 T =Ty + T,+1. Let

xeﬁl(m_z)@mj—z)(m).

Then

ve () (N(A; - Do = DE)), @€NAw~D oA - DE),
j=1

and therefore the limits lim; o exp(tTo)z and lim; o exp(tT,41) exist in E.
From

| exp(tT)z — exp(sT)z| = || exp(tTo) exp(tTh+1)x — exp(sTo) exp(sTh1)z||
= || exp(tTo) (exp(tTh11) — exp(sTni1))® + exp(sTni1) (exp(tTo) — exp(sTo))z|
< lexp(tThi1)x — exp(sTh41)z|| + || exp(tTy)x — exp(sTo)z||

we see that lim;_,o, exp(tT)x exists.

Next, we prove (2) for (ki,...,k,) € N* without loss of generality. Let p(z) =
zfl c..zFn —1 (2 = (21,...,2,)), and note that there are polynomials qi,...,q, €
Clz1, ..., 2zn] such that

p(z) = (21 = Dar1(z) + -+ (20 — 1)gn(2).
Hence

(B-1I)ze Z(Aj - D(E) (z€<E),

and therefore (B — I)(E) C X. O

5. Example

Let us return to the semidiscretization of v; = Av in R?, that is we consider
E =1>°(Z?) and

Ajx = (;C(Z =+ 1,]'))(2-’]-)@227 Aosx = (l‘(l,] + 1))(1’,3’)622-

Let ki, ko € N, and assume that z € [°°(Z?) is such that the sequence

((x(@j)+$(i+k‘17j+k2)+---+x(i+mk1,j+mk‘2)) )
D)€z ) e

m+1
tends to 0 as m — oo in (°°(Z?). Then
exp(tT)z — 0 (t — 00)
(apply part (4) of Theorem 4.2 with B = AlflAgz).
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