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1. Introduction and preliminaries. Let X be an infinite-dimensional
complex Banach space and denote the set of bounded linear operators on X

by 6(X). K(X) denotes the ideal of compact operators on X. Let o(?) and
p(?) denote, respectively, the spectrum and the resolvent set of an element

T of ß(X). The set of those operators T of B(X) for which the range f 6)
is closed and a(7), the dimension of the null space N(?) of ?, is finite is

denoted by @1(X). Set

o-(X) :  {?  € ß(x) :  B@) is  f in i te} ,

where B(") is the codimension of T(X).Observe that 
"(X) 

is closed if
T € O-(X) ([3], Satz 55.4). Operators in O1(X) UO-(X) are called serni-
Fredholm operators. For such an operator 7 we define the index of ? by
ind(") : a(T) - Pg).An operator ? is called a Fredholm operator if ? €
o(x) : o+ (x) n @_ (x). Let @l (x) denote the set of those operators ? in
O+(X) for which ind(") < 0.

For an operator T in ß(X) we will use the following notations:

@(") : {Ä e C : Är - 
" 

e @(x)},
E(T) : {.\ e C : Ä.I - ? is semiF}edholm},

E+Q) :  { . \  €  C :  Ä1  -T  e  O+(X ) i

and

T1(T): {f , A(f) -- C: a(/) is open, o(?) e A(l), / is holomorphic}.

It is weli known that @(T), X(?) and t+(T) are open [3], $82. For / e 11(T),
the operator f g) is defined by the well-known analytic calculus (see [3]).

Let T e B(X). We write o"(T) for Schechter2s essent'i'al spectrum of T
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(see [L1]) ,  i .e. ,

o"(T) :  n  o(T+K).
K €'c(x)

This essential spectrum has the following properties:

1. A \  o"(T):  {Ä € a(r)  :  ind(. \ /  -  ?) :  0} ( [3] ,  Satz 107.3).
2. o"ffQ\ S f (""(T)) for each f Q '17(T), and this inclusion may be

proper (see [2] and [6]; see also [L2], where the above inclusion is shown in
the context of Fredholm elements in Banach algebras).

3. If / € 11(T) is univalent, then 
""(/(")) 

: f (o"(T)) (see [6], Remark
f. in Section 3).

In [12] we have introduced (in a more general context) the following class
of operators:

S(X) : {r e 6(X) : ind(ÄI-") < 0 for all Ä e @(")
or  ind( ) / -T)>  0 fo ra i l )e  O( r ) ) .

We have shown in [12] that

(*) 
" 

e 5(X) <+ o.(/(")) : /(o"(")) for all f e Hg).

Thus (x) is a generalization of Theorem 1 in [5].
Let ouo(?) denote the appronimate poi,nt spectrum of ? e 6(X), i.e.,

o^p(r) :  {^  € a, , , ;J [ ,  l l (Ä/  -  
" )z l l  

:  s1.

The essential approrimate point spectrum o..p(?) of ? was introduced by
V. Rakoöeviö in [8] as follows:

ou"p(?): n o^o(T+K)
KeK(x)

(see also [9] and [10]).
Set further

S+(X) : {T € B(X): ind()/ -T) < 0 for all .\ e X.,'(")

or ind(A-I- 
") 

> 0 for all ) e r*(")).

Clearly we have 5+(X) g S(X).
The aim of the paper is to show the following result:

(**) ? e .S.,.(X) + o""o(f (T)) : .f(o"uo(")) for all / e ?{Q).

The first part of the following proposition is probably known. According
to C. Pearcy [7], this result has already appeared in a preprint Fredholm
operators by P. R. Halmos in 1967. For the convenience of the reader we
shall include a proof.
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PnopostuoN 1. (1) If  T,S € 0+(X) lresp. € O-(X)l thenTS € @+(X)

fresp. €Q-X)1, and

ind("S) : ind(?) + ind(S).

(2) If  T,S e B(X),TS e o+(x) lresp. e @-(X)l then S € O+(X)

lresp. T € o-(X)1.

Proof. (1) It suffices to consider the case where T,S e @+(X) (because
of [3], Satz 82.1).

Case 1: ?,,5 € O(X). Then, by [3], S71, ?S € @(X) and ind(?,S):
ind(") + ind(S).

Case  2 :  T  (A (X)  o r  S  /A6 ) .  ThenB( " ) :  oo  o r f (S ) :  oo .  Use

[3], Aufgabe 82.2,4, to get TS € O+(X) and B(TS) : *. Ilence

ind("S) : -oo : ind(T) + ind(S).

(2) See [3], Aufgabe 82.3,4. t

2. Properties of o"^p(T). We begin with some properties of o""o(?)
due to V. Rakoöeviö:

PRoposrtIoN 2. Let T € 6(X).

(1) ä4"(T) e a""p(?) (where 0o"(T) denotes the boundarg of o"(T)).
(2)  o . "o(T)  10.
(3) ̂  go".p(?) <+ ̂ .r - T eQ*(f,) andind()J - 

") 
S O.

(4) o""o(?) is compact, o"u.p(?) 9"Q).

Proof. For (J.), (2), see [8], Theorem L. For (3), see [8], Lemmata 1 and
2. ( ) is clear. r

PRoposrttoN 3. .Let f e ß@) and,let ),s be a boundary point of 
"g).

.I/ Ä0 € E(T) then \s i,s an isolated, poi'nt of og).

Proof. Theorem 3 of [a] shows theexistence of 6 > 0 suchthat Ä € E(T)
for f)-)ol < 6, a()J-?) is a constant for 0 < l)-, \ol < 6 and B(^I -f)

is  aconstant  for  0  < l ) - )o l  <  6.  Take poe p(T)  wi th  0 < lpo-)o l  <  ö.
Then a(pt61 -T) : 00tol - T) :0, thus o()/ - f) : P(^I - ?) : 0 for
0 < lÄ-)ol < 6. This shows that ) € p(") for 0 < lÄ-)ol ( 6. I

PRoposrrIoN 4. Let T € ß(X) and, h e ?7{@). If h has no zeroes 'in

o.,p(T) then h has at most a finite number of zeroes in o(T)'

P r o o f. Assume that the number of zeroes of h in o(?) is infinite. Then
there is zs e o(T) such that z6 is an accumulation point of the zeroes of h
in o(?). Denote by C the connected component of o(") which contains zs
and by K the connected component of A(h) which contains zs (where 4(ä)
is the open set of the definition of h). It follows that C e K and h : 0
on K. Let )o e AC. Then h(Äs):0. Since ä does not vanish on o".o(7),
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we have Äo ( o""p(?) and therefore lo e t("). Since C is a connected

component of o(?), we also have .\s e 0o(T). By Proposition 3 we see that

Äs is an isolated point of o(?). Thus C : {Äo}' Hence we get zo : \o, a

contradiction, since z6 is an accumulation point of o(T)' r

PROpOSnTON 5. Zet (T*) be a sequence in ß(x) conaerg,i,ng to T e B(X)

i,nthe operator nomn. If V gC is open and 0 e V, thenthere eristsns € N

such that

o"up(Tn) e o""r(T) *V for al ln) no'

Proof. Assume not. Then by passing to a subsequence (if necessary)

it may be assumed that for each n there exists )r, € o.up(Tn) such that

),n ( ouur(T) + y. Since (,\') is bounded' \Me may assume (if necessary pass

to a subsequence) that lim,"*- 1", : )o' This gives )'s / o""p(T) + V, hence

),s I o"ur(T). Thus Äo/ - f e AJ@).(Proposition 2(3)). Since @*(X) ts

an open muitipticative semigroup (see [3]' $ 82) and ,\,,/ - Tn ' \oI - T

(n, -' m), we get some N € N such that 4,"/ -Tn e O;(X) for all n2 N'

ür" uguio Proposition 2(3) to derive \n / ou^p([") for each n ) N, a

contradiction. r

3. spectral mapping theorem for o".o(?). The following result is

due to V. Rakoöevid ([10], Theorem 3.3). For the convenience of the reader

we give a (slightly simpler) proof.

TueoRotvt 
' t .  

Letf  eß(X) and f  e 7{(T) '  Then

o""p("f (")) e /(o""p(")).

Proof. Let p / f(o"^o(T)) and put h.(,\) - p- /())' Then h has no

zeroes in o""o(T). Applying Proposition 4 we conclude that h has at most

a finite number of zeroes in o(T).

case 1: h has no zeroes in o(?). Then h(?) : pI - /(") is invertible,

thus p / """rU(r)).
Case Z: A i ras f in i tely many zeroes in o(?) '  Let 41," ' , ) t  be those

zeroes. Then there exist n1, -.',Ttk € N and g €H(T) such that

la

h(^): e(Ä) fl(Äi - ,\)',,
j = 1

9(") is invertible,

and 
h

h(r) : s(") fl(,\i I -rf i .
j : r

Since )1,. .  . ,  )*  I  o.^o(T) we get

\ i I  - T  e Ö 1 ( X )  a n d  i n d ( , \ i / - " )  < 0  ( j :  1 , " ' , k ) '
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Use Proposition 1(1) to derive hQ) e @1(X) and

k

ind(h.(")) :  ind(e(")) +Ini ind(.\ i /  - 
") 

< 0.
--- 7:; =-.

Thus tr^r,-I - f g) : h(T) € @;(x) and thereforc p / o""o(/(?)). r

Example 4.2 in [9] shows that the inclusion in Theorem 1 may be proper.
In the first section of this paper we introduced the following class of

operators:

5+(X) :  {? € 6(X) :  ind(Ä/-")  < 0 for al l  Ä e X1(")

or ind(.\/ - 7) > 0 for all Ä e X..'.(")).

6. Let ? e 5..(X) and let r be a rational Junction i,n

o."r(r (T)) : r (o""p (?)).

Proof. By Theorem 1we only have to show r(ouuo(")) e a",o(r(T)).
Let r : pf q,wherc p and q are polynomials and q has no zeroes in o(").
Hence q(") is invertible. Let p. /. o""o(r(T)), thus, by Proposition 2(3),

p.I - r(T) € @+(X) and ind(pl- r(")) < 0.

Put /r.(Ä) : p,-r(\), thus /r,(,\) : 0'q(\)-p(f))/q(f). There exist p1, ..., ttrk.,
o€Csuch tha t

h.(Ä) : o 
(Pr - Ä) 'r . ' .(Pt - )) 

.' - \", '  
q(A)

This gives qQ)hQ) : d(u,LI - r). . . j 'ot - ?). Since qg)hg) € O+(X),
Proposition L(2) shows that

LL j I  -T  e  O ' r (X )  f o r  j  -  I , . . . , k .

Fbrthermore, by Proposition 1-(1), we have

k

! ina(pir - T) : ind(q(")h(";; : ind(e ("))+ ind(h.(T))
j:7 :.---

: ind(tr,(")) : ind(p/ - r(")) S o.

Case L: ind()f -T) < 0 for all Ä e X1("). Since p,i e Ea(T) for
j : L , . . . , k ,  we  de r i ve  i nd (p l l  -T )  <  0  fo r  j  -  1 , . . . , / c ,  hence  p , i l  -T  e
o;(X) (j : 1, . ..,k) and therefore, by Proposition 2(3),

t " i  /  o " "p (T )  f o r  j  : L , . . . , 1c .

This gives p, / r(o""o(T)).

177

PRoposrrroN
71(T). Then



L72 C ,  S C H M O E G E R

Case 2: ind(Ä/-T) > 0 for al l  Ä e 1..(") '  Then ind(p' i l  - f) > 0

( i  :  1 , . . . , /c )  and therefore

0 < i ind(P'il - r) :ind(pl - r(r)) i 0'
j = l

This shows that ind(g, i I  -?.) :  0 for i  :1," ' ,k '  Thus p7 /  o""o(T)

( i  :  L , .  .  .  , k )  and hence p  /  r (o . "p ( ) ) '  '

Now we are in a position to state the main result of this paper:

THnoRsI\d 2. If T e B(X) then

" 
e S.,'(X) e o".o(/(?)): "f(o""o$\ for all f e11(T)'

proof. ,,=+',. The inclusion "C" follows from Theorem L. Let a(/) de-

note the (open) set of the definition of /. Corollary 6.6 of [L] shows the

existence of a sequence (r,r) of rational functions such that (r,") converges

to / uniformly on compact subsets of ^(/)' Thus llr"(") - /(")ll --+ 0

(n. -* oo) ([3], Aufgabe 99.1). Let V be an open set in C conJaining the ori-

gi". ny irroposition b and the uniform convergence on o".o(?), there exists

n6€Nsuch tha t

/("""o(")) 9 r n(o"uo(T)) + V

and
ou,o(r,"(?)) e o."p(f (T)) + Y

for all n) ns. ProPosition 6 gives

r'(o.'o(?)) : oeap(r'"(?)) for all n € N'

thus

/(o""o(T)) e o".p(r",o(")) + V e o""p(f(4) + v +v'

Since V was an arbitrary neighbourhood of 0, we get

/("""o(")) C 
"""o(/("))'

,,+". Assume to the contra,ry that T € s+(x). Then there are Är,lz €

X1(?) with

ind( . \11  -? . )>0  and ind( )2 ' I -T )<0 '

It follows that 0(Är/ - T) < oo, hence )r/ - r e a(x) and thus /c ::

ind(, \11- 
")  

€ N.
Case 1 :  . \2 , I -  f  eO(X) 'Put  rn ; :  - ind( )2 l - -T) , thus  rn  e  N '  Def ine

the funct ion f  e?I( \Uv /(Ä) :  (Är- l )-()r-A)* 'Then /(")  e @'(X) and

ind(/(r)) :-nrk+i(-m):0, thus 0 / o.,r(f (?))' Since lt/-T /oi\x)
*" ,"" by Proposition 2(3) that )r e o"^o(T) and therefore 0 : /(^r) e

"f (o."o(?)), a contradiction.
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-")  > 0

/ o""o(T)

tI:

t .

; Ä(/) de-
shows the
converges
(r)ll -+ 0
rg the ori
rere exists

:e  , \1 , , \2  €

thus k ::

: N. Define
@(X) and' / o+(x)
= /(,\r) €

C ase 2: \21 - T / O(X). Then B()21 - T) : oo and ind(Ä2-I - T) :
-oo. Put /(Ä) : (.\1 - Ä)(^2 - .\). It follows from Proposition 1(1) that

/(") € o+(X) and that

i n d ( / ( r ) )  - k -  o o : - o o ,

thus 0 / o""o(f (T)). Ar in Case 1 we have 0 : /(fi) e /(o""o(?)), a
contradiction. r

4. The essential defect spectrum. For ? e B(X) t}ae defect spectr"um
oo(T) is defined by

oa(T) : {l € C :,\/ - ? is not surjective}.

We define the essential defect spectr"um 0"6(T) of ? by

oq6(T) :  n  o6(T+K) .
KeK(x)

We let X* designate the conjugate space of X and ?* the adjoint of ? e
ß(x).

PRopostrloN 7. Let T e ß(X).

(1) ) /  0.6(T) e 11 -T e @-(x) and ind(Ä/ - T) > 0.
(2) o.6(T): o""p(?*).
(s) o.6g) * 0.

Proof. (1) "+". If ^ 4 0.6(T) then there is K e K(X) such that
\/ o6(T + K), thus.\/ -T - K is surjective, hence ̂I -T - K €0-(X)
and ind(,\/ -T - K) : a(\t -T - /() > 0. Satz 82.5 of [3] shows then that
^I -T € @-(X) and ind(.\/  - T) : ind(Ä/ -T - 1() > 0.

"€". If ^I -T € @-(X) and ind().I - 
") 

> 0 then, by [13], Theorem
3.13, there are ft, Uz e ß(X) such that

^ I  -T  :U r tUz ,  Uz  e  K (X) ,  U1 (X)  :  Y .

Thus ).I - Q + U2) is surjective and thereföre ), /. o6(T * Uz). This gives
\ / o"6(r).

(2) Use (1), Proposition 2(3) and [3], Satz 82.1, to get

Ä / o.6(T) e ).r* - T* e @+(X-) and ind(,\I* * ?*) < 0

e ^ / au.p(?*).

(3) This follows from (2) and Proposition 2(2). t

TnpoRotvt 3. For T e B(X) and, J e HQ) we haue

o"o(/(")) e /(""0(7)).
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Proof.  We have

o"6(f (T)): a."p(("f ("))-) (bv Proposition 7(2))
:  o"up("f(?.))

e .f(o""o(?.)) (by Theorem 1)

: f (o"6(T)) (Uv Proposition 7(2)). .

For our final result in this section, which is dual to Theorem 2, we need
the fol lowing def ini t ions. For T inß(X) set X-(") :  {)  € C: Ä1 -T €
O-(X)). The class .S-(X) of operators is defined by

.S-(X) :  {? € B(X) : ind(. \ / -  T) > 0 for al l  ̂  € t-(")

or ind(Ä.I -r) < 0 for all ) e r-(")).

It follows from [3], Satz 82.L, that X(") : X(?.), E+Q) : E-(T"),
E-g): x+(?.) and that

ind(.\/ - T) : - ind()/. - T*) for all .\ e l(").

This gives

"e  
5 - (X)  eT*  €5+(X. ) ,  

"e  
6 . . (X)  +T*  €E- (X. ) .

As an immediate consequence of Theorem 2 and Proposition 7 we get

TnpoRptvt 4. Let T e ß(X). Then

" 
e S-(x) e f(o.6(T)) : o"a(/(T)) for att f e'HQ).

5. Schechter's essential spectrum. In this final section we return to
o"(T) : flrerc1xro(T *K). Recall that .\ /. o.(T) if and only if ) e O(7)
and ind()/ - T) : 0. We have mentioned in Section L that the following
result holds.

TupoRnu 5. Let f e ß@).

(1) 
""(/(r)) 

q f (o"Q)) for each f e11(T).
Q) r e 5(x) <+ o.UgD: /(o"(")) for alt f €11(T).
The aim of this section is to prove Theorem 5 with the aid of the results

of the previous sections of this paper.

PRoposItIoN 8. For T e ß(X) we haue:

(1) o"(") : o""p(?) U o"6(?).
(2) s(x) : 5+(X) u s_ (x).
Proof. (1) Use Propositions 2(3) and 7(1).
(2) The inclusion S+(X) u S-(X) g .S(X) is clear. Let T e 5(X) and

assume T / S+(X) US-(X). Then there are )1, ),2 e E,r(T) and.\3,)a €
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7 we get

l return to
t . \  e o(")
: following

the results

5(X) and
rd )3, )a €

E-Q) such that ind()11 -T) > 0, ind()2-I - 

") 
< 0, ind()3.I - 

") 
> 0 and

ind()a/ - 
") 

< 0. This gives B(.\1-I - 

") 
< oo and a(),al - 

") 
< oo, hence

)r, )a e O(T). Since ? € 5(X) and ind(.\1,I -T) > 0, ind()a-I - ?) < 0, we
have a contradiction. r

Proo f  o f  Theorem 5 .  (1 )  Use Propos i t ion  8(1) ,  Theorem l  and
Theorem 3 to derive

o"(/(")) : o.up(f (T)) u o"6(/(")) q 
"f (o""o(")) u f (o"aT))

: .f (o."p(?) u o"6(")) : /(o"(7)).

(2) "+". Let T € S(X) and / e 11(T). We only have to show that

/(""(")) e ""(/(")). 
Let p, / ".UQD 

: o"^p(f (T)) u 
""0(/(T)). 

Put
h;: F - J. Assume that there are Ä1 € o""p(?) and Ä2 € oe6(T) such that
h ( , \ 1 )  :  h ( ^ 2 )  : 0 .  I t f o l l o w s t h a t  F e  f ( o " u p ( " ) )  a n d  p e  f ( o . a ( ) ) .  I f

" 
e S..(X) then we see by Theorem 2 that p € ou^p(f(T)) q o"$(T)),

a contradiction. Similarly we get a contradiction if.T e S-(X).Hence we
have shown that h. does not vanish on o""o(?) or ä does not vanish on
o"a(T).It suffices to consider the case h(^) + 0 for each A € o",o(T) (since
oa(T): o."p(?*) the other case can be treated in the same manner). By
Proposition 4, h has at most a finite number of zeroes in o(").

Case 1: h has no zeroes in o(") .  Then p /  "UQ)):  / (o(")) .  This
g i v e s p / f ( " " Q ) ) .

C ase 2: There o.re p1,. . . t4k e o(T) and g e HQ) such that ä(Ä) :

g(r) III:'( pi - \ and e()) I 0 for ) e o("): Then we get

k

h(T) : gg)fij'il - T), e(") is invertible.
J : L

Since p / ""(f 
(T)) we see that h(T) € A6) and ind(ä(")) : 0. Now use

Proposition 1 to derive

p j l  - f  e O $ )  f o r  j  : L , . . . , k

and
k

f ina(p3r -T): ind(h(")) :6.
j : r

Since ? € 5(X) it follows that ind(pil - f) : 0 (l - 1.,...,/c). Thus we
have p , i  /  " . (T )  

( i  :  L , . . . ,n ) ,  hence p  /  f ( " .Q) ) .
"€". Assume to the contrary that ? / S(X). Then there are Ä1,.\2 €

@(") with /c :: ind()r I -T) ) 0 and rn i: - ind(,\21- 
") 

> 0. Put /(^) :
(Är -  ^)-() ,  -  ))* .  We get lQ) e a(X),  ind(/(r))  :  0,  0 /  o"( /("))  but
0: /(Är): /(,\z) e f (o"(T)). This contradiction completes the proof. r

E-(T*),
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