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ABSTRACT

|-etAdenoteacomplexBanach.a lgebrawi th ident i tyeandKaninessent ia l
ideat of A. An 

"f"*"1#iä;i-;;kr"d 
i-7'rkt^on eleinent if x is left.or right

invertible modulo I(.'iffi ilp"i ionlains nä"estary and sufficient conditions in

order that the nuyity.;i'(;:Tr)itä äfea def(x - ie)l of a K-Atkinson element

x is constant for all 
"oÄ1it"* 

nuübers Ä in a neighbouihood of 0'

Introduction

|-etXdenoteacomplexBanachspaceandJ/\X)theBanachalgebraof-a_ll
bounded linear operator. on X. An operator T e gx) is semi-Fredholm if' T (x\

is closed and if either 
""rlil: 

oi* Nir; or def (T) :-"."qt*-Tq) is finite (ry(r)

denotes the kernel oii,'f(Xl denotes ih" tung" of I). In [4, theorems 3,5 and

6] Kato Proved the following'

Theorem L. If f e L(X) is semi-Fredholm and nul(T) aa lresp' def(T) < ool'

there exßts 6> 0 such that
(a) T - II is semi-Fredhotm for l'tl < ö;

ibi nul(T-.$ ß a constant <nul(T) fresp' def'(T-ÄI) ß a con'

stant <def(T) for 0 < l{ < a;

G) nul(? _ ,ro ='i,itll lreip.,def(T 
- ^l) = def (T)l for att l^l < ö if and

only if N(T) E n?:rT(X)'

This important result we call the punctured neighbourhood theorem'

f e qn i, caffea iela rtvely regilar if TST = T for some S e g(X). From [5,

thdoröme 2.6] we easily deduce the following

Theoremß.IfTeg(X)isrelativelyregular,thefol lowingcondit ionsareequiva-
lent:

(a) N(r)  E n;: tT"(X);  --
(b) there ixßi7' 

""igh:bo"rhood 
u gc of 0 and a holomorphic function

F: U -'+ 9(X) such that
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( r -  Ä 1 ) r ( ^ ) ( r -  ^ 1 ) : T -  I I  f o r  a t t  I e U '

Combining Theorems A and B, we obtain the following'

Theorem c. If T e y(x) ß a relatively regular semi-Fredholm operator and

nul(T) a * freisp. def (?.) < *f , then the following conditions are equivalent:
(a) nU(r: If : nul(r) lresp. def.(T - ^I): def(r)l for all complex num-

bers )' in a neighbourhood of 0;
(b) N(T) e ni:1r" (X);
Gi there exists a neighbourhood U gC of 0 and a holomorphic function

F: U'+ 9(X) such that

(f - I/)F(IX?- M) : T - )tI for all Äc U'

Relativety regular semi-Fredholm operators are also called Ärkinsan operators.

It is well known (see [3, p. 28]) that T in 9(x) is an Atkinson operator if and

only if ? is left or right invertible modulo lt(X), where 9f(X) denotes the closed

ideal of compact oPerators on X.
Let A be a unitäl complex Banach algebra and K an inessential ideal of Ä. An

element .r € A is defined to be a K'Atkinson element of A if it is left or right

invertible modulo K.
The aim of this paper is to extend Theorem C to K-Atkinson elements of A'

In section 1 we invesligate relatively regular elements in Banach algebras and

generalise Theorem B. Section 2 deals with Atkinson theory in semisimple Banach

älgebras. The main result of this section is a generalisation of Theorem C for

Aikinson elements in primitive Banach algebras. In section 3 we investigate Atkin-

son elements in general Banach algebras and present the main results of this

paper.

1. Relatively regular elements in Banach algebras

In this paper we always assume that A is a complex Banach algebra with

identity e # 0.

1.1 Definition. (a) Let x € A. We say that -r is relatively regular if there exists

y € A such that xYx = x.
(b) For each subset M ot A(M + 0) the teft annihilator and the right annihilator

are the sets

L ( M ) :  { y  e A i y M : 0 } a n d  R ( t t ' t | :  U  e A i  M y : 0 } , r e s p e c t i v e l y '

lf. M = {z} we simply write L(z) and R(z).

Since A has an identity, we have L(zA) : L(z) and R(Äz) : R(z)'

The first proposition of this section is easily deduced from [5, lemme 2.3].

2.

1.

I
t
r

1.2 Proposition. Let x e A' Then
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(a) R(x) G ) x"A<+ U n(r) Exa;
n: - t  n=* '

(b) L@) e l,o*" 
o !, 

L(x") e Ax.

The following proposition is a generalisation of [5, proposition 2.4, corollaire

2.sl.

1.3 Proposition. Suppose that x, y e A and xyx: x'

(a) If U n(4 CxA,then
"r^OrE 

R(r"*') and y^R(t) g R(t'*') for athr € N u {0}'

(b)  / /  U r@")CAx, then
" 

tL", g L(*'*') and L(x)y^ g L(*^*') for aun€ N u {0}'

Pnoop. (a) Take e € R(x"), then z € xA, hence z: xa for some a€A' It follows

il;;;;;? : t;;y;a: x"(xyx)a: x"(xa) : xnz:0, therefore yz € R(r"*r)' This

proves that

yR(x")ER(r"* t )  (n€Nu{0}) .  (1 .1)

We now prove by induction that for n2I,

y"R(x) E R(r"*t). (1.2)

Bv (1.1), (1.2) holds for n: L. Now suppose that (1'2) \9lds for some integer

;;). \il";.iiu" y"*'n( x) : y(v"R(x)) e vn(t"*t) e R(r"*') bv (1'1)'
(b) Similar. I

Now we are in a position to present the generalisation of Theorem B'

l'.4Theorem.SupposethatxeAßrelativelyregular,Thefollowingconditionsare
equivalent:

(a) R(x)e |rx"A;
n: - ,

(b) L@)e ) A*";

=p''ffif.rmmL*rr**@'*- - ;
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(c) therl is a neighbourhood u C c, of 0 and a holomorphic function f :IJ -+,\
such that

(x- Ie)f( I )(x- Ie):x- Ie

for all Ie U.

Pnoor.  (a) )(c):  TakeyC-4 such thatxyx:-r  andputp: € -  !x,q:xy. Then
we have

(1.3)

for a
. B

Toge

for a
(,

( x -

Thus

thert
T

I  t -

s
and

I
the I

1.5 ,
L(x)
then

p2 : p, q, : q, pA: R(x) and, qA: xA.

Define U and f by U: {i c C : lÄl < llyll-r} and

.f(^) : (e - Iy)-'y: y(e - Ay)-t : ) ,\1"*t (^ € U).

Since p C R(x), we derive/(,t)(x - )re)p = -Ä,f(Ä)p, hence

(x - re)f (I)(x - ^e)p: (,\e - x) 2 ),"*ry"*tp
_  n = O

: 2 ^"*ry"*? - ) X*t(ry)y"p
n :o  n :o

= 2 ^"*,yn*tp - q2 1"*ty"p.
a :o  n :o

Since y! € y"pA: y"R\l): we obtain y"p e R(x"*1)(proposition 1.3(a)). It fol_
lows, by Proposition 1..2(a), that y"peiA= qA toi att n e N u{0}.'ü.i"g ttut
qA is a closed right ideal, we conclude that

i  t^*'y^p e qA (^ c U).
n :o

This gives

n}o^"*tr"o = 
}o^"*ry"o 

(l e U),

since q2:4. Therefore

(.r - Äe)/(Ä)(x - Le)p : 2 )(*'y'*tp - > )(*tfp : - Ip
n:O n-O

(1.4)

I
tatic
gebr
and

(
quol
all p

(
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f o r a l l l € U .- 
By (L.3), we have e - P : Yx' Thus

(x - re)/(Ä) @ - re)(e - p) =__E-_y)f,_ 
|;l_i,r6; 

^!\ira

4
: (x - re)(e - IY)-'(e. - xY)Yx
= (x - Ie)Yx: xYx - LYx
: x - ) ' ( e - P ) = x - ) v * ) t P '

Together with (1'4) this shows

(x _ re)f(A)(x - Äe) 
: 

(:;j?f,()g;l?,r + (e - n))

- 7 -'Xe

"'äi !:"yi put p(Ä) : (1 -_yirtu (Ä € u). Hence pQ)' =p(Ä) and p(^)A =

(r l rr)a' Take a € R(r")' Then
n  t - - \

0 = xna: (x - re * )te)"a: 
), ü)O 

- ) ' 'e)kt5ka + f,a'

Thus
a e. k - Ie)A = P(i)A for all Ä € U\{0}'

therefore a -- PQ)a (^ € U\{0})'

The continuitv of p shows th-ut^.1=p(0)oF p\91!-:* This proves

u x-, R(x') g ra. nrom'Pr;;osition r,zf1) we outainn(x; e -ri=rx"A'

similar urgu*"nrri;o* iri," tul and (c) or" 
"q"iuut"ti 

(ot" Proposition 1'2(b)

and ProPosition 1'3(b))' f

Insection3weneedthefol lowingcorol larywhichisimplicit lycontainedin
the Preceding Proof'

1.5 Corotlary. Let x, ve A and xvx=v'.1"p:::"1,"t L$)t 
A7':rx"A or

L(x) E (\7:tAx^ ' ti''äi*"'iZ"if i"i"n"a av'f(t'): (e - xv)-'v for lrl < llvll-"

then

(r - ^e)/(^)(x - Äe) - x - Le (lÄl < llvll-')'

2. The punctured neighbourhood theorem in primitive Banach algebras

Fortheconvenienceofthereaderweshal lsummarisesomedefini t ions'no.
tations and results ;;;,ki;" anO fr_eAnoim ,tt"oty in semisimple Banach al-

gebras (see [L], t6f ;;i iäji"t o*ils)' In the second part of this section we state

and prove ttte geneiaiitätion of Theorem-C in primitive Banach algebras'

Given u t"tt io"uir- 
"f 

a,t 
" 

quoti"rt .iJ ti"ia"ut LtA : la e A 
" 
aA CL)' The

ouotient of a maxiä; bf, ia"ur i. 
"*"a'u"iri^äve 

ideal' we denote the set of

ail primitive ideals bY II(A)'--- 
bb.".u" that each P € II(A) is closed'
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denote the left regular representation of .4 on the Banach spaca Ae6, that is fU):

xl, ! e Aes (recall that 9(Ae6) denotes the set of all bounded linear operators on

Äeo). Note that

i(Aed = xAeo

and

{Y e Aes:ib)): 0} : R(x)flÄe6:R(x)e6'

It follows from [1, F.2.1] that dim xAeo, dim R(x)ee and dim(AeslxAes) are'

independent of the choice of es € Min(Ä).

2.4 Definition. For x € A we define the rank of x by rank(x) : dim xAes. The

nutlity of x is defined to be nul(x) : dim R(x)e6' The defect of x is defined by

def (x) : dim (AeslxAes).

2.5 Proposition. (a) x : 0 (9 rank(x) : 0;
(b) soc(A) : {x € A:rank(x) < -};

i"i xe Q1(A, I(A)) fresp. xe Q,(A, 1(A))l äx relatively regular and

nul(x) I o lresP . def (-x) < col '

Pnoor. (a) and (b) [1, F.2.4]. (c) [8, theorem 3.4]. I

We now state the first punctured neighbourhood theorem.

2.6 Theorem. Let A be a primitive Banach algebra, K an inessential ideal of A,

and let x e .Q{A, K). Then there exßts 6> 0 such that
(a) x - Ie € O,(A, K) for lÄl < ö;
(b) nul(x - Ae) : 

"on.,' 
< nul(r) for 0 < hl < a;

(c) the following conditions are equivalent:
(i) nul(x - Ie) : no11t, for all )te C with l^l < ö;
(ii) n(x) e A?:rx"A'.
(iii) r(.r) e Ai:rAx";
(iv) there ß a neighbourhood u gc of 0 and a holomorphic function

f : U --->A such that

(x- Äe)/(Ä)(x -  Äe):x- ) te for al l  IeU'

Pnoor. (a) and (b) are known [6, lemma 4.3; 8, theorem 3.8, 5'4], but we shall

give proofs, because the proof of (c) depends on some technical informations

obtained in the proof of (a) and (b).
Since x eQr(A, K), there is p - oz € soc(Ä) o K such that

Ax :  A(e  -  p ) (2.r)

(Proposition 2.3(b)). Therefore yx = e - p for some y € Ä. Now fix e6 € Min(A).

We have R(x) : R(Ax): P-4, thus



{

This shows (a). Next we show R(x - Äe) C e(A)pA (lÄl < 6"). I.et ae R(x - Äe)'

then 0 : S(^)y(x - )v)a -- a - g(I)pa and thus a: g()t)pa e g(I)pA. Conse-
quently,

2r2 Proceedings of the Royal lrish Academy

nul(x) : dim R(x)e6 : dim pAeo: rank(p).

Put 6o: llyll-rand define the holomorphic function g by

g(I) : 
2"*r" 

: (e -^y)-'(l^l< öo).

Since y(x - Le) : yx - Iy : e - try - Pt wE obtain

S(Ä)Y(x - )te): e - e(DP and g('[)P € K'

R(.r - Äe) e s(DpA (l^l < fr)

a:  g() , , )pa( lÄl< ö,a €R (x -  Äe)) .

From (2.4) we derive for l,ttl< fr:

nul(.r - Äe) < rank(g(^)p) : rank(p) : nul(r).

(^l < ä).

(2.2)

(2.3)

(2.4)

(2.s)

(2.6)

(2.e)

(2.10)

and

Again by (2.4), for each I with lÄl< ö, there is a subspace R2, of g(Ä)pAee such

that

R(x - ),e)eo@ R.r : g(I)PAes.

It follows that (x - Ie)g(DpAeo: @ - Äe)R1 and that

dim (x - ^e)g(DpAe6 : rank((x - Äe)g('\)p)
: dim (x - Ae)R1 : dim R,r
< dim R^ * dim R(x - ),e)es
: dim R1 + nul(x - ,\e)
: dimg(r)pAeo : run11t,^ro,
: nul(x) (l^l< ö).

Next define the holomorphic function h by

(2.7)

(2.8)

ft(,r; : (x - Ie)g(r)p (l^l< fr).

Equation (2.8) shows that m: 
,T:ä 

rank(h(,\)) exists.

By [8, lemma 5.2], there is a positive 6 < 6o such that rank(/r(^)) :

dim (x - xr1g1x1p,aeo: dim Rx-- m for 0 < lll< ö' Use (2'8) to derive

nul(x) : m +nul(x - Äe) whenever0 < l l l  < 6.

Hence (b) follows.
Proof of (.). A simple computation (observe that xp:0) yields

/'(l) : 2 x'1xY"P - Y"-tP)

By Proposition 2.5 -O tZ.9), ,nis gives
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. nul(r - Ae) = nul(x) for all I' with l'l'l < 6c+ m: 0

ärank(lr(Ä)) :0 ( l^ l< 6) (+h(^) :0 for al l  Ä with l l l< 6<+

xy"p : y"-rp for all n C N.

Therefore condition (i) and (2.I1) are equivalent'

(i) implies (ii): We prove by induction that for n> |

P : x"Y"P;

213

(2.tr)

(2.12)

(2.11) shows that (2.12) holds tgt ,",: 1"' Now suppose that (2'I2) holds for

lo-"ini"g"rn>-l.rnit!iu"t xn*ryn*rp-:*^(*y"*tp):x.nynP-. pby(2'1L)'Thus

fi.ifi" [roved, and wä have p e n;:'lA' Since pA: R(x)' it follows that

R(x)En : : r tA .' 
(ii) i.pfies (i): For each n € N there is x" € A such that

P:  xnxn '

Since yx = e - P, it is easy to see (by induction) that

! ' t ' f * r : € - p - i  y r p r *  ( n e  N ) .
k : r

We now prove by induction that (2'11) holds' By (2'13)' P: xxr' thus ryp :

lyrrr:*G-p\xi:t ir-xpxr:nr7P. Now suppose that (2'11) holds for 1'

;, . . . ,n.'Usa(2.13) and (2'1a) to derive

xy '* 'P:  xYn*Lx '* lxn+L= *( ' -  O 
-

= ('- 2,* 'o)*'*'
- yr-t P

n - l

=( r -  p -21onxo)** , * ,

= ynxnxxn+r: y'xn*'  :  YnP.

Thisproves(z . t l ) .Theproofo f ( i )? ( i i ) i snowcomple te 's incex is re la t i ve ly
,"g"rät tp-iosition i.röi;tn" äqoiuat"tt"e of (ii)' (iii) and (iv) follows from

Theorem 1.4. J

The second punctured neighbourhood theorem reads as follows'

2.7 Theorem . Let A be a primitive Banach algebra, K an inessential ideal of A'

ina trt x E Q,(A, K). Then there exists 6> O such that

(a) x - Äe e@,(A, K) for l,,tl <. a; ̂

6i äef (x - Äe) : totttl' < def (x) for o < l'rl < a;

f"i the fotlowing conditions are equivalent"

(2.r3)

(2.14)

ilon*o)*,*,

= (, - f:7o-'n*o-')",*.
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(i) def (x - tre) = def (r) for all ). € C. with hl < a;
(ii) R(x) e f\|:1x"A;
(iii) L(x) e f17:tAx";
(iv) there is a neighbourhood u E c of 0 and a holomorphic function

f : U + A s u c h t h a t

(x - Ie)f (\(x - Äe) : x - ),e for all Ie U.

we omit the proof, because this theorem can be proved in the same way as
Theorem 2.6, if one uses the following proposition.

2.8 Proposition. Let K be an inessential ideal of the primitive Banach algebra A.
If x e Q,(A, K) and e6c.Min(A), then

def (-r) : dim(esl("r)).

Pnoor. By Proposition 2.3(b), there is an idempotefi p e soc(Ä) fl K such that
xA = (e - p)A. Hence L(x) : Ap and Aeo: xAes@ pAes. Thus def (x) : rank(p).
Accord ing  to  fT , lemma 2 .31 ,  there  ? ta  e1 , . . . ,€n€Min(A)  such tha t  p :
€t r . . - I en and. €1€i:0 (i # j).It follows that

p A  :  e 1 A C I ' ' '  e  e n A  a n d  A p  :  A e 1 @ .  .  . @  A e ^ .

This gives

pAeo: elAes@. .  .  @ e^Aes and esAr: eoAer@. .  .  @esAen.

Since dim eiAes: dim esAel: 1 [1, F.2.1.], we have

def (.r) : rank(p) : dim (pAed: n = dim (eoAp)
: dim (eof(x)). f

3. The general form of the punctured neighbourhood theorem

In this section we assume that Ä is an arbitrary Banach algebra. Thus soc(A)
might not exist, but the quotient algebra A' : Alrad(A) is semisimple [2, proposi-
tion24.21.l, hence A' has a socle.

We write x' for the coset .r + rad(A) e A' (x e A), and if S C Ä write S' :
{.r': .r C S}.

In order to extend Atkinson and Fredholm theory we need the following
important fact: if P € II(A), then the quotient algebra AIP is primitive [2, proposi-
tion 26.91.

3.1 Definition. The presocle of .4 is defined by psoc(,4) : {r e A:x' e soc(,A')}.
The ideal of inessential elements is defined to be

I(A) = n {P:P € n(A) and psoc(,4) C P}.

An ideal K of A is inessential it K e I(A).
Observe that psoc(,A) is an ideal of A and that soc(,4): psoc(. ) if .4 is

semisimple.
If K is an inessential ideal of Ä, the sets

Q{A, K), Q,(A, K), d(A, K) and @(.4, K)

are
instt

1
hoh:
and

3.2
(

and

Pnc

l
defr

l
by

I f x

Not
ö(x
6(-r
nul

3.3
o,(
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are defined as in Definition2.2.If K : (Ä) we write O/(A), Q,(A), A(4' d(A)

instead of iD1(Ä,1(Ä)), O'(A' I(A)), O(4,1(A))' &(A,I(A))'

function In the following proposition we collect some properties of Atkinson and Fred-

holm elements. Thtt"äd"t is referred to [1], [6] and [8] for further information

and details.

e way as 3.2 Proposition. (a) o,(Ä) : <D(A, psoc(Ä)), o'(1) :0'(Ä, psoc(Ä))'
(b) If x e0{A)[resp. x € A'(A)] there exist Pr' . " , P"efI(A) such that

'gebra A'  x* Pe @1(AtP)lresp. x* P eO'(A/P)]  for al l  P€II(Ä)

and

nul(x * P):0 l resp. def.(x + P):0 for al l  P€II(Ä)\{P:,  " ' ,Pn} '

":"J-lli: 

Pnoor' [6' prop' 2'1e' theorem2'22]' I

that p: 
In view of part (b) of the preceding proposition the uoncepts of nullity and

defect can be extended as follows.
For each x e d.(A) we define the nullity and defect functions II(A) '+ ZU {*y

by

v(x)(P) : nul(x + P) and 6(x)(P) : def (x + P)'

It x e.il\A) we define

t ) v(x)(P) for x €'D,(A),

nu l (x ) : l  
r=n tor  

co  fo rxdo(Ä) ,
t

rs soc(,A)
proposi- f > ö(xXP) forx€O,(A),

d e f ( x ) - { P € n ( A )
r i t e , S ' :  

[  
*  f o r x G Ö ' ( Ä ) ,

bllowing
proposi- 

Note that if A is primitive and .r € (D(Ä) [resp. xeQ,(A\], v(x)(P) :0 [f:tp'
a(r)(P):01 for uh .peII(A), Pf{g} and nul(x): v(x)(g}) [resp. def(x)-:

;oc(A')). m*ytru;:,11;fi:,:L:nd 
[8' remark 4'5] for detals)' So our two dennitions for

Now we present the general form of the punctured neighbourhood theorem'

3.3 Theorem. Let K be an inessential ideat of A. If x€Q{A, K) fresp. xe'

if Ä is 
O'(-4, K)l then there ß a positive 6 such that,(a) 'i 

- x" e O/(Ä, K) lresp. x - )te € O'(.4, $l /or lÄl< 6;

iU) nul(x - Ae): 
"on;,- 

< nul(x) fresp. def(x - Äe): const. < def(x)l /or
o <  lÄ l<  ö ;

(c) the following conditions are equivalent:
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( i ) n u l ( x - Ä e ) : n u l ( x ) [ r e s p ' d e f ( x - ] t e ) : d e f ( x ) l f o r a l t ) ' € C w i t h

lÄ l<  6;
( i i )  

' f i r  
each Pe t I(Ä),  v(x-Ae)(P):v(x)(P) l resp'  6(x-Ie)(P):

"a(txf)l 
for all )te C' with hl < a;

(ii i) R(x') e Oi:1(x')"A';
(iv)' L(x') e fii:1A'(x')";

i"i *eri x o"riighiourhood uec of 0 and a holomorphic function

f: U '- Ahad(A) suchthat

(x' - t'e')f(l')(x' - )'e'): x' - )v' for all Ie U'

Pnoor. (a) and (b) are known [6, theorem 4'4;8' theorem 4'8' 5'5]'

(;t rci x e d,(,q, I (the iroof fo1 1!e 
case 'r € o'(Ä' K) is similar)' Since

O,t), r) E O,(Ä; I(A)i : o(i, psoc(A)) (Proposition 3.2(a)), there is c c Ä

such that ax_ e-irrä.tal,'hence a,x', - e'€soc(Ä'). It follows that r'€

Qt(A"soc(A')). rroposition'2.3(c) shows that x' is relatively regular (recall that

al'is semisi-pl"). Hlnce there exists y € '4 such that

xyx-xe rad( ,A) :  o{P:Pe I I (A)h (3.1)

thus

( x + P ) ( v + P ) ( x + P ) : ' r * P  f o r  a l l  P € I I ( A ) '  Q 2 )

By [6, theorem 2.22l and [8, theorem 5'5], there exist ö ( 0' P1' " " Pn € JI(Ä)

and a1 ,  .  . . ,&n€ N U {0}  w i th

n u l ( x -  r e +  P ) : d j € n u l ( x + P ; )  ( i =  1 '  " ' ' n ' 0 < l ^ l < ö ) '  ( 3 ' 3 )

nu l (x -  re  +  P) :nu l (x+  P)  :  0  (P€I I (A) \ {P I '  " ' 'Pn} ' l l l  <  6 )  (3 '4 )

and nul(x - ,\e) : ) o, = nul(x) (0 < l^l < 6)' (3.s)
j : i

By (3.3), (3.4) and (3.5)' the equivalence,,of (i) and (ii). is clear' ,,
(i) implies (v;: eut ü':: {Ää a,l,r l < l lyl l- '}. Since l ly + rl l< l lvl l (r € rI(A))'

it follows that the functions

.f(Ä) :: (, - IY)-'Y

and

/p(A) ::/(Ä) + P: ((e - ^v)-t + PXv + P) : (" - tv+ P)-r[/ + P)

(P € II(A)) are holomorPhic in U'
Fix 

'p 
än@1. ny (ii j nul(x - re + P): nul(x + P) (lÄl < ö)' thus

R ( x + P ) S  Ä ( t "  + P ) A | P
n - L

(Theorem 2.6(c)). From (3.2) and Corollary 1"5 we derive

( x -  t e + P X / ( ^ ) + P ) ( x  -  ) t e *  P ) : x -  ) " e *  P  f o r  a l l  I e U '  ( 3 ' 6 )

Since P e II(A) was arbitrary' (3'6) gives



'l )te C. with

.r - ,le)(P) :

phic function

imilar). Since
rere is a €,4
vs  tha t  x '€
r (recall that

(3 .1)

(3.2)

. ,P "€ I I (A )

< ö), (3.3)

Äl< ä) (3.4)

(3.s)

| (P€ r(.4)),

( y+P)

LS

e u. (3.6)
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(x -,te)/(,\)(x - Ie) - (x - k) e P

for all P € II(Ä) and all Ie U. Consequently

(x - Äe)/(Ä)(.r - Ie) * (x - Ie) e rad(A) for all Ie U-

Now define the function i: IJ -- Ahad(A) byt(Ä) : /(Ä) + rad(A), and (v) follows.
(v) implies (i): [9, lemma 2.1] shows that there is a neighbourhood V e U of-

0 and a holomorphic function g:V -+ A such that

s(^) + rad(Ä) :"f(Ä) (Ä e Y).

This gives ( .r-Äe)g(, [)(x-Ie)-(x- Äe)€rad(Ä):  n{P:P€n(A)i  for al l
^eV. Hence

(x-  Ie  +  P) (g( , \ )+P) (x  -  ) te*  P) : * -  ) te*  P  (3 '7 )

for all IeV and all P € II(A).
From (3.7), Theorem 2.6, (3.3) and (3.4), we obtain

nul(x - Ie + P): nul(x + P) for all P € II(A) and l^l < ö.

Thus nul(x - ),e): nul(x) for lÄl < ö. This shows that (v) implies (i)'

Since x' is relatively regular, the equivalence of (iii), (i9 and (v) follows from

Theorem 1.4. The proof is now complete. I

An immediate consequence of the last theorem is the following corollary.

3.4 Corollary. Let A be semßimple and K an inessential ideal of A. If x e

Qt(A, K) fresp. x € O,(Ä, K)l then the following conditions are equivalent:'(a) 
nutlr- Äe) : nrr11r' fresp. def.(x - Äe) : def(x)] in a neighbourhood of

0:
(b) R(') g n1-'f A;
(c) L@)e n?:rA{;
(Ol th,ere is a neighbourhood Ue C o/0 and a holomorphic function f:U + A

such ihat

(x - Äe)f(Ä)(x - Ie) -- x - \e for all l e U'
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