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ABSTRACT

Let A denote a complex Banach algebra with identity e and K an inessential
ideal of A. An element x € A is called K-Atkinson element if x is left or right
invertible modulo K. This paper contains necessary and sufficient conditions in
order that the nullity nul(x — Ae)[the defect def (x = Ae)] of a K-Atkinson element
x is constant for all complex numbers A in a neighbourhood of 0.

Introduction

Let X depote a complex Banach space and AX) the Banach algebra of all
bounded linear operators on X. An operator T € HAX) is semi-Fredholm if T(X)
is closed and if either nul(T') = dim N (T) or def (T) = codim T (X) is finite (N (T)
denotes the kernel of T, T(X) denotes the range of T). In [4, theorems 3, 5 and
6] Kato proved the following.

Theorem A. If T € L(X) is semi-Fredholm and nul(T) <« [resp. def(T) <],
there exists > 0 such that
(@) T~ M is semi-Fredholm for Al < 8 :
(b) nu(T—Al) is a constant < nul(T) [resp. def(T—Al) is a con-
stant < def(T)) for 0 <A < §;
(¢) nul(T — Al) = nul(T) [resp- def(T — AI) = def(T)] for all |\ <8 if and
only if N(T) C Ny=1 T(X).

This important result we call the punctured neighbourhood theorem.
T € AX) is called relatively regular if TST = T for some S € XX). From [5,
théoréme 2.6] we easily deduce the following:

Theorem B. If T € AX) is relatively regular, the following conditions are equiva-
lent:
(@) N(T)C Nr=1 T'(X);
(b) there éxists a neighbourhood UC C of 0 and a holomorphic function
F:U— #X) such that
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(T-ADFA)(T—A)=T— A forall A€EU.
Combining Theorems A and B, we obtain the following.

Theorem C. If TE€ HAX) is a relatively regular semi-Fredholm operator and
nul(T) < ® [resp. def(T) < ], then the following conditions are equivalent:
(a) nul(T — AD) = nul(T) [resp. def(T — Al) = def(T)] for all complex num-
bers A in a neighbourhood of 0,
(b) N(T)C NMioi T" (X);
(c) there exists a neighbourhood UCC of 0 and a holomorphic function
F. U— HAX) such that

(T - M)FQ)(T — XI) =T~ Al for all XE U.

Relatively regular semi-Fredholm operators are also called Atkinson operators.
It is well known (see [3, p. 28]) that T in #(X) is an Atkinson operator if and
only if T is left or right invertible modulo J#(X ), where H(X) denotes the closed
ideal of compact operators on X.

Let A be a unital complex Banach algebra and K an inessential ideal of A. An
element x € A is defined to be a K-Atkinson element of A if it is left or right
invertible modulo XK.

The aim of this paper is to extend Theorem C to K-Atkinson elements of A.
In section 1 we investigate relatively regular elements in Banach algebras and
generalise Theorem B. Section 2 deals with Atkinson theory in semisimple Banach
algebras. The main result of this section is a generalisation of Theorem C for
Atkinson elements in primitive Banach algebras. In section 3 we investigate Atkin-
son elements in general Banach algebras and present the main results of this
paper.

1. Relatively regular elements in Banach algebras
In this paper we always assume that A is a complex Banach algebra with
identity e # 0.

1.1 Definition. (a) Let x € A. We say that x is relatively regular if there exists
y € A such that xyx = x.

(b) For each subset M of A(M # §) the left annihilator and the right annihilator
are the sets

LIM)={yEA:yM=0landR(M)={yEA:My= 0}, respectively.
If M = {z} we simply write L(z) and R(z).

Since A has an identity, we have L(zA4) = L(z) and R(Az) = R(z).
The first proposition of this section is easily deduced from [5, lemme 2.3].

1.2 Proposition. Let x € A. Then J
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(a) R@)C Nxae U RE"Cxa;
n=1 n=1

(b) L(x)C ﬁ A& Q L(x™) C Ax.

The following proposition is a generalisation of {5, proposition 2.4, corollaire
2.5].

1.3 Proposition. Suppose that x, y € A and xyx = x.
(a) If L:)l R(x™) CxA, then
yR(x™) C R(x"*") and y" R(x) C R(x™*") for all n€NU{0}.
) If L:Jl L(x") C Ax, then
L(x™)y C L(x"*") and L(x)y" C L(x"*") for alln € N U{0}.

Proor. (a) Take z € R(x"), then z € xA, hence z = xa for some a € A. It follows
that X" *'yz = x"*lyxa = x"(xyx)a = x"(xa) = x"z = 0, therefore yz € R("*1). This
proves that

yR(X) CRE™)  (nENU{0}). 1D
We now prove by induction that for n =1,
Y'R(x) € R@™). (1.2)

By (1.1), (1.2) holds for n=1. Now suppose that (1.2) holds for some integer
n=1. We derive y"*'R(x) = y(y"R(x)) CyR(x""") C R(x"*?) by (1.1).
(b) Similar. W

Now we are in a position to present the generalisation of Theorem B.

1.4 Theorem. Suppose that x € A is relatively regular. The following conditions are
equivalent:

(a) Rx)C F] x"A;

() Le)C N A
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(c) there is a neighbourhood U C C of 0 and a holomorphic function f:U — A
such that

(x—Ae)f(A)(x — Ae) =x — Ae

forall A€ U.
Proor. (a) = (c): Take y € A such that xyx=x and put p = e — yx, g = xy. Then
we have
P*=p,¢°=q,pA=R(x) and gA = xA. (1.3)

Define U and fby U={A € C:|A|<|y|™"} and

x

fO=(E-mTy=ye-a)"'= 2 1y (AeU).

n=0

Since p € R(x), we derive f(A)(x — Ae)p = —Af(A)p, hence

(= A () = Aelp = (e =) T xy1p

= 20 An+2yn+lp _ 20 /\n+1(xy)ynp

=q

= go /\n+2yn+lp -q go /\"Hy"p.

Since y"p € y"pA = y"R(x), we obtain y"p € R(x"*')(Proposition 1.3(a)). It fol-
lows, by Proposition 1.2(a), that y"p € xA = gA for all n€ N U {0}. Using that
gA is a closed right ideal, we conclude that

> XThYpegA (A€ U).
n=0

This gives
q 20 An+1ynp — go An+1ynp (A. e U),

since g* = q. Therefore

(x = Ae)f (A)(x — Ae)p = EO A2y ip — 20 Ny'p=—ap (14)

for a

Toge

for a

(x -

1.5«
L(x)
then

tatic
gebr
and

quot
all p
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forall A€ U.
By (1.3), we have e — p = yX. Thus

(x = A)F)(x — Ae)(e — p) = (x — Ae)(e ~ Ay)"Hx = Ay)yx
= (x - Ae)(e — ) 7O — Apyx)
— (- Ale— W) e~ W
= (x — Ae)yx = xyx — AyX
=x—Me—p)=x—2Aet Ap.
Together with (1.4) this shows

(x — Ae)f (V) (x — Ae) = (x = A)f (M)(x ~ Ae)(p + (e = P))
= —Ap+x—AetAp
=x—Ae
forall AEU.
(c) = (a): Put p(A) = (x — Ae)f (A) (A€ U). Hence p(A)? = p(») and p(MA =
(x — Ae)A. Take a € R(x"). Then

n

0=x"a=(x—Ae+ Ae)'a= 2 (Z)(x — xe) A" ka + Na.
k=1

Thus
a € (x — A)A=p(MA for all A € U\0},

therefore a=p(A)a (AE U\{O}).

The continuity of p shows that a=p(0)a€p(O)A= xA. This proves
U *-, R(x") C xA. From Proposition 1.2(a) we obtain R(x) C Nn=1X"A.

Similar arguments show that (b) and (c) are equivalent (use Proposition 1.2(b)
and Proposition 1.3(b)). |

In section 3 we need the following corollary which is implicitly contained in
the preceding proof.

1.5 Corollary. Let x, yEA and xyx =y. Suppose that R(x) C Np=1x"A or
L(x) C Nn=1 Ax". If the function f is defined by f)=(- Ay)~ty for |A] < vl
then

(x = A)f (N)(x — Ae) =x — A¢ (A <I™-

2. The punctured neighbourhood theorem in primitive Banach algebras

For the convenience of the reader we shall summarise some definitions, no-
tations and results of Atkinson and Fredholm theory in semisimple Banach al-
gebras (see 1], [6] and [8] for details). In the second part of this section we state
and prove the generalisation of Theorem C in primitive Banach algebras.

Given a left ideal L of A the quotient is the ideal LLA={a€A:aAC L}. The
quotient of a maximal left ideal is called 2 primitive ideal. We denote the set of
all primitive ideals by TI(A).

Observe that each P € TI(A) is closed.
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denote the left regular representation of A on the Banach space Aey, that is £(y) =

xy, y € Aeq (recall that £(Aeg) denotes the set of all bounded linear operators on
Aep). Note that

2(Aey) = xAeg

and
{y € Aey:£(y) = 0} = R(x)NAeo=R(x)eo.

It follows from [1, F.2.1] that dim xAe,, dim R(x)e, and dim(Aeo/xAeo) are-
independent of the choice of eq € Min(A).

2.4 Definition. For x € A we define the rank of x by rank(x) = dim xAe,. The
nullity of x is defined to be nul(x) = dim R(x)eo. The defect of x is defined by
def(x) = dim (Aeo/xAe).

2.5 Proposition. (a) x =0¢ rank(x) = 0;
(b) soc(A) = {x € A:rank(x) < =}
(c) xE DA, I(A)) [resp. xED(A, I(A)] S x relatively regular and
nul(x) < o [resp. def(x) < ].

Proor. (a) and (b) [1, F.2.4]. (c) [8, theorem 3.4]. B
We now state the first punctured neighbourhood theorem.

2.6 Theorem. Let A be a primitive Banach algebra, K an inessential ideal of A,
and let x € ®(A, K). Then there exists 8> 0 such that
(a) x— Ae € DA, K) for |]A| < §;
(b) nul(x — Ae) = const. < nul(x) for 0 <[A| < §;
(c) the following conditions are equivalent:
(i) nul(x — Ae) = nul(x) for all A € C with |A| < &
(i) R(x) C N=1x AL :
(iii) L(x) C N =1 AX";
(iv) there is a neighbourhood UCC of 0 and a holomorphic function
' f: U— A such that

C (x=Ae)f(M)(x — Ae) =x — Ae for all AEU.

Proor. (a) and (b) are known [6, lemma 4.3; 8, theorem 3.8, 5.4}, but we shall
give proofs, because the proof of (c) depends on some technical informations
obtained in the proof of (a) and (b).

Since x € (A, K), there is p = p* € soc(A) N K such that

Ax = A(e — p) (2.1

(Proposition 2.3(b)). Therefore yx = e — p for some y € A. Now fix e € Min(4).
We have R(x) = R(Ax) = pA, thus
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nul(x) = dim R(x)eo, = dim pAeo = rank(p). (2.2)
Put & = ||y||”'and define the holomorphic function g by

g = 2 Xy =(e= )7 (A< &).
Since y(x — Ae) = yx — Ay = e — Ay — p, we obtain

g(M)y(x — Ae) = e — g(A)p and g(A)p E K. 2.3)

This shows (a). Next we show R(x — Ae) C g(A)pA (|A| < &). Let a € R(x — Ae),
then 0=g(A)y(x — Ae)a=a—g(A)pa and thus a=g(A)pa € g(A)pA. Conse-
quently,

R(x = de) Cg(MpA (A < &) 2.4
and
a=gAM)pa(jA|<8,a€ER  (x— Ae)). (2.5)
From (2.4) we derive for || < &:
nul(x ~ Ae) < rank(g(A)p) = rank(p) = nul(x). (2.6)

Again by (2.4), for each A with |A| < 8, there is a subspace R, of g(A)pAeo such
that

R(x — Ae)eo D Ry = g(A)pAeo. 2.7
It follows that (x — Ae)g(A)pAeo = (x — Ae)R, and that

dim (x — Ae)g(A)pAeo = rank((x — Ae)g(A)p)
= dim (x — A¢)R, = dim R,
< dim R, + dim R(x — Ae)eo
= dim R, + nul(x — Ae)
= dim g(A\)pAe, = rank(g(A)p)
=mul(x) (A < &) (2.8)

Next define the holomorphic function h by
h(A) = (x = Ae)g(V)p (1A < &).

Equation (2.8) shows that m = |n|1ax rank(h(A)) exists.
Al<8o

By [8, lemma 5.2], there is a positive §<8 such that rank(h(A)) =
dim (x — Ae)g(A)pAeo = dim R, = m for 0 <|A| < 8. Use (2.8) to derive

nul(x) = m + nul(x — Ae) whenever 0 < [A| < 8. (2.9)

Hence (b) follows.
Proof of (c). A simple computation (observe that xp = 0) yields

K= 2 X =yTe) (N<9). (2.10)

By Proposition 2.5 and (2.9), this gives
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nul(x — Ae) = nul(x) for all A with AN<éem=0
& rank(R(2)) = 0 (|A| < 8) & k() = 0 for all A with |\|<6&
xy'p=y""'pforalln€N. (2.11)
Therefore condition (i) and (2.11) are equivalent.
(i) implies (ii): We prove by induction that for n =1
p=x"y"p; (2.12)
(2.11) shows that (2.12) holds for n= 1. Now suppose that (2.12) holds for
some integer n = 1. This gives x**'y""'p = x*(xy""1p) = x"y"p = p by (2.11). Thus
(2.12) is proved, and we have p € N=_, x"A. Since pA = R(x), it follows that
R(X) Cc ﬂff.__l x* A.
(ii) implies (i): For each n €N there is x,, € A such that
p=x"%n. (2.13)

Since yx = e — p, it is easy to see (by induction) that
y "ttt =e—p— 2 ypx* (mEeN). (2.14)
k=1

We now prove by induction that (2.11) holds. By (2.13), p = xxy, thus xyp =
xyxx, = x(e — p)x1 = XX; — XpX1 = XX1 = P. Now suppose that (2.11) holds for 1,
2,...,n. Use (2.13) and (2.14) to derive

n
n+l +1l, n+1 — k. .k
xy p=xy" X" Xnna = x(e -p- k21y DX )x,,ﬂ

= (x -2 o' x")xnﬂ
k=1 ‘=

k—1
=y P

- (e -2 yk_lpxk”l)xx,,ﬂ
k=1

n—1
= (e ~p-2 y"px")xxn+1
k=1

= YA Ay =YX =)D
This proves (2.11). The proof of (i) & (ii) is now complete. Since x is relatively
regular (Proposition 2.3(c)), the equivalence of (i), (iii) and (iv) follows from

Theorem 1.4. B
The second punctured neighbourhood theorem reads as follows.

2.7 Theorem. Let A be a primitive Banach algebra, K an inessential ideal of A,
and let x € ®,(A, K). Then there exists 8> 0 such that

(a) x— re € DAA, K) for Al < &

(b) def(x — Ae) = const. < def(x) for 0 <|A| < &;

(c) the following conditions are equivalent:
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(i) def(x — Xe) = def(x) for all A € C with |A| < §;

(i) R(x) C N;-y x"A;

(i) L(x) C Nr—y AX™

(iv) there is a neighbourhood UC C of 0 and a holomorphic function
f: U— A such that

(x—Ae)f(A)(x — Ae) =x — Ae for all A€ U.

We omit the proof, because this theorem can be proved in the same way as
Theorem 2.6, if one uses the following proposition.

2.8 Proposition. Let K be an inessential ideal of the primitive Banach algebra A.
If x€ ®(A, K) and e; € Min(A), then

def(x) = dim(eoL(x)).
Proor. By Proposition 2.3(b), there is an idempotent p € soc(4) N K such that
xA = (e — p)A. Hence L(x) = Ap and Ae, = xAey @ pAe,. Thus def (x) = rank(p).

According to [7, lemma 2.3], there are e, ...,e, € Min(A) such that p =
ey + - -+e,and e;e; =0 (i # ). It follows that

PA=eAD- - De,A and Ap = Ae, D ... D Ae,.
This gives
PAey=e,Ae®D - - - De,Aeg and epd, = epde; D - - - D epAe,,.
Since dim e;Aep = dim egAe; = 1 [1, F.2.1], we have

def(x) = rank(p) = dim (pAeo) = n = dim (e, Ap)
= dim (eo L(x)). W '

3. The general form of the punctured neighbourhood theorem

In this section we assume that A is an arbitrary Banach algebra. Thus soc(A)
might not exist, but the quotient algebra A’ = A/rad(A) is semisimple [2, proposi-
tion 24.21], hence A’ has a socle,

We write x’ for the coset x + rad(4A) €A’ (x € A), and if SC A write §' =
x': xS}

In order to extend Atkinson and Fredholm theory we need the following
important fact: if P € [I(A), then the quotient algebra A/P is primitive [2, proposi-
tion 26.9].

3.1 Definition. The presocle of A is defined by psoc(A) = {x € A:x’ € soc(A’)}.
The ideal of inessential elements is defined to be
I(A) = N{P:PETI(A) and psoc(4) C P}.

An ideal K of A is inessential if K C I(A).

Observe that psoc(4) is an ideal of A and that soc(A) = psoc(A) if A4 is
semisimple.
If K is an inessential ideal of A, the sets

®[A, K), ®(A, K), (A, K) and O(4, K)

are
inst¢

holr
and

If x

Not
5(x
&(x

nul

33
D




function

e way as

‘gebra A.

such that
rank( p).
that p =

18 soc{A)
proposi-

rite S’ =

‘ollowing
proposi-

s50c(A’)}.

if Ais
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are defined as in Definition 2.2. If K = I(A) we write ®,(4), ®,(4), P(A), H(A)
instead of ®[(A4, I(A)), (A, I(4)), D(A, I(A)), H(A, I(A)).

In the following proposition we collect some properties of Atkinson and Fred-
holm elements. The reader is referred to [1], [6] and [8] for further information
and details.

3.2 Proposition. (a) B (A) = DA, psoc(4)), D,(A) = DA, psoc(A)).
(b) If x € dA)[resp. x € ®,(A)] there exist P, ..., P, € TI(A) such that

x+ P € ®(A/P)[resp. x + PE &(A/P)] forall PE I1(A)
and

nul(x + P) = 0 [resp. def(x + P) =0 for all PE MMANPy, - . ., Pa}
ProoF. [6, prop. 2.19, theorem 2.22]. B

In view of part (b) of the preceding proposition the concepts of nullity and
defect can be extended as follows.

For each x € $(A) we define the nullity and defect functions M(A) - Z U {=}
by

v(x)(P) = nul(x + P) and §(x)(P) = def(x + P).

If x € H(A) we define

> v(x)(P) for x € ®(A),
nul(x) = PEm)
o0 for x & ®{A),

Y s(x)(P) for x € B,(A),

def(x) = PET(4)
® for x & ®,(A4),

Note that if A'is primitive and x € ®,(A) [resp. x € ®,(A)], v(x)(P) =0 [resp.
&x)(P) = 0] for all PETI(A), P+{0} and nul(x) = v(x){0}) [resp. def(x) =
8(x)({0})](see [1, p. 38] and [8, remark 4.5] for details). So our two definitions for
nullity [defect] coincide.

Now we present the general form of the punctured neighbourhood theorem.

3.3 Theorem. Let K be an inessential ideal of A. If x € ®(A, K) [resp. xE€
®,(A, K)] then there is a positive 8 such that
(a) x—Ae€ DA, K) [resp. x — ke € D,(A, K)] for |A| < &;
(b) nul(x — Ae) = const. < nul(x) [resp. def (x — Ae) = const. < def(x)] for
0<|Al< 8
(c) the following conditions are equivalent:
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(i) nul(x — Ae) = nul(x)[resp. def(x — Ae) = def(x)] for all AE C with
Al < 8

(i) for each PE€II(A), v(x~— re)(P) = v(x)(P) [resp. &(x — Ae)(P)=
8(x)(P)] for all A€ C with |A| < &,

(i) R(x')C Nu=1(x)"A’;

(iv)  L(x) C Ni=iA'(x)"

(V) there is a neighbourhood UCC of 0 and a holomorphic function
F: U — Alrad(A) such that

x' - xeNf(N)(x' — Ae') =x' — Ae’ for all AEU.
ProoF. (a) and (b) are known [6, theorem 4.4; 8, theorem 4.8, 5.5].
(c) Let x € ®,(A, K) (the proof for the case x € ®,(A, K) is similar). Since
®(A, K)C DA, I(A)) = DA, psoc(A)) (Proposition 3.2(a)), there is a€ A
such that ax —e € psoc(A), hence a'x’' —¢ € soc(4’). It follows that x' €

®,(A’, soc(A")). Proposition 2.3(c) shows that x' is relatively regular (recall that
A’ is semisimple). Hence there exists y € A such that

xyx — x Erad(4) = N{P:PE A% 3.1
thus
(x+P)(y+P)(x+P)=x+P for all P €Ti(A). 3.2)

By [6, theorem 2.22] and [8, theorem 5.5], there exist <0, Py, ..., P,€TII(A)
and ay, . . . , @, € N U {0} with

nul(x — Ae + P)) = oy < nul(x + P) (j=1,...,n0< Al<8), (3.3)
nul(x — Ae + P)=nul(x + P)=0 (PE AP, . .-, Pab, (A < 8) (3.4)

andnul(x — Xe) = 2 ;=< nul(x) (O<[A<8). (3.5)
j=i

By (3.3), (3.4) and (3.5), the equivalence of (i) and (ii) is clear.
(i) implies (v): Put U:={r €C: I\l < |Iyll™"}. Since Jly + Pl < iyl (P € 1I(A)),
it follows that the functions

f) ==y
and

feA)i=fA) +P=(e= W) ' +PO+P)=(e-Ay+ Py +P)
(P € TI(A)) are holomorphic in U.
Fix P € TI(A). By (ii) nul(x — Ae + P) = nul(x + P) (|A| < 8), thus

R(x+ P)C F\ (x" + P)A/IP

n=1
(Theorem 2.6(c)). From (3.2) and Corollary 1.5 we derive
(x = e+ P)(f(A) + P)(x — de + P)=x— e+ P for all A€ U. (3.6)
Since P € [1(A) was arbitrary, (3.6) gives




1 A€ C with

X~ Ae)(P) =

phic function

imilar). Since
lere is a€ A
vs that x' €
ir (recall that

(3.1)
(3.2)
., P, ETI(A)
<8), (3.3)
A|<8) (3.4)
(3.5)
| (P €1I(A4)),
0+ P)
)
EU. (3.6)
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(x = Ae)f(A)(x —Ae) = (x—Ae) EP
for all P € TI(A) and all A € U. Consequently
(x — Ae)f (A)(x — Ae) — (x — Ae) Erad(A) for allAE U.

Now define the function f: U — A/rad(A) by f(X) = f(A) + rad(A), and (v) follows.
(v) implies (i): [9, lemma 2.1] shows that there is a neighbourhood V' C U of
0 and a holomorphic function g:V — A such that

g(A) +radd)=f(r) (A€V).

This gives (x — Ae)g(A)(x — Ae) = (x — Ae) Erad(4) = N{P: P II(A4)} for all
A€ V. Hence

(x—2Ae+P)(gAN) + P)(x—Ae+P)=x—Aet P 3.7

for all A € V and all P € TI(A).
From (3.7), Theorem 2.6, (3.3) and (3.4), we obtain

nul(x — Ae + P) = nul(x + P) for all P €TI(A) and |A| <8.

Thus nul(x — Ae) = nul(x) for [A| < &. This shows that (v) implies (i).
Since x' is relatively regular, the equivalence of (iii), (iv) and (v) follows from
Theorem 1.4. The proof is now complete. ll

An immediate consequence of the last theorem is the following corollary.

3.4 Corollary. Let A be semisimple and K an inessential ideal of A. If x€
(A, K) [resp. x € ®,(A, K)] then the following conditions are equivalent:
(a) nul(x — Ae) = nul(x) [resp. def(x — Ae) = def(x)] in a neighbourhood of
0;
(b) R(x) C Nu=1 2" A;
(c) L(x)C Ni=1 AX;
(d) there is a neighbourhood U C C of 0 and a holomorphic functionf:U— A
such that

(x—re)f(A)(x —Ae)=x—Xe for all AEU.
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