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On this exercise sheet we want to get familiar with Hamiltonian systems, i.e. we consider

ẏ(t) = J−1∇H(y(t)), y(0) = y0, J =
[

0 Id
−Id 0

]
,

where H : R2d 7→ R is a smooth Hamiltonian function, Id is the d-dimensional identity matrix and where
∇H = ∇H = (∂p1 H, . . . , ∂pd H, ∂q1 H, . . . , ∂qd H) defines the gradient of H(y) = H(p, q) with respect to
y = (p, q)T ∈ R2d.

The components of y = (p, q) then satisfy

ṗi = −
∂H
∂qi

(p, q)

q̇i = +
∂H
∂pi

(p, q)
, i = 1, . . . , d, (p(0), q(0))T = y0. (1)

In a Hamiltonian system we can identify q with the position and p with the momentum (or, setting the mass
m ≡ 1, with the velocity of a particle).

Exercise 17: (explicit and symplectic Euler method)

(a) What is the characteristic property of a Hamiltonian system?

The Hamiltonian of a 1D harmonic oscillator (d = 1) is given by

H(p, q) =
1
2
(p2 + q2), p, q ∈ R.

(b) Derive the corresponding Hamiltonian system in the form of (1), such that

ṗ = f (q)
q̇ = g(p)

for suitable functions f (q), g(p). Can you give an expression for the exact solution of this system?

Now we want to investigate two numerical methods applied to this system, in particular concerning the
preservation of the Hamiltonian in the numerical solution. We approximate pn ≈ p(tn) and qn ≈ q(tn),
tn = nh, n = 0, 1, 2, . . . .

Consider (p0, q0) = (0, 4), h = 0.1 and the time interval t ∈ [0, 20].

(c) In MATLAB implement the explicit Euler method for this system.

(d) In the same MATLAB file also implement the symplectic Euler method (also called semi-implicit Euler
method) as follows:

pn+1 = pn + h f (qn)

qn+1 = qn + hg(pn+1)
, pn, qn given.

(e) Compare the numerical solutions of both integrators with the exact solution and plot the error rn =
‖(pn, qn)− (p(tn), q(tn))‖ over all times tn in a semilogarithmic plot. What can you see?

(f) For both methods check the conservation of energy, i.e. for both methods plot |H(pn, qn) − H(p0, q0)|
over all times tn in a semilogarithmic plot. What can you see?

(g) Which numerical order do you expect for the symplectic Euler method? Create an order plot for the
symplectic Euler method and check this order numerically.

Discussion in the problem class Thursday 15:45, in room 2.067 in the Kollegiengebäude Mathematik (20.30).

♣ : Please try to do exercises marked with ♣ at home.


