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2D-Radon transform (parallel scanning geometry)

A

R (s, ) = /Mmf@c) do () s Is.9)

tomographic inversion: R f(s, ) = g(s, )

R: L%(Q) — L*(Z), Z=][-1,1] x [0,2x7]
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Inversion formula

o %R*(A 9 DR

R*: L?*(Z) — L?()) Backprojection operator

R*g(x) = /0 7Tg(az:tcu(ﬁ),ﬁ) dY, w(¥) = (cos,sind)*

A: H*(R) — H* 1(R) Riesz potential

Au(€) = [¢[ae).
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Filtered backprojection algorithm (FBA)

discrete Radon data D = {Rf(kh,jhy) :k=—q,...,q, j=0,...,2p— 1},
h=1/q, hy=mu/p

frea(@) == —R (ILAE, ® DR (x)

4
where
Ey, 1, generalized interpolation operators
and
2p—1
Ry g(x —thgxw ,V5), U5 = ghy

Remark: The action of I, AE}, can be implemented as a convolution
(filtering) followed by an interpolation. The convolution kernel (reconstruction
filter) depends on I;, and Fj,.
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Angular under-sampling causes artifacts

FBA works well for standard parallel scanning geometry under optimal
sampling, that is,
ha~hy (p=mq).

In case of severe angular under-sampling (hy > h) the FBA reconstructions
are corrupted by heavy streak artifacts:
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Introducing phantom views

Lewitt et al.(1978) suggested to increase the angular sampling by interpolating
the Radon data linearly w.r.t. the angular variable:
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Introducing phantom views

Lewitt et al.(1978) suggested to increase the angular sampling by interpolating
the Radon data linearly w.r.t. the angular variable:

1

frBa(z) = =

R; (I,AE, ® I)Rf(x)
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Introducing phantom views

Lewitt et al.(1978) suggested to increase the angular sampling by interpolating
the Radon data linearly w.r.t. the angular variable:

froa(e) = iR;‘m (L AE, © T, )Rf(2)
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Introducing phantom views

Lewitt et al.(1978) suggested to increase the angular sampling by interpolating
the Radon data linearly w.r.t. the angular variable:

1 %k
fPhanFBA(R)(T) := ERhﬁ/R(Ih/\Eh ®Th,)Rf(z), REN
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Introducing phantom views

Lewitt et al.(1978) suggested to increase the angular sampling by interpolating
the Radon data linearly w.r.t. the angular variable:

1

fPhanFBA(R) (il?) = ERZQ/R(IhAEh @ [) S[ @ ThﬁZRf(CC), R - N
St;; 5 Step 1

Step 1: linear interpolation of Radon data in angular variable
Step 2: standard FBA with angular steps size hy/R.
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Introducing phantom views

Lewitt et al.(1978) suggested to increase the angular sampling by interpolating
the Radon data linearly w.r.t. the angular variable:

1 *
fPhanFBA(R) (QZ') = ERhﬁ/R(IhAEh %4 [) S[ X ThﬁzRf(iC), ReN
St;; 5 Step 1

Step 1: linear interpolation of Radon data in angular variable
Step 2: standard FBA with angular steps size hy/R.

PhanFBA(2) PhanFBA(5)
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A different view on PhanFBA |

With @ := (I,AE, @ T}, )R f and ﬁj+ = (j + )hﬁ we have that

—_

~1R-1
hy o
SehanFBA(R) (T) = T Z Z O(z'w(40/R): Vjte/R)

_@Qp—lR— 1_£
R R

/
ol 1/m). ) + 0, 7m) 0100))
=0 ¢=0
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A different view on PhanFBA |

With @ := (I,AE, @ T}, )R f and ﬁj+ = (j + )hﬁ we have that

h19 2p—1 R—1
fPhanFBA(R) (T) = I ®(z'w(Vi1e/R), Vj10/R)
=0 (=0
1 = ¢
=5 (fFBA(iU) + ; 1 - E) (fFBA(Uéhﬁ) + fFBAWéhﬁ)))

where U, € R**? is rotation by angle .
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A different view on PhanFBA |
With @ := (I,AE, @ T}, )R f and ﬁj+ = (j + )hﬁ we have that
- 2p—1 R—1
SphanFBA(R) (T) = I Z Z O(z'w(40/R): Vjte/R)

J=0 ¢=0
R—-1

— ]:; (fFBA —|—Zl (1—%) (fFBA(Uﬁhﬁ ) + frea(U_ Lhy¥ )))

where U, € R**? is rotation by angle . Hence,

frhanFBA(R)(0) = fFrBA(O)
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A different view on PhanFBA |

With & := (I,AE, ® T}, )R f and ﬁj+% = (j + }%)hﬁ we have that

hﬁ 2p—1 R—1
fPhanFBA(R) (T) = I ®(z'w(Vi1e/R), Vj10/R)
=0 (=0
1 = ¢
=5 (fFBA(iU) + ; 1 - E) (fFBA(Uéhﬁx) + fFBAWéhﬁ)))

where U, € R**? is rotation by angle . Hence,

frhanFBA(R)(0) = fFrBA(O)

and fphanFBA(R)(7) is the trapezoidal sum with step size }% applied to

A

1 [fh 1
e fea(Upz) B, (@) de /\
9 J_hy
where By, is the linear B-Spline w.r.t. [—hy, hy]. —hy ho
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A different view on PhanFBA Il

As PhanFBA(R) is an angular average of FBA,

1 [
fPhanFBA(R)(x) ~ o fFBA(Ugin) Bh, () de,
hy J_h,

those edges being tangent to a circle centered about the origin are not blurred.
The more transversally an edge intersects such a circle the more it gets blurred.

PhanFBA(5)
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The limit R — oo

As R — oo,

1 *
frhanFBA(R) (T) = ERhﬁ/R(IhAEh ® Thy )Rf ()

converges to

1 %k
fPhanFBA(x0) (7) = —— R (InAER @ Ty, )R f(x)

41
1 [

= — frea(Upz) Bp, (@) de
hg J—hy

Remark: The evaluation of fppinFeA(o)(7) can be organized as standard FBA
with an additional multiplication of the filtered data by a sparse matrix.
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PhanFBA(R) vs. PhanFBA(cc)

PhanFBA(5) PhanFBA(cc)
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PhanFBA(cc) vs. FBA: Convergence rates
Let f € HF(2). Then,

| =R, GABGIRT—f| | < (minems ) g shghmntens D) £,

a>1

R*( (L AE,®Th,) hmln{ozmax,oz}_l_hmln{5/2 Oé}) 1flles o>1/2

H47T

(3/2 : Shepp-Logan with piecewise constant interpolation

max = 2 : Shepp-Logan with piecewise linear interpolation

| 5/2 : mod. Shepp-Logan with piecewise linear interpolation
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PhanFBA(cc) vs. FBA: Convergence rates
Let f € HF(2). Then,

| 4Ri, A SDR |, (Ao hhhghminteo )

a>1

R*( (L AE,®Th,) hmln{ozmax,oz}_l_hmln{5/2 Oé}) 1flles o>1/2

H47T

(3/2 : Shepp-Logan with piecewise constant interpolation

max = 2 : Shepp-Logan with piecewise linear interpolation

| 5/2 : mod. Shepp-Logan with piecewise linear interpolation

FeHSQ), ax =, and hy =~ Vh

1
57
~ 1/4

—>  errgga =~ const., errppanFBA ~ h
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PhanFBA(cc) vs. FBA: A numerical comparison

rel. L?~errors (rect, p=Tr*qO'5)

'\R/‘
~e-PhanFBA(x) et .~'j
0.5 L TFBA . ‘/‘x/-.’ [
’ " LT e
‘ 0.15r
~q_1/4
in H$(Q2), a < 1/2
"% e eI 1B T80 176 300
q
1
h==, hg=— wherep=[r/q
q p
2 5 1/2 5
e(q) = (D (frecon(@) = £(2))*/ D F@)?) ", Xy =0 22/(800)
x€Xgq € Xgq
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PhanFBA(cc) vs. FBA: Reconstructions

PhanFBA(»), g=200, p=45, lin.interpol FBA, q=200, p=45, lin. interpol
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What to remember from this talk

® PhanFBA(00) is an angular average of standard FBA.

® Streaks intersecting transversally a circle centered about the origin are
diminished. Streaks being tangent to such a circle and a whole
neighborhood of the origin remain unaffected by PhanFBA.

® Phantom views increase the angular convergence rate.
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What to remember from this talk

® PhanFBA(00) is an angular average of standard FBA.

® Streaks intersecting transversally a circle centered about the origin are
diminished. Streaks being tangent to such a circle and a whole
neighborhood of the origin remain unaffected by PhanFBA.

® Phantom views increase the angular convergence rate.

Thank you for your attention!
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