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The mathematical model
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I An inverse problem for the acoustic wave equation o s

u(t;x) acoustic pressure field in x ¢ R?
attime ¢t > 0.

v = v(x) speed of sound
z = (21, 22,0) excitation point

Inverse problem

Recover v from the backscattered (reflected) field us observed
atz € P = {x € R?: 23 = 0} for all times ¢ > 0.

4/23 @©Andreas Rieder — Local SONAR Inversion Mathematics and Algorithms in Tomography, Oberwolfach, April 11-17, 2010



SKIT

Integral formulation
Cohen and Bleistein (1979) made the ansatz

11+ n(x)
V2 (x) c?

where c is a constant background velocity, and showed that

1 1 4 -
yi— / n(x)dS(x) = _(;2/ (T — t)us(t,z)dt + h.ot. inn
weaT 0
S(5 ,z)

where 7 Is observation period.
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Integral formulation
Cohen and Bleistein (1979) made the ansatz

11+ n(x)
v2(x) 2

n <1,

where c is a constant background velocity, and showed that

47 2712

= / n(x)dS(x) = —¢ /OT(T—t)us(t,Z)dtH%i—H

where 7 Is observation period.
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I The Sonar setting and the spherical mean transform

6/23
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| ocal reconstruction formula
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Point of departure: Klein’s inversion formula SRR

Based on preliminary work of Fawcett (1985) and Andersson (1988),
Klein (2004) showed that

1
QW(I®I®H)\FR397 g =RY,

Rig(x) = [ 0ng(2,\/l2 = x? +a3)a

IS the backprojection operator and H is the Hilbert transform.

f=

where
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Local version e

Define
= 0, AR"OR

where R* is as above without derivative 0., and
Og(x,7) = @(r)g(x,7)

with a smooth cut-off function .

Lemma: A is a pseudodifferential operator of order 1 with top order
symbol

o(x,&) = —ur go(‘g | |§|) sgn(&s) €], € € R3, z3 > 0.

Remark: A: HS(R®) — H '(R3 .,) continuously for any s € R.

loc
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Approximate inverse approach
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Let
x) = C (2 —d?)F : d < s, ie ’
€p,s,k\X) = Uk s = |X = Pl
P 0 . d > s,

T'(k+5/2)
78/2T (k+1) s3+2k "

where s,k > 0 and Cj s =

Then, ep s > 0,

/3 epsk(x)dx =1 and suppep s = Bs(p),
R

that is, ep 5 1, IS @ mollifier:

Af(p) ~ (Af, epsk)r2(r3)-
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rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Theorem: We have that

(Af,epsk)r2®s) = (RS, Up,sk) L2(R2%[0,00]r2dz/dr)
with reconstruction kernel

Ck,s k pP3 Ak_2
L

wP,S,k (Z,7T) — =

(2 +1)A [Lik (k—2+27%> —%]

+2(k —1)s [% — L(kl_ 0 (k—3+2%>]

forr € [L —s,L + s]Jwhere L = |(z/,0) — p|, A = s* — (L — r)?, and
B = (r+ L)? — s°.

Forr ¢ [L —s,L+ s]: Ypsi(2',r) =0.

Ref.: Louis & Maald (1990), Schuster & Quinto (2005)
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Kernel illustration: ¢, s x(-,-,1), p=(0,0,1), s=1, k=6 A“(IT

Y(CEL), p=(0,0,1), s=1, k=6

Y(LD,1), p=(0,0,1), s=1, k=6
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I Kernel illustration: ¢, s x(+,-,3), p=1(0,0,1), s=1, k

Y(CLB), p=(0,0,1), s=1, k=6

T
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Y(LD;3), p=(0,0,1), s=1, k=6
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Numerical experiments
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Discretization

Approximate

Af(p) =~ (Af, epsik)r2ms) = (RS ¥p sik) £2(R2 x[0,00],r2dz’dr)
from discrete data

9(i,7,k) =Rf(z;,7%), t,j=1,...,Nz, k=1,..., N,

where
{Zi,j} C [_ZmaXa Zmax]2 and {Tk} C [rminarmax]

are Cartesian grids with uniform step sizes h, and h,, respectively:

N, N, N;

Af(p) = hih, x x Yj 9(i, 3, k)Vp.s k(i i, Th)TH

i=1 j=1 k=1
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Discretization === Dol

Approximate

Af(p) =~ (Af, epsik)r2ms) = (RS ¥p sik) £2(R2 x[0,00],r2dz’dr)
from discrete data

9(i,7,k) =Rf(z;,7%), t,j=1,...,Nz, k=1,..., N,

where
{Zi,j} C [_ZmaXa Zmax]2 and {Tk} C [rminarmax]

are Cartesian grids with uniform step sizes h, and h,, respectively:

N, N,
Af(P)~hehe Y Y Y g(iy 5, k) Up s k(2 Tr)Th,

=1 j=1ryeLl; ;(p)

L;i(p)=|L—s,L+s], L=|(z;,0)—p|
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J = XB1(0,0,3) — XBo.5(0.25,1,4) T 0-4Xz5>6

N ocean floor
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m Center set [—2zmax, Zmax)2» N, = 301

m Radii set [0.01, rpax]; Tmax = 10, Ny = 250

=3 f= - i —a i« 1.1(0.25, k=3, f= - +0.4 , i
1,025,101 k=3, f_XBl(0,0,3) XBO_S(o.25,1,4)+0'4Xz>=6' nonoise | f(0.25,L1), k=3, f_XBl(O,0,3)_XBO 5(0_25,1,4)+0-4XZ>=6, no nois 17(0-25,C1) X8 0,03) X8, (0.25,1,4) > HKzozg N0 NOISE

z =3,s=0.8
Louis & Quinto (2000), Palamodov (2000)
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I Movie 1: no noise, cross-sections  z; € [—1.2,1.2]
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Movie_Ober1.avi
Media File (video/avi)
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I Movie 2: 3% rel. L*-noise, cross-sections x; € [—1.2,1.2] SLREE
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Movie_Ober2.avi
Media File (video/avi)
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I Movie 3: 3% rel. L*-noise, different scaling, z; =0

21/23 @©Andreas Rieder — Local SONAR Inversion Mathematics and Algorithms in Tomography, Oberwolfach, April 11-17, 2010


Movie_Ober3.avi
Media File (video/avi)
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Summary
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I What to remember from this talk ﬂ(IT

m Introducing a cut-off function for the radii of the spheres we replaced
non-local by local operations in Klein’s inversion formula for the
spherical mean transform in R3.
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m We obtained a local reconstruction operator acting like —0s.
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m Introducing a cut-off function for the radii of the spheres we replaced
non-local by local operations in Klein’s inversion formula for the
spherical mean transform in R3.

I What to remember from this talk

m We obtained a local reconstruction operator acting like —0s.

m We applied the approximate inverse approach to the local recon-
struction operator and computed explicitly a reconstruction kernel al-
lowing stable reconstructions of visible singularities as demonstrated
by fully 3D numerical experiments.
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I What to remember from this talk

m Introducing a cut-off function for the radii of the spheres we replaced
non-local by local operations in Klein’s inversion formula for the
spherical mean transform in R3.

m We obtained a local reconstruction operator acting like —0s.

m We applied the approximate inverse approach to the local recon-
struction operator and computed explicitly a reconstruction kernel al-
lowing stable reconstructions of visible singularities as demonstrated
by fully 3D numerical experiments.

Thank you for your attention!
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