
preamble



z

y

I
1
f(0.25,⋅,⋅), k=3, f=χ

B
1
(0,0,3)

−χ
B

0.5
(0.25,1,4)

+0.3χ
z>=6

, rel.noise 1%

 

 

2 3 4 5 6

−1.5

−1

−0.5

0

0.5

1

1.5

−1

0

1

2

Local SONAR Inversion
(Report on a work in progress)

Andreas Rieder jointly with Todd Quinto
Tufts University

Thomas Schuster
HSU

KIT – University of the State of Baden-Württemberg and
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The mathematical model
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An inverse problem for the acoustic wave equation
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x2x1

x3

b
z

u(t;x) acoustic pressure field in x ∈ R
3

at time t ≥ 0.

∆xu− 1

ν2
∂2t u = −δ(x− z)δ(t)

ν = ν(x) speed of sound

z = (z1, z2, 0) excitation point

Inverse problem

Recover ν from the backscattered (reflected) field us observed
at z ∈ P = {x ∈ R

3 : x3 = 0} for all times t > 0.



Integral formulation
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Cohen and Bleistein (1979) made the ansatz

1

ν2(x)
=

1 + n(x)

c2

where c is a constant background velocity, and showed that

1

4π

1

c2τ2

∫

S( cτ
2
,z)

n(x)dS(x) = −c2
∫ τ

0
(τ − t)us(t, z) dt+ h.o.t. in n

where τ is observation period.
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=
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The Sonar setting and the spherical mean transform
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x2
x1

x3

center plane

b

f ∈ C
∞
0,even(R

3)

z′ = (z1, z2)

Rf(z′, r) =
1

4π r2

∫

S2

f(z′ + rξ, rη)dS(ξ, η)



Local reconstruction formula
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Point of departure: Klein’s inversion formula
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Based on preliminary work of Fawcett (1985) and Andersson (1988),
Klein (2004) showed that

f =
1

2π
(I ⊗ I ⊗H)

√
∆R∗

∂g, g = Rf,

where

R∗
∂g(x) =

∫

R2

∂x3
g
(

z′,

√

|z′ − x′|2 + x23

)

dz′

is the backprojection operator and H is the Hilbert transform.



Local version
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Define
Λ := ∂x3

∆R∗ΦR

where R∗ is as above without derivative ∂x3
and

Φg(x, r) = ϕ(r)g(x, r)

with a smooth cut-off function ϕ.

Lemma: Λ is a pseudodifferential operator of order 1 with top order
symbol

σ(x, ξ) = −ıπ ϕ
(

x3

|ξ3|
|ξ|

)

sgn(ξ3) |ξ|, ξ ∈ R
3, x3 > 0.

Remark: Λ: Hs
c (R

3) → Hs−1
loc (R3

x3>0) continuously for any s ∈ R.



Approximate inverse approach
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The mollifier

11 / 23 c©Andreas Rieder – Local SONAR Inversion Mathematics and Algorithms in Tomography, Oberwolfach, April 11-17, 2010

Let

ep,s,k(x) = Ck,s

{

(s2 − d2)k : d < s,

0 : d ≥ s,
d = |x− p|,

where s, k > 0 and Ck,s =
Γ(k+5/2)

π3/2 Γ(k+1) s3+2k .

Then, ep,s,k ≥ 0,
∫

R3

ep,s,k(x) dx = 1 and supp ep,s,k = Bs(p),

that is, ep,s,k is a mollifier:

Λf(p) ≈ 〈Λf, ep,s,k〉L2(R3).



The kernel
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Theorem: We have that

〈Λf, ep,s,k〉L2(R3) = 〈Rf, ψp,s,k〉L2(R2×[0,∞[,r2dz′dr)

with reconstruction kernel

ψp,s,k(z
′, r) = −Ck,s k p3A

k−2

L

[

(2k + 1)A

[

1

Lk

(

k − 2 +
B

2rL

)

− 1

r

]

+ 2(k − 1)s2
[

1

r
− 1

L(k − 1)

(

k − 3 +
B

2rL

)]

]

for r ∈ [L − s, L + s] where L = |(z′, 0) − p|, A = s2 − (L − r)2, and
B = (r + L)2 − s2.

For r 6∈ [L− s, L+ s]: ψp,s,k(z
′, r) = 0.

Ref.: Louis & Maaß (1990), Schuster & Quinto (2005)



Kernel illustration: ψp,s,k(·, ·, 1), p = (0, 0, 1), s = 1, k = 6
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ψ(⋅,⋅;1), p=(0,0,1), s=1, k=6
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Kernel illustration: ψp,s,k(·, ·, 3), p = (0, 0, 1), s = 1, k = 6
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ψ(⋅,⋅,3), p=(0,0,1), s=1, k=6
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Numerical experiments
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Discretization
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Approximate

Λf(p) ≈ 〈Λf, ep,s,k〉L2(R3) = 〈Rf, ψp,s,k〉L2(R2×[0,∞[,r2dz′dr)

from discrete data

g(i, j, k) = Rf(zi,j, rk), i, j = 1, . . . , Nz, k = 1, . . . , Nr,

where
{zi,j} ⊂ [−zmax, zmax]

2 and {rk} ⊂ [rmin, rmax]

are Cartesian grids with uniform step sizes hz and hr, respectively:

Λf(p) ≈ h2zhr

Nz
∑

i=1

Nz
∑

j=1

Nr
∑

k=1

g(i, j, k)ψp,s,k(zi,j , rk)r
2
k
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Approximate

Λf(p) ≈ 〈Λf, ep,s,k〉L2(R3) = 〈Rf, ψp,s,k〉L2(R2×[0,∞[,r2dz′dr)

from discrete data

g(i, j, k) = Rf(zi,j, rk), i, j = 1, . . . , Nz, k = 1, . . . , Nr,

where
{zi,j} ⊂ [−zmax, zmax]

2 and {rk} ⊂ [rmin, rmax]

are Cartesian grids with uniform step sizes hz and hr, respectively:

Λf(p) ≈ h2zhr

Nz
∑

i=1

Nz
∑

j=1

∑

rk∈Li,j(p)

g(i, j, k)ψp,s,k(zi,j , rk)r
2
k,

Li,j(p) = [L− s, L+ s], L = |(zi,j , 0)− p|.



The setting
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x2
x1

x3

center plane

ocean floor

f = χB1(0,0,3) − χB0.5(0.25,1,4) + 0.4χx3≥6



Visible singularities

18 / 23 c©Andreas Rieder – Local SONAR Inversion Mathematics and Algorithms in Tomography, Oberwolfach, April 11-17, 2010

Center set [−zmax, zmax]
2, Nz = 301

Radii set [0.01, rmax], rmax = 10, Nr = 250
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Movie 1: no noise, cross-sections x1 ∈ [−1.2, 1.2]
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Movie_Ober1.avi
Media File (video/avi)



Movie 2: 3% rel. L2-noise, cross-sections x1 ∈ [−1.2, 1.2]
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Movie_Ober2.avi
Media File (video/avi)



Movie 3: 3% rel. L2-noise, different scaling, x1 = 0
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Movie_Ober3.avi
Media File (video/avi)



Summary
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What to remember from this talk
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Introducing a cut-off function for the radii of the spheres we replaced
non-local by local operations in Klein’s inversion formula for the
spherical mean transform in R

3.

We obtained a local reconstruction operator acting like −∂3.

We applied the approximate inverse approach to the local recon-
struction operator and computed explicitly a reconstruction kernel al-
lowing stable reconstructions of visible singularities as demonstrated
by fully 3D numerical experiments.
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Introducing a cut-off function for the radii of the spheres we replaced
non-local by local operations in Klein’s inversion formula for the
spherical mean transform in R

3.

We obtained a local reconstruction operator acting like −∂3.

We applied the approximate inverse approach to the local recon-
struction operator and computed explicitly a reconstruction kernel al-
lowing stable reconstructions of visible singularities as demonstrated
by fully 3D numerical experiments.

Thank you for your attention!
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