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INVERSE SOURCE PROBLEMS FOR MAXWELL’S EQUATIONS
AND THE WINDOWED FOURIER TRANSFORM∗
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Abstract. The inverse source problem for time-harmonic Maxwell’s equations in three-
dimensional free space is considered. Given far field observations of a wave radiated by a compactly
supported volume current density at a single frequency, we generalize a qualitative reconstruction
algorithm, recently developed in [R. Griesmaier, M. Hanke, and T. Raasch, SIAM J. Sci. Comput.,
34 (2012), A1544–A1562], to this three-dimensional vector-valued setting. The method is based
on the fact that a windowed Fourier transform of the far field data approximates an exponential
transverse ray transform with a purely imaginary exponent of a smoothed version of the unknown
source. Applying a filtered backprojection for the standard transverse ray transform to a suitably
generalized squared absolute value of the windowed Fourier transform of the far field data, we recover
information on the support of the volume current density. We analyze this algorithm, discuss its
numerical implementation, and supplement our theoretical findings with numerical examples.
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1. Introduction. If we model the propagation of time-harmonic electromagnetic
waves by Maxwell’s equations, then the far field pattern of such a wave radiated by a
compactly supported volume current density in three-dimensional free space coincides
up to a constant with the tangential component of the Fourier transform of the vector-
valued source term restricted to the sphere kS2 of radius k centered at the origin,
where k denotes the wave number. Without further assumptions it is not possible to
uniquely reconstruct a volume current density from its radiated far field pattern, but
it is possible to recover information about its support [28, 29, 35].

Considering the inverse source problem for the scalar Helmholtz equation, a new
approach for imaging the support of a collection of localized sources given their radi-
ated far field pattern, which for the three-dimensional scalar source problem coincides
up to a constant with the Fourier transform of the source restricted to the sphere kS2,
was recently investigated in [16, 17]. This reconstruction method consists of two steps.
In the first step a windowed Fourier transform is applied to the given far field data,
and it was established that the outcome of this transform approximates an expo-
nential ray transform with a purely imaginary exponent of a mollified version of the
source. Furthermore, using the Fourier slice theorem for the exponential ray trans-
form it was observed that the windowed Fourier transform of the far field pattern can

∗Submitted to the journal’s Methods and Algorithms for Scientific Computing section October 6,
2017; accepted for publication December 18, 2017; published electronically April 26, 2018.

http://www.siam.org/journals/sisc/40-2/M115094.html
Funding: This research was initiated while the second author was visiting the University of

Würzburg. This research stay was partially supported by the German Academic Exchange Service
(DAAD) program “A New Passage to India” and the Airbus Group Corporate Foundation Chair
“Mathematics of Complex Systems” established at TIFR Centre for Applicable Mathematics, Ban-
galore, India.
†Institut für Mathematik, Universität Würzburg, 97074 Würzburg, Germany (roland.griesmaier@

uni-wuerzburg.de, christian.schmiedecke@mathematik.uni-wuerzburg.de).
‡Centre For Applicable Mathematics, Tata Institute of Fundamental Research, Bangalore 560065,

India (rohit@math.tifrbng.res.in).

A1204

http://www.siam.org/journals/sisc/40-2/M115094.html
mailto:roland.griesmaier@uni-wuerzburg.de
mailto:roland.griesmaier@uni-wuerzburg.de
mailto:christian.schmiedecke@mathematik.uni-wuerzburg.de
mailto:rohit@math.tifrbng.res.in


INVERSE SOURCE PROBLEMS FOR MAXWELL’S EQUATIONS A1205

be considered as a nonstandard extrapolation of the restricted Fourier transform of
the corresponding source from kS2 to the exterior of the ball Bk(0) of radius k cen-
tered at the origin. In the second step of the reconstruction algorithm, these extended
Fourier transform data are used to retrieve information on the support of the source.
Since a direct inversion of the exponential ray transform with a purely imaginary
exponent, however, is severely ill-posed, the authors showed in [16, 17] for the special
case of well-separated point sources that applying a filtered backprojection for the
standard ray transform to the modulus of the windowed Fourier transform of the far
field data yields a decent reconstruction of the supports of the sources. This imaging
scheme was then also applied to far field patterns radiated by arbitrary compactly
supported sources, and in this case it was demonstrated in section 5 of [16] that the
reconstructed source locations approximate (in general nonconvex and not necessarily
connected) subsets of a neighborhood of the convex scattering support of the given
far field pattern (see, e.g., [28, 29] for an introduction to the latter).

The images obtained by this algorithm are blurry, in particular at low frequen-
cies, but they do not contain the typical oscillatory artifacts known from L2 minimum
norm solutions, and they provide useful information on the number and the positions
of individual source components, as long as they are sufficiently far apart from each
other in terms of wavelength. The insight gained from these reconstructions has, for
instance, been used to split the far field data into the individual far field patterns
radiated by each of the well-separated source components and to obtain improved
reconstructions by computing the convex scattering supports of these far field com-
ponents, cf. [18, 19, 20, 21].

In this work we establish a generalization of this reconstruction algorithm for
vector-valued electromagnetic inverse source problems described by time-harmonic
Maxwell’s equations. Although the calculations are a bit more technical, the basic
structure of the algorithm, as well as its analysis, is similar to the scalar case, with
the scalar (exponential) ray transform replaced by the vector-valued (exponential)
transverse ray transform (see, e.g., [33] for an introduction to this vectorial inte-
gral transform in a more general framework). There are, however, some interesting
new aspects. The local analysis of the far field pattern using the windowed Fourier
transform requires some subtle modifications of the previous arguments to handle the
orthogonal projection of vector fields onto the tangent bundle of the sphere in the
vectorial case. For the same reason we replace taking the modulus of the windowed
Fourier transform data in the reconstruction algorithm by a suitable generalization of
the modulus for complex vector fields. We also develop a number of results for the
(exponential) transverse ray transform, including several convolution formulas and a
new inversion formula.

Windowed Fourier transform techniques have previously been applied to scalar
inverse source problems in [4, 5], but no connection to exponential ray transforms
(or similar integral transforms) has been exploited in these works. For further recent
contributions to inverse source problems for Maxwell’s equations we refer, e.g., to
[1, 3, 12, 30], and other methods aiming for approximating the location and the shape
of time-harmonic scalar sources, often using additional a priori assumptions on the
geometry and physical properties of the sources, can, e.g., be found in [2, 6, 7, 9, 11,
13, 14, 23, 25, 27].

This paper is organized as follows. After providing the theoretical background
for the time-harmonic electromagnetic source problem in the next section, we dis-
cuss the connection between the windowed Fourier transform of a far field pattern
and the exponential transverse ray transform of a source radiating this far field pat-
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tern in sections 3 and 4. We consider the special case of electric dipole sources in
section 5, and we derive an Orlov-type inversion formula for the transverse ray trans-
form in section 6. In section 7 we comment on the numerical implementation of the
reconstruction scheme, and section 8 contains some numerical examples.

2. Far field patterns radiated by compactly supported sources. Suppose
that f ∈ E ′(R3,C3) is a compactly supported distribution of order zero that represents
a complex-valued volume current density, and let R > 0 be large enough such that
the support of f is contained in the ball BR(0) of radius R > 0 around the origin.
Consequently, each component of f = (f1, f2, f3)> can be extended to a continuous
linear functional on C0(R3,C), i.e., the space of continuous functions with compact
support, and, for j = 1, 2, 3,

|fj(φ)| ≤ C sup
BR(0)

|φ| for all φ ∈ C0(R3,C) ,

with a constant C > 0 independent of φ.1 The smallest admissible value of C is given
by ‖fj‖C′

0(R3,C), i.e., the norm of the extension of fj in the dual space of C0(R3,C).
Accordingly, we use the norm

‖f‖C′
0(R3,C3) :=

 3∑
j=1

‖fj‖2C′
0(R3,C)

1/2

on C ′0(R3,C3).
We assume that the source f is embedded in a homogeneous dielectric background

medium with constant electric permittivity ε0 > 0 and constant magnetic permeability
µ0 > 0. Using Maxwell’s equations as our model for the propagation of time-harmonic
electromagnetic waves, the electromagnetic field (E,H) radiated by f at frequency
ω > 0 satisfies

curlH + iωε0E =
1

iωµ0
f in R3 ,(2.1a)

curlE − iωµ0H = 0 in R3 ,(2.1b)

and the Silver–Müller radiation condition

(2.1c) lim
|x|→∞

(√
µ0H(x)× x− |x|

√
ε0E(x)

)
= 0 .

Many interesting source distributions, such as electric dipole sources, surface cur-
rents supported on compact hypersurfaces, or compactly supported square integrable
volume current densities, are governed by this model under the previous assumptions.

In the following we will always work with the electric field E only. Eliminating
the magnetic field H from the system (2.1) yields

(2.2a) curl curlE − k2E = f in R3

and

(2.2b) lim
|x|→∞

(
(curlE(x))× x− |x|ikE(x)

)
= 0 ,

where k := ω
√
ε0µ0 denotes the wave number.

1Throughout this manuscript | · | denotes the Euclidean norm on Rn or Cn, n = 1, 2, 3.
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The uniquely determined solution to (2.2) can be written as a volume potential,
and, away from the source,

(2.3) E(x) =
1

k2
curl curl

∫
R3

Φ(x− y)f(y) dy , x ∈ R3 \BR(0) ,

where

Φ(x) :=
eik|x|

4π|x|
, x ∈ R3 \ {0} ,

denotes the fundamental solution to the three-dimensional scalar Helmholtz equation
(cf., e.g., [26, Thm. 3.1]). Since for any y ∈ R3 and p ∈ S2 the fundamental solution
satisfies

curlx curlx Φ(x− y)p = k2
eik|x|

4π|x|
e−ikx̂·y

(
(x̂× p)× x̂

)
+O(|p||x|−2) as |x| → ∞ ,

uniformly in all directions x̂ = x/|x| ∈ S2 (cf., e.g., [8, p. 199]), we obtain from (2.3)
that

E(x) =
eik|x|

4π|x|
E∞(x̂) +O(|x|−2) as |x| → ∞ ,

where the far field pattern

E∞ ∈ C∞t (S2,C3) := {u ∈ C∞(S2,C3) | θ · u(θ) = 0 for all θ ∈ S2}

is given by

(2.4) E∞(θ) =

(
θ ×

∫
R3

f(y)e−ikθ·y dy

)
× θ , θ ∈ S2 .

For each fixed θ ∈ S2 we denote by θ⊥ the subspace of R3 perpendicular to θ
(i.e., the tangent space to the unit sphere at θ), and by Πθ⊥ the orthogonal projection
onto θ⊥, i.e., Πθ⊥x := (θ × x)× θ. Writing

f̂(ξ) :=

∫
R3

e−iξ·xf(x) dx , ξ ∈ R3 ,

for the three-dimensional Fourier transform of the vector field f , we find that

(2.5) E∞(θ) = Πθ⊥ f̂(kθ) , θ ∈ S2 ;

i.e., the far field pattern radiated by f is just the tangential component of the Fourier
transform of f evaluated on the sphere kS2 of radius k centered at the origin.

3. Local analysis of the far field pattern. We consider the inverse problem
to retrieve information about the support of the unknown current distribution f from
its radiated far field pattern E∞. To begin with we extend the local analysis of scalar
far field patterns established in [16, 17] to the vector-valued setting from section 2.
We denote by

(3.1) χε(t) :=
1√

2πε2
e−

t2

2ε2 , t ∈ R ,
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a one-dimensional Gaussian window function with standard deviation ε > 0 and define
by

(3.2) (SεE
∞)(θ,ω) :=

∫
θ⊥
e−iω·pχε(|p|)E∞

(
θ + p

|θ + p|

)
ds(p),

for each θ ∈ S2 and ω ∈ θ⊥, the corresponding windowed Fourier transform of the
far field pattern E∞ on the unit sphere S2. Other window functions are possible
(cf. [16]), but the Gaussian in (3.1) is well-suited for our purpose, and the derivation
of the reconstruction method is particularly elegant for this choice.

Using (2.4) we find that, for any θ ∈ S2 and p ∈ θ⊥,

E∞
( θ + p

|θ + p|

)
= Π( θ+p|θ+p| )

⊥

(∫
R3

e−ik
θ+p
|θ+p| ·yf(y) dy

)
= Π( θ+p|θ+p| )

⊥

(∫
R3

e−ik(θ+p)·y r(1)(y;θ,p)f(y) dy

)
,

(3.3)

where

r(1)(y;θ,p) = exp

(
−ik

(
1

|θ + p|
− 1

)
(θ + p) · y

)
.

It has been shown in [17] that

(3.4) |r(1)(y;θ,p)− 1| ≤ 1

2
k|y||p|2 ,

and a Taylor expansion together with the orthogonality of θ and p confirms that

θ + p

|θ + p|
= θ + p+ r(2)(θ,p) ,

where

(3.5) |r(2)(θ,p)| ≤ 1

2
(1 + |p|)|p|2 .

Substituting (3.3) into (3.2) we obtain

(SεE
∞)(θ,ω)

=

∫
θ⊥
e−iω.pχε(|p|) Π( θ+p|θ+p| )

⊥

(∫
R3

e−ik(θ+p)·y r(1)(y;θ,p)f(y) dy

)
ds(p)

= δ(1) + δ(2) +

∫
θ⊥
e−iω·pχε(|p|) Πθ⊥

(∫
R3

e−ik(θ+p)·yf(y) dy

)
ds(p) ,

(3.6)

where the two remainder terms are given by

(3.7)

δ(1) =

∫
θ⊥
e−iω·pχε(|p|)Π( θ+p|θ+p| )

⊥

(∫
R3

e−ik(θ+p)·y(r(1)(y;θ,p)− 1)f(y) dy

)
ds(p)

and

δ(2) =

∫
θ⊥
e−iω·pχε(|p|)

(((
p+ r(2)(θ,p)

)
×
∫
R3

e−ik(θ+p)·yf(y) dy
)
× θ

)
ds(p)

+

∫
θ⊥
e−iω·pχε(|p|)

((
θ + p

|θ + p|
×
∫
R3

e−ik(θ+p)·yf(y) dy

)
×
(
p+ r(2)(θ,p)

))
ds(p) .

(3.8)
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Interchanging the order of integration in (3.6) gives2

(SεE
∞)(θ,ω) = δ(1) + δ(2) +

∫
R3

e−ikθ·y Πθ⊥f(y)

∫
θ⊥
e−i(ω+ky′

θ)·p χε(|p|) ds(p) dy

= δ(1) + δ(2) +
√

2πε2
∫
R3

e−ikθ·y Πθ⊥f(y) χ̂ε(|ω + ky′θ|) dy ,

(3.9)

where χ̂ε is the one-dimensional Fourier transform of the window function χε. In the
second step we took advantage of our particular choice (3.1) for the window function
to evaluate the integral over θ⊥.

Applying (3.4) the vector field δ(1) = (δ
(1)
1 , δ

(1)
2 , δ

(1)
3 )> in (3.7) can be estimated

componentwise. Interchanging the order of integration, and denoting by (e1, e2, e3)
the standard basis of R3, we find that, for each j = 1, 2, 3,

|δ(1)j | = |ej · δ(1)|

=

∣∣∣∣∫
BR(0)

(∫
θ⊥
e−iω·pχε(|p|)e−ik(θ+p)·y

(
r(1)(y;θ,p)− 1

)
E θ+p

|θ+p|
ej ds(p)

)
· f(y) dy

∣∣∣∣
≤ 1

2
kR‖f‖C′

0(R3,C3)

∫
θ⊥
χε(|p|)|p|2 ds(p)

= πkR‖f‖C′
0(R3,C3)

∫ ∞
0

χε(t)t
3 dt =

√
2πkR‖f‖C′

0(R3,C3)ε
3 .

(3.10)

In the last step we applied [15, 3.326] to evaluate the integral. Similarly, using (3.5)
and interchanging the order of integration, we obtain for the vector field δ(2) =

(δ
(2)
1 , δ

(2)
2 , δ

(2)
3 )> in (3.8) that, for each j = 1, 2, 3,

|δ(2)j | = |ej · δ(2)|

=

∣∣∣∣∫
R3

(∫
θ⊥
e−iω·pχε(|p|)e−ik(θ+p)·y

(((
p+ r(2)(θ,p)

)
× ej

)
× θ

)
ds(p)

)
· f(y) dy

+

∫
R3

(∫
θ⊥
e−iω·pχε(|p|)e−ik(θ+p)·y

((
θ + p

|θ + p|
× ej

)
×
(
p+ r(2)(θ,p)

)
ds(p)

)
· f(y) dy

∣∣∣∣
≤ 2‖f‖C′

0(R3,C3)

∫
θ⊥
χε(|p|)

∣∣p+ r(2)(θ,p)
∣∣ ds(p)

≤ 4π‖f‖C′
0(R3,C3)

∫ ∞
0

χε(t)
(
t+

t2

2
+
t3

2

)
t dt

= ε22π
(

1 +

√
2

π
ε+

3

2
ε2
)
‖f‖C′

0(R3,C3) ,

(3.11)

where in the last step we again applied [15, 3.326] to evaluate the integral.

2Throughout we use the shorthand notation x′θ := Πθ⊥x for the orthogonal projection of x ∈ R3

onto θ⊥.
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Substituting (3.10) and (3.11) into (3.9) finally yields

(SεE
∞)(θ,ω) =

√
2πε2

∫
R3

e−ikθ·y χ̂ε(|ω + ky′θ|) Πθ⊥f(y) dy

+O(kR‖f‖C′
0(R3,C3) ε

3) +O(‖f‖C′
0(R3,C3) ε

2) .

(3.12)

4. The connection to the exponential transverse ray transform. In this
section we will rewrite the first term on the right-hand side of (3.12) in terms of the
exponential transverse ray transform3 Tik : S(R3,C3)→ S(T 2,C3),

(Tikg)(θ,p) :=

∫
R
eikt Πθ⊥g(p+ tθ) dt ,

where T 2 := {(θ,p) | θ ∈ S2 , p ∈ θ⊥} denotes the tangent bundle on S2. This
vectorial integral transform satisfies

(4.1) (Tikg)(θ,p) = Πθ⊥(Pikg)(θ,p) , θ ∈ S2 , p ∈ θ⊥ ,

where Pik : S(R3,C)→ S(T 2,C),

(Pikh)(θ,p) :=

∫
R
eikth(p+ tθ) dt ,

is the scalar exponential ray transform considered in [17], which acts on vector fields
componentwise.

We begin with a brief discussion of some properties of Tik. To determine the
adjoint T ∗ik of Tik we let g ∈ S(R3,C3) and u ∈ S(T 2,C3), and then4

〈T ∗iku, g〉R3 = 〈u, Tikg〉T 2

=

∫
S2

∫
R3

e−ikθ·x u(θ,x′θ) ·Πθ⊥g(x) dx ds(θ)

=

∫
R3

(∫
S2

e−ikθ·xΠθ⊥u(θ,x′θ) ds(θ)

)
· g(x) dx .

(4.2)

Consequently, the backprojection operator T ∗ik : S(T 2,C3)→ S(R3,C3) is given by

(4.3) (T ∗iku)(x) =

∫
S2

e−ikθ·xΠθ⊥u(θ,x′θ) ds(θ) .

Using this adjoint, the exponential transverse ray transform can be extended to
vector-valued distributions with compact support, i.e., Tik : E ′(R3,C3)→ E ′(T 2,C3),
by duality (cf., e.g., [24, p. 22]). In the next lemma we consider the behavior of
this extension under Fourier transform and convolution. As usual, we understand
the Fourier transform and the convolution on the tangent bundle T 2 as acting on the
second variable, and the convolution of a vector field with a scalar function is to be
understood componentwise.

3Throughout, S(X,C) and S(X,C3) are the Schwartz spaces of rapidly decreasing functions and
vector fields on X.

4The sesquilinear inner product on L2(X) is denoted by 〈 · , · 〉X , and the same symbol is used
for its extension to distributions.
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Lemma 4.1. (a) For any g ∈ S(R3,C3) we have

(̂Tikg)(θ,ω) = Πθ⊥ ĝ(ω − kθ) for all θ ∈ S2 and ω ∈ θ⊥ ,

where the Fourier transform of Tikg acts on the second variable of T 2.
(b) For g ∈ E ′(R3,C3) and h ∈ S(R3,C) we have

(4.4) Tik(g ∗ h) = (Tikg) ∗ (Pikh) ,

where the convolution on the right-hand side is with respect to the second variable
of T 2.

Proof. (a) Using (4.1) and Lemma 4.1 (a) in [17] we obtain for any g ∈ S(R3,C3),
θ ∈ S2, and ω ∈ θ⊥ that

(̂Tikg)(θ,ω) = Πθ⊥ (̂Pikg)(θ,ω) = Πθ⊥ ĝ(ω − kθ) .

(b) Let g ∈ E ′(R3,C3) and h ∈ S(R3,C). Using (4.1) and Lemma 4.1 (b) in [17]
we find that, for any θ ∈ S2 and p ∈ θ⊥,(

Tik(g ∗ h)
)
(θ,p) = Πθ⊥(Pik(g ∗ h))(θ,p) = Πθ⊥

(
(Pikg) ∗ (Pikh)

)
(θ,p)

=
(
(Πθ⊥Pikg) ∗ Pikh

)
(θ,p) = (Tikg ∗ Pikh)(θ,p) .

The following theorem will be the main ingredient of our reconstruction method
for the inverse source problem. Using this result we will reinterpret the representation
formula (3.12) of the windowed Fourier transform SεE

∞ of the far field pattern E∞

radiated by the volume current density f as a means of computing an approximation
of the exponential transverse ray transform of a suitable smooth mollification of this
source.

Theorem 4.2. The windowed Fourier transform of the far field pattern E∞ with
the window function χε from (3.1) satisfies, for θ ∈ S2 and ω ∈ θ⊥,
(4.5)

(SεE
∞)(θ,ω) =

(
Tik(gεk ∗f)

)(
−θ,−ω

k

)
+O(kR‖f‖C′

0(R3,C)ε
3)+O(‖f‖C′

0(R3,C)ε
2) ,

where the convolution kernel gεk is given by the rescaled three-dimensional Gaussian

(4.6) gεk(x) := ε2ke
1

2ε2 e−
1
2 |x|

2ε2k2

, x ∈ R3 .

Proof. Let θ ∈ S2 and ω ∈ θ⊥. Substituting y = p− tθ with t ∈ R and p ∈ θ⊥,
we find, using a density argument, that∫

R3

e−ikθ·yχ̂ε(|ω + ky′θ|)Πθ⊥f(y) dy

=

∫
θ⊥
χ̂ε(|ω + kp|)

∫
R
eikt Πθ⊥f(p− tθ) dt ds(p)

=

∫
θ⊥
χ̂εk

(∣∣∣ω
k

+ p
∣∣∣)(Tikf)(−θ,p) ds(p) .

(4.7)

Using the identity

(4.8) χ̂εk

(∣∣∣ω
k

+ p
∣∣∣) = e−

1
2 |
ω
k +p|2ε2k2

=
1√

2πε2
(Pikgεk)

(
−θ,−ω

k
− p

)
,
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which was established on page A2195 of [17], and applying the convolution formula
(4.4), this shows that the first term of the right-hand side of (3.12) can be rewritten as

(4.9)
√

2πε2
∫
R3

e−ikθ·yχ̂ε(|ω + ky′θ|)Πθ⊥f(y) dy =
(
Tik(gεk ∗ f)

)(
−θ,−ω

k

)
.

Substituting this into (3.12) ends the proof.

The first identity in (4.8) shows that the maximum value χ̂ε(0) = 1 of the Fourier
transform of the window function χε is independent of ε, and thus, using (4.7), we
find that the magnitude of the first term in (4.5) is largely independent of ε as well
(in particular this is the case when f is an ensemble of electric dipole sources as
considered in section 5 below). Consequently, choosing ε sufficiently small, we may
neglect the last two terms on the right-hand side of (4.5) and consider the windowed
Fourier transform SεE

∞ of the far field pattern E∞ radiated by f as a rescaled and
rotated approximation of the exponential transverse ray transform of the Gaussian
mollification gεk ∗ f of the unknown source.

This suggests a means of deducing information about f from the given far field
pattern E∞ by first computing the windowed Fourier transform SεE

∞ of the data,
and then inverting the integral transform Tik to obtain a mollified approximation of
the source f . However, since inverting the exponential transverse ray transform with
a purely imaginary exponent is severely ill-posed, and thus particularly sensitive to
approximation errors in the data, and because we are mainly interested in recovering
information on the support of the source anyway, we will in the next section develop
a simplified but more stable procedure for this purpose.

Remark 4.3. Observing that the bandwidth of the mollifier gεk decreases with
decreasing values of ε, it will be important to balance the quality of the approximation
(4.5), i.e., the magnitude of the last two terms on the right-hand side of this equation,
with the resolution of the reconstruction obtained from SεE

∞, when choosing the
value for ε in this reconstruction algorithm.

The last term on the right-hand side of (3.12), which was not present in the cor-
responding result for the scalar case [16, 17], accounts for the local approximation of
the orthogonal projection onto the tangent plane of the sphere in the definition of the
far field pattern (2.5) in the vector-valued case. In our numerical implementation of
the reconstruction algorithm in sections 7 and 8 below we will choose ε = ε(k) as a
function of the wave number to obtain the best possible resolution in the reconstruc-
tions. To this end we decrease the standard deviation ε(k) of the Gaussian window
function χε(k) like 1/

√
k when increasing the wave number. Accordingly, the second

term on the right-hand side of (3.12) typically dominates the last term, at least if the
wave number k is sufficiently large. ♦

5. Electric dipole sources. We first develop the reconstruction method for the
special case of a single electric dipole source f = qδz with polarization vector q ∈ C3

located at a point z ∈ R3, where δz denotes a Dirac mass supported in z. This
derivation will then also serve as a motivation for applying the algorithm to arbitrary
compactly supported sources as well.

Using (4.3) we find that

〈Tik(q δz),h〉T 2 = 〈q δz, Tik∗h〉C3 = q · Tik∗h(z)

=

∫
S2

eikθ·z(Πθ⊥q) · h(θ, z′θ) ds(θ) = 〈eikθ·zΠθ⊥q δz′
θ
,h〉T 2 ,
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i.e., (
Tik(qδz)

)
(θ,p) = eikθ·zΠθ⊥q δz′

θ
(p) , θ ∈ S2 , p ∈ θ⊥ .

Substituting this into (3.12), applying (4.7)–(4.9), and assuming that the last two
terms at the right-hand side of (3.12) are small and can be neglected, we obtain that,
for θ ∈ S2 and p ∈ θ⊥,

(5.1) (SεE
∞)(−θ,−kp) ≈

√
2πε2eikθ·ze−

1
2 |p−z

′
θ|

2ε2k2

Πθ⊥q .

Next we introduce, for j = 1, 2, 3, the jth generalized squared absolute value
9 · 92

j : C3 → C3,

9z92
j = 9(z1, z2, z3)>92

j := (zjz1, zjz2, zjz3)> .

In particular the jth component of 9z92
j coincides with |zj |2. Applying 9 · 92

j to
(5.1), a short computation confirms that

9(SεE
∞)(−θ,−kp)92

j ≈ 2πε2e−|p−z
′
θ|ε

2k2

Πθ⊥9q92
j =

(
T
(
g̃εk ∗ (9q92

j δz)
))

(θ,p) ,

(5.2)

where T : C∞0 (R3,C3)→ C∞0 (T 2,C3),

(T g)(θ,p) :=

∫
R

Πθ⊥g(p+ tθ) dt ,

denotes the transverse ray transform, which integrates over lines the component of
the vector field perpendicular to this line, and

g̃εk(x) := 2
√
πε3ke−|x|

2ε2k2

, x ∈ R3 ,

is again a rescaled three-dimensional Gaussian.
Writing q = (q1, q2, q3)>, the relation (5.2) says that we can compute mollified

approximations g̃εk ∗ |qj |2δz, j = 1, 2, 3, of the squared absolute values of the compo-
nents of the electric dipole source by applying an inverse transverse ray transform to
the left-hand side of (5.2), which is available for all θ ∈ S2 and p ∈ θ⊥. Inverting
the transverse ray transform is just mildly ill-posed, and in the next section we will
derive a filtered backprojection algorithm for this purpose.

Of course, due to linearity, the relation (5.1) remains valid also for ensembles of
electric dipole sources f = δz1q1 + · · ·+ δz`q`, with z1, . . . ,z` ∈ R3 and q1, . . . , q` ∈
C3, but when applying the nonlinear generalized squared absolute value 9 · 92

j as
in (5.2), this results in interference effects. However, since the exponential on the
right-hand side of (5.2) rapidly decays away from p = Πθ⊥zl, l = 1, . . . , `, these inter-
ferences are strongly localized around the intersections of the graphs of the functions
θ 7→ Πθ⊥zl, l = 1, . . . , `, in T 2. These have at most (` − 1)` common points, and
since the data are highly redundant, as we will see in the next section, this typically
does not deteriorate the approximation (5.2) too much, as long as the sources are
sufficiently well separated.

In section 8.2 we will also apply this imaging procedure to arbitrary compactly
supported volume current densities by formally considering them as continua of point
sources.
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6. Inversion of the transverse ray transform. In this section we assume that
the transverse ray transform (T g)(θ,p) of a vector field g ∈ S(R3,C3) is given for all
θ ∈ S2 and p ∈ θ⊥, and we develop an Orlov-type inversion formula to reconstruct g.

We first note that, writing g = (g1, g2, g3)> and using only (T g)(θ,p) for all
θ ∈ e⊥j ∩S2, j = 1, 2, 3, and p ∈ θ⊥, i.e., data recorded on the equatorial circles of S2

perpendicular to the jth coordinate axes, the transverse ray transform of g can im-
mediately be reduced to two-dimensional scalar Radon transforms of the components
gj of the vector field in the planes perpendicular to ej ,

ej · (T g)(θ,p) = ej ·
∫
R

Πθ⊥g(p+ tθ) dt =

∫
R
ej · g(p+ tθ) dt = (Pgj)(θ,p) ,

where P : S(R3,C)→ S(T 2,C),

(Ph)(θ,p) :=

∫
R
h(p+ tθ) dt ,

denotes the scalar ray transform. However, since our preliminary numerical exper-
iments (for the inverse source problem with electric dipole sources as considered in
the previous section), where we applied a standard filtered backprojection for the
two-dimensional Radon transform slice-by-slice to obtain a three-dimensional recon-
struction of each component of the vector field, did not give satisfactory results, we
will in the following develop a fully three-dimensional inversion formula, which uses
the highly overdetermined data set (T g)(θ,p) for all θ ∈ S2 and p ∈ θ⊥. This result
generalizes a corresponding inversion formula for the scalar ray transform (see, e.g.,
[31, pp. 19–23]).

Proceeding as in (4.2) we find that the adjoints of the transverse ray transform
T and of the scalar ray transform P are given by T ∗ : S(T 2,C3)→ S(R3,C3),

(6.1) (T ∗u)(x) =

∫
S2

Πθ⊥u(θ,x′θ) ds(θ) ,

and P ∗ : S(T 2,C)→ S(R3,C),

(P ∗h)(x) =

∫
S2

h(θ,x′θ) ds(θ) .

Furthermore, we define the convolution of two rapidly decreasing vector fields u,v ∈
S(T 2,C3) by

(u ∗ v)(θ,p) :=

∫
θ⊥
u(θ,p− q) · v(θ, q) ds(q) , θ ∈ S2 , p ∈ θ⊥ .

The following theorem will be the starting point for our inversion formula.

Theorem 6.1. Let g ∈ S(R3,C3) and u ∈ S(T 2,C3). Then,

(6.2) (T ∗u) ∗ g = P ∗(u ∗ T g) ,

where the convolution on the right-hand side is with respect to the second variable
of T 2.

Proof. Given x ∈ R3, the formula (6.1) for the adjoint of the transverse ray
transform gives
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(T ∗u ∗ g)(x) =

∫
R3

(T ∗u)(x− y) · g(y) dy

=

∫
R3

(∫
S2

Πθ⊥u
(
θ,Πθ⊥(x− y)

)
ds(θ)

)
· g(y) dy .

Substituting y = p+ tθ with p ∈ θ⊥ we find that

(T ∗u ∗ g)(x) =

∫
S2

∫
θ⊥

∫
R
u(θ,Πθ⊥(x− p− tθ)) ·Πθ⊥g(p+ tθ) dt ds(p) ds(θ)

=

∫
S2

∫
θ⊥
u(θ,x′θ − p) · T g(θ,p) ds(p) ds(θ)

=

∫
S2

(u ∗ T g)(θ,x′θ) ds(θ) = P ∗(u ∗ T g)(x) .

To obtain an inversion formula from (6.2) we have to determine u(j) ∈ S(T 2,C3),

j = 1, 2, 3, such that T ∗u(j) = δej , or equivalently T̂ ∗u(j) = ej .

Theorem 6.2. Let u ∈ S(T 2,C3). Then

(T̂ ∗u)(ξ) =
(2π)2

|ξ|

∫
S2∩ξ⊥

Πθ⊥û(θ, ξ) ds(θ) , ξ ∈ R3 , ξ 6= 0 ,

where the Fourier transform of u acts on the second variable of T 2.

Proof. Given ξ ∈ R3, ξ 6= 0, we find that

(T̂ ∗u)(ξ) =

∫
R3

e−ix·ξ(T ∗u)(x) dx

=

∫
R3

∫
S2

e−ix·ξ(Πθ⊥u)(θ,x′θ) ds(θ) dx .

Substituting x = p+ tθ with p ∈ θ⊥ yields

(T̂ ∗u)(ξ) =

∫
S2

∫
θ⊥

∫
R
e−i(p+tθ)·ξ(Πθ⊥u)(θ,p) dt ds(p) ds(θ)

= 2π

∫
S2

∫
θ⊥
e−ip·ξ(Πθ⊥u)(θ,p)δ(θ · ξ) ds(p) ds(θ)

= (2π)2
∫
S2

Πθ⊥û(θ,Πθ⊥ξ)δ(θ · ξ) ds(θ)

=
(2π)2

|ξ|

∫
S2∩ξ⊥

Πθ⊥û(θ, ξ) ds(θ) .

As a consequence of Theorem 6.2 the condition T̂ ∗u(j) = ej is equivalent to

(6.3)

∫
S2∩ξ⊥

Πθ⊥û(j)(θ, ξ) ds(θ) =
|ξ|

(2π)2
ej , ξ ∈ R3 , ξ 6= 0 .

A solution of (6.3) is given in the following lemma.

Lemma 6.3. For each j = 1, 2, 3, the vector field

(6.4) û(j)(θ, ξ) =
1

(2π)3

(
2|ξ|ej −

ξj
|ξ|
ξ
)
, θ ∈ S2 , ξ ∈ θ⊥ ,

satisfies the condition (6.3).
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Proof. A short computation in spherical coordinates confirms that, for any
ξ,x ∈ R3, ∫

S2∩ξ⊥
(θ · x)θ ds(θ) = πΠξ⊥x .

Consequently, substituting (6.4) into (6.3), and using that Πθ⊥ej = ej− (θ ·ej)θ and
Πθ⊥ξ = ξ for any θ ∈ S2 ∩ ξ⊥, we find that, for j = 1, 2, 3,∫

S2∩ξ⊥
Πθ⊥û(j)(θ, ξ) ds(θ) =

1

(2π)3

∫
S2∩ξ⊥

(
2|ξ|Πθ⊥ej −

ξj
|ξ|

Πθ⊥ξ
)

ds(θ)

=
1

(2π)3

(
4π|ξ|ej − 2π|ξ|Πξ⊥ej − 2π

ξj
|ξ|
ξ
)

=
1

(2π)2

(
2|ξ|ej − |ξ|

(
ej −

( ξ
|ξ|
· ej
) ξ
|ξ|

)
− ξj
|ξ|
ξ
)

=
|ξ|

(2π)2
ej .

The inversion formula for the transverse ray transform developed in Theorems 6.1
and 6.2 and Lemma 6.3 can be implemented in a filtered backprojection algorithm
for the inversion of T , provided (T g)(θ,p) is given for all θ ∈ S2 and p ∈ θ⊥.

7. Numerical implementation of the reconstruction scheme. We briefly
discuss the numerical implementation of the results established in the previous sections
in an algorithm to recover information about the support of a source f from its
radiated far field pattern E∞.

We use spherical coordinates

θ = θ(ϑ, ϕ) =

sinϑ cosϕ
sinϑ sinϕ

cosϑ

 , 0 ≤ ϕ < 2π , 0 ≤ ϑ ≤ π ,

on the unit sphere, and we assume that far field observations E∞(θ) are available on
an equiangular grid

(7.1) Θ :=
{
θ(ϑm, ϕn)

∣∣ϑm = mπ/M, ϕn = 2nπ/M, m, n = 0, . . . ,M
}
.

Considering the singular value decomposition of the linear operator that maps volume
current densities supported in the ball BR(0) of radius R around the origin to their
radiated far fields, it was shown in [22] that for practically relevant source distributions
the corresponding far field pattern is well approximated by a vector spherical harmonic
expansion of order n & kR. Hence it is sufficient, according to the sampling theorem
on the sphere established in [10, Thm. 3], to choose

(7.2) M & 2kR

in (7.1).
The reconstruction algorithm now consists of two steps. In the first step the

windowed Fourier transform SεE
∞(θ, ·) of the given far field data is evaluated for all

θ ∈ Θ. To this end we consider for any fixed θ ∈ Θ a square Cartesian grid on the
corresponding tangent plane θ⊥ with respect to the orthonormal frame {σ, τ} that
is given by

σ =

− sinϕ
cosϕ
0

 and τ =

− cosϑ cosϕ
− cosϑ sinϕ

sinϑ

 ,
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and we approximate the values of the far field pattern E∞ at the radial projections
of these grid points onto the unit sphere, which are used to evaluate the integral in
(3.2), by linear interpolation of the given data on Θ. Then we multiply the result by
the window function χε and apply a two-dimensional fast Fourier transform to each
component of this product to compute an approximation of SεE

∞(θ, ·).
Since for each fixed θ ∈ S2 the windowed Fourier transform SεE

∞(θ,ω) has
been shown to approximate the exponential transverse ray transform

(
Tik(gεk ∗ f)

)
(−θ,−ω/k) in Theorem 4.2, we find that (SεE

∞)(θ, ·) is essentially supported in{
ω ∈ θ⊥

∣∣∣ |ω| ≤ k(R+
3

εk

)}
,

where we adopt the common rule of thumb that 3/εk is the radius of the essential
support of the Gaussian gεk from (4.6). According to the standard Fourier theory of
sampling (see, e.g., [31, pp. 65–67]), we thus use

h .
π

kR+ 3/ε

for the mesh size of the grid used on the tangent plane θ⊥. On the other hand,
the number of grid points, K, in each direction must be large enough such that Kh
exceeds the width 6ε of the essential support of the windowed far field pattern that
is to be Fourier transformed, i.e.,

K ≥ 6ε

h
&

6

π
(εkR+ 3) .

In view of (5.2), and the discussion thereafter, the vector fields
9(SεE

∞)(−θ,−kp)92
j , j = 1, 2, 3, approximate complete sets of projected parallel

projections (
T (g̃εk ∗ 9f92

j )
)
(θ, · ) : θ⊥ → C3

for the transverse ray transform. Once these projections have been computed for
all θ ∈ Θ, we apply in the second step of the reconstruction algorithm the filtered
backprojection scheme for the transverse ray transform developed in section 6. This
inversion formula can be implemented exactly as, e.g., Radon’s inversion formula
in two dimensions (see, e.g., [31, pp. 81–87]), which then gives approximations of
g̃εk ∗ 9f92

j , j = 1, 2, 3. Extracting the jth component of the jth reconstruction

for each j = 1, 2, 3, writing f = (f1, f2, f3)>, we obtain an approximation of g̃εk ∗
(|f1|2, |f2|2, |f3|2)>, i.e., in particular information about the support of the source.

8. Numerical results. In this section we present numerical examples to illus-
trate our theoretical findings. We focus on novel aspects emerging from the vector-
valued setting considered in this work, and we refer the reader to [16, 17] for more
numerical examples in the scalar case, including detailed studies of the performance
of the reconstruction method for different frequencies and in the presence of noise in
the data.

8.1. Electric dipole sources. We first consider a collection of four electric
dipole sources,

f = q1δz1 + q2δz2 + q3δz3 + q4δz4 ,
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Fig. 8.1. Left: Visualization of the support of the collection of electric dipole sources. Right:
Reconstruction of the positions of the electric dipole sources for k = 5 (ε = π/10).

located at positions z1 = (0, 0, 2), z2 = (0, 3, 0), z3 = (−3,−3,−3), and z4 =
(3,−2,−2) with polarization vectors q1 = (2i, 0, 1), q2 = (0, 1 + i, 0), q3 = (3,−1, 0),
and q4 = (1, 1, 1). The support of f is depicted in Figure 8.1 (left), which shows
small balls containing the four dipoles and their orthogonal projections on the three
coordinate planes.

The whole collection of dipole sources is contained in the ball BR(0) with R = 5.2.
We use the wave number k = 5 (i.e., the wave length is λ = 2π/k ≈ 1.26), and
accordingly we choose M = 64 for the number of grid points in each direction of the
observation grid Θ on the sphere from (7.1), in compliance with (7.2). The windowed
Fourier transform is computed with

ε =
π

10
, h =

π

50
, and K = 32 ;

see section 7. Figure 8.2 shows gray scale plots of the jth components of the general-
ized absolute values of the windowed Fourier transform,

(8.1) 9 (SεE
∞)(−ei, kp)92

j ≈
4∑

l=1

(
T (g̃εk ∗ 9ql92

j )δzl
)
(ei,p) , p ∈ e⊥i ,

for i = 1, 2, 3 (top to bottom) and j = 1, 2, 3 (left to right). For comparison we
include the orthogonal projections of the true source positions z1, . . . ,z4 onto e⊥i as
solid dots in these plots. The axes have been rearranged for the reader’s convenience
to allow for a comparison with the projections onto the coordinate planes shown in
Figure 8.1 (left). Not all dipole sources are clearly visible in all nine plots because, if
the jth component of the orthogonal projection of the polarization vector ql onto e⊥i
vanishes, then the corresponding term in the sum on the right-hand side of (8.1) is
small. In particular this is the case if i = j, i.e., on the main diagonal of Figure 8.2.

We apply the filtered backprojection for the transverse ray transform developed
in section 6 to evaluate the imaging functional

F (x) :=

3∑
j=1

ej ·
((
T −1 9 (SεE

∞)(−θ, kp)92
j

)
(x)
)
≈ g̃εk ∗

(
4∑

l=1

|ql|2δzl

)
(x)

(8.2)
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Fig. 8.2. Visualizations of the jth components of the projected parallel projections
(
T (g̃εk ∗

9f92
j )
)
(ei, · ) for k = 5 (ε = π/10), i = 1, 2, 3 (top to bottom), and j = 1, 2, 3 (left to right). Solid

dots indicate the exact source positions.

for all x on a three-dimensional Cartesian grid with mesh width 0.1 in the region of
interest [−5, 5]3. From (8.2) we expect that the regions, where F is nonnegligible, are
related to the support of the mollified version g̃εk ∗ f of the unknown source.

The standard deviation of the window function, ε = ε(k), has been optimized by
means of numerical experiments for a single electric dipole source at several differ-
ent wave numbers such that the generalized absolute values of the windowed Fourier
transform of the corresponding far field pattern provide a sufficiently good approxi-
mation of a Gaussian blur with the best possible resolution. As in the scalar case, this
numerical study suggests decreasing the standard deviation of the Gaussian window
χε as 1/

√
k when increasing the wave number k, which is in accordance with (4.5)

and (5.2).
Figure 8.1 (right) shows isosurfaces of the resulting reconstruction F that can

be used to localize the mollified source support. The individual levels of these iso-
surfaces differ, and have been chosen adaptively, as the proper choice depends, e.g.,
on the individual strength of the respective source component (see also Figure 8.2).
We use the following procedure: first, we determine the positions of all local max-
ima yl ∈ (−5, 5)3 of F , discarding those that are less than 10 pixels apart, or which
satisfy |F (yl)| < 0.1 max |F |. Then, for each local maximum we choose

(8.3) Fl = 0.85 |F (yl)|
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Fig. 8.3. Left: Visualization of the geometry of the scatterers. Right: Reconstruction of the
locations of the two scatterers for k = 5 (ε = π/10).

for the level of the corresponding (local) isosurface. The corresponding reconstruc-
tions in Figure 8.1 (right) agree very well with the true source locations shown in
Figure 8.1 (left).

The performance of the reconstruction method, when applied to noisy data, is
similar to the scalar case considered in [16, 17]. There it has been observed that
the algorithm can handle surprisingly large amounts of uncorrelated additive random
noise on the data. One reason for this is the large number of measurement data used
by the algorithm, and the fact that the data set used to invert the transverse ray
transform is highly redundant.

8.2. Inverse scattering. In our second example we apply the reconstruction
method to far field data obtained from a scattering simulation. We consider an elec-
tromagnetic obstacle scattering problem with two obstacles as shown in Figure 8.3
(left), which are illuminated by an incident plane wave Ei(x) = qeikx·d, x ∈ R3, with
incident direction d = (1, 0, 0)>, polarization vector q = (0, 0, 1)>, and wave number
k = 5 (i.e., the wavelength is again λ ≈ 1.26). The two obstacles are contained in
the ball BR(0) with R = 12.8. Their diameters are 3.5 (cube) and 3.2 (cylinder), i.e.,
2.8 (cube) and 2.5 (cylinder) wavelengths, respectively. Assuming that the scatterers
are perfectly conducting, the scattered field Es satisfies the homogeneous Maxwell
system outside the obstacles, the Silver–Müller radiation condition at infinity, and
the boundary condition ν × Es = 0 on the boundary of the obstacles. We simulate
the far field pattern E∞ of the scattered field on the grid Θ from (7.1) with M = 128
using a boundary element method.5

It is well known that the scattered field can be written as a volume potential as
in (2.3) with a smooth volume current density f supported in an arbitrarily small
neighborhood of the obstacles. We consider this example as an instance of a far field
pattern radiated by a highly nontrivial compactly supported source that does not have
small support with respect to wavelength, and we apply our reconstruction method
to this data set. We compute the windowed Fourier transform of the far field data
with

ε =
π

10
, h =

π

100
, and K = 64 .

5The data have been generated using the C++ boundary element library BEM++ (see [32, 34]).
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Fig. 8.4. Horizontal cross sections of the imaging functional F in the region of interest for
different values of x3. Left: x3 = −3. Right: x3 = 5.

Then we apply the generalized squared absolute values 9 · 92
j , j = 1, 2, 3, and evalu-

ate the filtered backprojection for the standard transverse ray transform on a three-
dimensional Cartesian grid with mesh width 0.2 in the region of interest [−10, 10]3.
Figure 8.3 (right) shows (local) isosurface plots of the corresponding imaging func-
tional F from (8.2), where we used 0.7 as the threshold factor in (8.3). The number
and to some extent also the positions of the two obstacles are reconstructed reason-
ably well, but the isosurfaces clearly do not give much information about the shape
of the scatterers.

In Figure 8.4 we included two horizontal cross sections of the imaging functional
F in the region of interest at x3 = −3 and x3 = 5. These plots also contain the
true cross sections of the two scatterers as dashed lines. The absence of oscillatory
artifacts away from the sources in these plots is an attraction of our reconstruction
scheme. Due to the strong reflection of the incident plane wave at the left face of the
cube perpendicular to its direction of propagation, the imaging functional strongly
localizes around this face, which can also be seen in Figure 8.3 (right).

Conclusion. Locating and estimating the support of sources or scatterers from
far field observations of radiated or scattered electromagnetic waves is a basic inverse
problem in remote sensing. In this work we have shown that a windowed Fourier
transform of the far field pattern radiated by a compactly supported volume current
density approximates an exponential transverse ray transform with a purely imag-
inary exponent of the source. Applying a filtered backprojection for the standard
transverse ray transform to a generalized squared absolute value of the windowed
Fourier transform yields information about the support of the source, such as the
number and the positions of well-separated source components.

The method works better at higher frequencies and for strongly localized well-
separated sources. In particular the resolution of the reconstructions improves with
increasing wave number. An advantage of the scheme is the absence of oscillatory
artifacts in the reconstructions, and although the results often do not contain much
information on the geometry of the supports of individual source components, they
can, e.g., be used as a priori information for other inversion algorithms to further
improve the reconstruction.

Along the way we have derived a new inversion formula for the transverse ray
transform of vector fields.
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tions: Algebraic algorithm and Hölder stability, Inverse Problems, 29 (2013), 015007.

[13] A. C. Fannjiang, T. Strohmer, and P. Yan, Compressed remote sensing of sparse objects,
SIAM J. Imaging Sci., 3 (2010), pp. 595–618.

[14] F. Frühauf, O. Scherzer, and A. Leitao, Analysis of regularization methods for the solution
of ill-posed problems involving discontinuous operators, SIAM J. Numer. Anal., 43 (2005),
pp. 767–786.

[15] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, 7th ed., Aca-
demic Press, New York, 2007.

[16] R. Griesmaier, M. Hanke, and T. Raasch, Inverse source problems for the Helmholtz
equation and the windowed Fourier transfrom, SIAM J. Sci. Comput., 34 (2012),
pp. A1544–A1562.

[17] R. Griesmaier, M. Hanke, and T. Raasch, Inverse source problems for the Helmholtz
equation and the windowed Fourier transform II, SIAM J. Sci. Comput., 35 (2013),
pp. A2188–A2206.

[18] R. Griesmaier, M. Hanke, and J. Sylvester, Far field splitting for the Helmholtz equation,
SIAM J. Numer. Anal., 52 (2014), pp. 343–362.

[19] R. Griesmaier and J. Sylvester, Far field splitting by iteratively reweighted `1 minimization,
SIAM J. Appl. Math., 76 (2016), pp. 705–730.

[20] R. Griesmaier and J. Sylvester, Uncertainty principles for inverse source problems, far field
splitting and data completion, SIAM J. Appl. Math., 77 (2017), pp. 154–180.

[21] R. Griesmaier and J. Sylvester, Uncertainty principles for three-dimensional inverse source
problems, SIAM J. Appl. Math., 77 (2017), pp. 2066–2092.

[22] R. Griesmaier and J. Sylvester, Uncertainty principles for inverse source problems for
electromagnetic and elastic waves, Inverse Problems, to appear.

[23] M. Hanke, One shot inverse scattering via rational approximation, SIAM J. Imaging Sci., 5
(2012), pp. 465–482.

[24] S. Helgason, The Radon Transform, Birkhäuser, Boston, 1980.
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