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Applied Bayesian Inference Assignments October 4-8, 2010

1. [6 marks] Bayes’ Theorem and The Prisoners’ Dilemma

a) [3m] Consider three prisoners A, B, and C, exactly one of whom will be pardoned; the other

two will be executed. Let A, B, and C, respectively, denote the events that prisoner A, B, or

C will be pardoned. In the absence for any other evidence to the contrary, it is reasonable to

assume the ‘prior probabilities’

P (A) = P (B) = P (C) =
1

3
.

The warden now enters prisoner A’s cell and tells him that B will be executed, that is, the

event W (A,B) occurs. Prisoner A thinks that he now possesses an increased probability of

0.5 of being pardoned. Using Bayes’ theorem, calculate P (A|W (A,B)) under the assumptions

P (W (A,B)|A) = P (W (A,C)|A) =
1

2
,

P (W (A,C)|B) = 1,

P (W (A,B)|C) = 1.

Is that equal to 0.5? Prisoner C is listening through a hole in the wall. What is his updated

probability of execution?
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2. [10 marks] Likelihood function and ML estimation

The file ozone.txt gives measurements of ozone partial pressure, yi, in millibars in each of 15

atmospheric layers where each layer, xi, is approximately 2 km in height. The layers have been

scaled for convenience from -7 to +7.

(a) [1m] Assuming the linear model yi|β0, β1 = β0 +β1xi +ei for i = 1, . . . , n where ei
iid∼ N(0, σ2)

with known σ2, write down the likelihood function of the unknown parameters β0, β1.

(b) [4m] Find the ML estimates of β0, β1 and calculate the Fisher information matrix. (Do not

yet plug in the actual data but give the general formulae).

(c) [2m] Show that the Least Squares estimates of β0, β1 are the same as the ML estimates.

(d) [1m] Using the function lm in R or Splus and now assuming more realistically that σ2 is

unknown, give LS estimates of the parameters for

1. the linear model yi = β0 + β1xi + ei,

2. the quadratic model yi = β0 + β1xi + β2x
2
i + ei and

3. for the cubic model yi = β0 + β1xi + β2x
2
i + β3x

3
i + ei.

(e) [1m] Compare the models with the data by plotting the model fits on the same graph as your

data.

(f) [1m] Using the R function AIC(), calculate Akaike‘s and Schwarz‘ information criteria for the

three models and interpret the results.
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3. [4 marks] Beta-Binomial

Suppose there is a Beta(4,4) prior distribution on the probability θ that a coin will yield a head

when spun in a specified manner. The coin is independently spun ten times, and heads appear

fewer than 3 times. You are not told how many heads were seen, only that the number is less than

3. Calculate your exact posterior density (up to a proportionality constant) for θ and plot it using

R or Splus.

4. [3 marks] Prior Predictive Distribution

Assume X|θ ∼ Binomial(n, θ) and a uniform prior distribution for θ. What is the prior predictive

pdf of X?

5. [3 marks]

Laplace (1774) claimed that the probability that an event which has occured n times, and has

hitherto not failed, will occur again is (n+ 1)/(n+ 2). Suggest grounds for this assertion.
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6. [15 marks] Binomial Example

In a research program on human health risk from recreational contact with water contaminated

with pathogenic microbiological material, the National Institute of Water and Atmosphere (NIWA)

instituted a study to determine the quality of NZ stream water at a variety of catchment types.

This study is documented in McBride et al. (2002) where n = 116 one-liter water samples from

sites identified as having a heavy environmental impact from birds (seagulls) and waterfowl. Out

of these samples, x = 17 samples contained Giardia cysts. Let θ denote the true probability that

a one-liter water sample from this type of site contains Giardia cysts.

(a) [1m] What is the conditional distribution of X, the number of samples containing Giardia

cysts, given θ?

(b) [2m] Before the experiment, the NIWA scientists elicited that the expected value of θ is

0.2 with a standard deviation of 0.16. Determine the parameters α and β of a Beta prior

distribution for θ with this prior mean and standard deviation. (Round α and β to the

nearest integer).

(c) [1m] Find the posterior distribution of θ and summarize it by its posterior mean and standard

deviation.

(d) [1m] Verify that the posterior mean is a weighted average of prior mean and data mean.

Specify the respective weights.

(e) [1m] Plot the prior, posterior and normalized likelihood in one display.

(f) [1m] Find the posterior probability that θ < 0.1.

(g) [1m] Find a central 95% posterior credible interval for θ.

(h) [3m] Suppose that NIWA plans another study of n∗ = 50 water samples as above. What is

the posterior predictive probability that x∗ = 5 of these contain Giardia cysts? Derive the

formula for general n∗, x∗ first.

(Hint: You will need to compute the integral of the kernel of a beta density. Look at the

expression for the normalized beta density, and recall that it has to integrate to one.)

(i) [2m] Test the hypothesis

H0 : θ ≥ 0.2 versus H1 : θ < 0.2

at the 5% significance level in a frequentist manner and interpret of your results.

(j) [2m] Test the same hypotheses as in part (i) in a Bayesian manner and interpret your results.
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7. [5 marks] Poisson-Exponential

Suppose we observe a Poisson process with unknown rate θ. The Poisson distribution describes

the number of events occurring in a unit time interval. The Exponential distribution describes the

waiting time until the next event.

We can obtain information about θ from either

• observing the number of events, or

• observing the waiting time.

Let Yt denote the random variable describing the number of events occurring in t time units and

T the time until the next event.

a) [2m] If Yt ∼ Poisson(θ · t), show that T has an Exponential(θ) distribution by first calculating

the probability that no event occurs in t time units.

b) [3m] Using the same Gamma(α, β) prior for θ in the Poisson and Exponential model, do we

end up with the same posterior for θ?

8. [6 marks] Binomial Example using WinBugs

Now make use of WinBugs to answer parts (c), (e) (only plotting the posterior pdf), (f), (g), and (h)

of Question 6. Use a burn-in of 1000 iterations and base your answers on 2000 MCMC iterations.

Hint: Make use of the step function in WinBUGS.
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9. [30 marks] Dugongs Data

Carlin and Gelfand (1991) present a nonconjugate Bayesian analysis of the following data set from

Ratkowsky (1983):

Dugong (i) 1 2 3 4 · · · 26 27

Age (xi) 1.0 1.5 1.5 1.5 · · · 29.0 31.5

Length (yi) 1.80 1.85 1.87 1.77 · · · 2.72 2.57

The data are length (in meters) and age (in years) measurements of 27 captured dugongs (sea cows)

of the sirenian species. Carlin and Gelfand (1991) model this data using a nonlinear growth curve

with no inflection point and an asymptote as xi tends to infinity. The model is given by:

Yi = α− β · γxi + εi, i = 1, . . . , n

where ε ∼ N(0, σ2). In this model, α corresponds to the average length of a fully grown dugong

(x→∞), α−β is the length of a dugong at birth (x = 0) and γ determines the growth rate: lower

values produce an initially steep growth curve while higher values lead to gradual, almost linear

growth. The dataset dugong.txt can be found on the course webpage.

a) [8 marks] Simple Linear Regression in WinBUGS

i) [1m] To avoid a nonlinear model, transform the xi to the log scale and plot yi versus

log(xi) in R. Does the relationship look reasonably linear?

ii) [5m] Using a simple linear regression model to capture the relationship between log(age)

and length:

Yi = β0 + β1 · log(xi) + εi, i = 1, . . . , n

with εi ∼ N(0, σ2) and standard noninformative priors for β0, β1 and σ2, obtain the

posterior distribution of the parameters using WinBUGS. Use a burnin of 1000 iterations

and monitor the parameters for a further 5000 iterations. Give posterior summaries of all

parameters.

Compare the traceplots, autocorrelations and the cross correlation of (α, γ) to a model

with centered covariate.

iii) [1m] Obtain the posterior predictive distribution of the length of a dugong of age 25.

iv)) [1m] Now change the data file to make the observation of y3 a missing value. Rerun the

WinBUGS code, now monitoring y3 to obtain the predictive distribution.
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b) [12 marks] Nonlinear Regression in WinBUGS

i) [4m] Using the untransformed data and nonlinear model with a diffuse Normal for α

and β, a Uniform(0.5,1) prior for γ, and a Uniform(0.01,100) prior for the standard

deviation σ (as suggested by Gelman to bound the prior away from 0 and ∞), obtain

the posterior distribution of the parameters with WinBUGS. Use a burnin period of 1000

and a total of 11,000 iterations. Summarize the posterior distribution of all parameters.

Obtain the autocorrelation plots and investigate the bivariate correlation of (α, γ) using

the Correlation tool on the Inference menu.

ii) [2m] In R, plot the data and the fitted growth curve using the posterior means as point

estimates/fitted values of the parameters.

iii) [5m] Perform all model checking criteria in WinBUGS as described in Chapter 4.3.

c) [10 marks] Logistic Regression in WinBUGS

Now consider a binary version of the dugong data,

Zi =

{
1 if Yi > 2.4 i.e. if the dugong is fully grown

0 otherwise.

A logistic model for π = P(Zi = 1) is then

logit(πi) = log(
πi

1− πi
) = β0 + β1 log(xi).

i) Fit this GLM with WinBUGS using the standard noninformative priors for β0 and β1.

Also fit models using the probit (use the phi function instead of the less stable probit

function) and the complementary-log-log link functions.

ii) Compare πi boxplots (induced by different link functions and the β0 and β1 posteriors)

using the Comparison tool.

iii) Compare the fit for different link functions using the deviance information criterion.
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10. [12 marks] Meta Analysis of Clinical Trials

The data to be analyzed are the estimated log relative hazards Yij = β̂ij obtained by fitting

separate Cox proportional hazards regressions to the data from each of J = 18 clinical units

participating in I = 6 different AIDS studies. So the data are actually data summaries from fitting

models to individual patient-level data. Details about the study can be found in Johnson, Carlin

and Hodges (1999), Cross-study hierarchical modeling of stratified clinical trial data, Journal of

Biopharmaceutical Statistics 9, 617-640.

Estimated Unit-Specific Log Relative Hazards

Toxo ddl/ddC NuCombo NuCombo Fungal CMV

Unit ZDV+ddl ZDV+ddC

A 0.814 NA -0.406 0.298 0.094 NA

B -0.203 NA NA NA NA NA

C -0.133 NA 0.218 -2.206 0.435 0.145

D NA NA NA NA NA NA

E -0.715 -0.242 0-0.544 -0.731 0.600 0.041

F 0.739 0.009 NA NA NA 0.222
...

...
...

...
...

...
...

R 1.217 0.165 0.386 0.172 -0.022 0.203

To these data we wish to fit the cross-study model

Yij = ai + bj + sij + εij , i = 1, . . . , I, j = 1, . . . , J,

where

ai = study main effect

bj = unit main effect

sij = study-unig interaction term

εij ∼ N(0, σ2ij)

and the estimated standard errors from the Cox regressions are used as (known) values of the σij .

Note that some values are missing (”NA”) since not all 18 units participated in all 6 studies and

the Cox estimation procedure did not converge for some units that had few deaths.

The aim is to identify which clinics are opinion leaders, i.e. strongly agree with overall result

across studies) and which are dissenters, i.e. strongly disagree and tend to have treatment effects

consistently above or below the study-specific grand mean across several studies.

Here, overall results all favor the treatment (i.e. mostly negative Y s) except in Trial 1 (Toxo).

Thus we multiply all the Yijs by −1 for i 6= 1, so that larger Yij correspond in all cases to stronger

agreement with the overall.
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Cross-Study (Meta-analysis) Data
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Intermediate WinBUGS and BRugs Examples – p. 12/41

Figure 1: Approximate 95% confidence sets for the log relative hazards.

The second stage of the model is

ai
iid∼ N(0, 1002)

bj
iid∼ N(0, σ2b )

sij
iid∼ N(0, σ2s)

The third stage of the model is

σb ∼ Unif(0.01, 100) σs ∼ Unif(0.01, 100)

This means we preclude borrowing strength across studies but encourage borrowing strength across

units.

a) [6m] Implement the model in WinBUGS and see whether your results agree with the following

results in Figure 2 from Johnson et al. (1999). You can find the data in the file meta.txt on

the course webpage.

b) [6m] Using the DIC, compare the fit of alternative models where starting from the full model

above you successively leave out interaction/unit/study effects.
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Plot of θij posterior means
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Figure 2: Plot of posterior means of θij .
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11. [12 marks] CD4 counts

The data for this problem are in the plain text file ”CD411b.txt” on the course webpage. It

consists of transformed CD4 counts on 26 patients that were taken at weeks 0,2,8,12 and 24 after

they began treatment in an AIDS clinical trial called ACTG 116B. The 4-th root transformation

has been applied to stabilize variance. This is often done with CD4-count data.

a) [4m] Use the ”Rats” example in the WinBUGS example volume 1 as a template to fit a

hierarchical linear model to these data. (You may need to choose different starting values and

possibly different priors than those that worked for the ”Rats” data.

b) [3m] Assess convergence using coda.

c) [5m] Give estimated posterior means and 95% credible intervals for the following quantities:

i) The estimated population intercept of 4th root CD4 for all patients at the beginning of

the study (i.e. at week 0). (If you center the covariate, think about how to do this.)

ii) The estimated population slope of 4th root CD4 values around the regression line.

iii) The standard deviation of 4th root CD4 values around the regression line.

iv) The standard deviation that captures between-patient variability in slopes.

v) The individual intercept and slope for patient 12.
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12. [6 marks] Epilepsy data

A neurologist has four patients with epilepsy, all of whom are taking the same drug to control their

seizures. They have been on the drug long enough that their pattern of seizures has stabilized.

The neurologist asks each patient to keep track of the number of seizures he or she has in each of

three months. Let xij represent the number of seizures that patient i has in month j, where i goes

from 1 to 4 and j goes from 1 to 3.

The neurologist believes that each patient has a true mean number of seizures θi per month, and

that the number of seizures that each patient has in a given month is a draw from a Poisson

distribution with parameter θi. That is

Xij |θi ∼ Poisson(θi), i = 1, . . . , 4, j = 1, . . . , 3,

and the Xijs are considered conditionally independent given θi.

Furthermore, she believes that, although the θis are different for different patients, they are similar,

and that that similarity can be expressed by saying that all the θis are like draws from a common

Gamma distribution. That is

θi|α, β ∼ Gamma(α, β), i = 1, . . . , 4.

Finally, she believes that the following prior densities are appropriate for the parameters α and β:

α ∼ Exponential(0.1)

β ∼ Gamma(0.1, 1)

The neurologist carries out a Bayesian analysis to learn about each individual patient’s mean

parameter θi and about the density from which the θis are drawn. She uses WinBUGS to run three

MCMC chains using different sets of initial values.

a) [3m] Draw a DAG of the model and let WinBUGs generate the code.

b) [1m] Which quantities are treated as exchangeable in this model?

c) [1m] Download the data file epil.txt from the course webpage and run the model for 5000

iterations without burn-in. How many iterations does the Gelman-Rubin plot for α suggest

should be discarded as burn-in?

d) [1m] What is the 95% credible interval for θ2?
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13. [6 marks] Stochastic Volatility Model

Extend the basic stochastic volatility model in Chapter 4.9 (you find the corresponding WinBUGS

code svmodel.txt on the course webpage) by defining an AR(2) structure for the state transitions:

θt|θt−1, µ, φ, ψ, τ
2 = µ+ φ(θt−1 − µ) + ψ(θt−2 − µ) + vt, vt

iid∼ N(0, τ2), t = 1, . . . , n

Define the same prior distribution for ψ as for φ. Furthermore, assume that the observations have

a central Student-t distribution with unknown degrees of freedom k. Assume a central Chisquare

prior distribution for k with 8 degrees of freedom. Fit the model to the Pound/Dollar exchange

rates returns.txt and give posterior summaries for µ, ψ, φ, τ , and k.

14. [10 marks] Fitting Copula Distributions in WinBUGS

As in Chapter 4.10, use R to generate a sample of size 500 from a bivariate Gumbel copula with

a Kendall’s tau value of 0.8 and Exponential marginal distributions each with rates 0.01 and

0.05, respectively. Use R2WinBUGS and the ”zeros trick” in WinBUGS to fit a Gumbel copula

with Exponential marginals to these simulated data. Use standard noninformative priors for the

model parameters. You can use the WinBUGS code of the Clayton copula discussed in the lecture

as a template. This code is in the file model Clayton.odc on the course webpage. You find

R2WinBUGS code to generate observations from a Clayton copula in clayton R.txt which you

can use as a template as well.
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15. [5 marks] Carlin and Louis (2008), Stack loss example 2.18

The dataset to be analysed is the well-known Brownlee’s stack loss plant data set obtained from

21 days of operation of a plant for the oxidation of ammonia (NH3) to nitric acid (HNO3). The

nitric oxides produced are absorbed in a countercurrent absorption tower. The dataset contains the

variable Y measuring the stack loss (10 times the percentage of the ingoing ammonia to the plant

that escapes from the absorption column unabsorbed; that is, an (inverse) measure of the over-all

efficiency of the plant), and three covariates X1 (air flow, the rate of operation of the plant), X2

(the temperature of cooling water circulated through coils in the absorption tower), and X3 (the

concentration of the acid circulating, minus 50, times 10: that is, 89 corresponds to 58.9 per cent

acid).

We want to fit the multiple linear regression model

Yi ∼ N(β0 + β1zi1 + β2zi2 + β3zi3, σ
2)

where the zij are the standardized covariates. We use noninformative priors for the βj and Gelman’s

Uniform(0.001,100) prior on σ.

a) [2(+5)m] Calculate the approximate (and exact) standardized residuals and conditional pre-

dictive ordinates (CPO) (and compare). Use the data in stack.txt.

b) [3m] Calculate Bayesian p-values using the following test statistics:

1. D(y, θ), the ”omnibus goodness-of-fit” measure of Gelman et al. (1996);

2. D(y, θ) = min(Y ), to check fit in the lower tail of the distribution;

3. D(y, θ) = max(Y ), to check fit in the upper tail of the distribution


