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Abstract In this paper we consider Markov-modulated diffusion risk reserve processes.
Using diffusion approximation we show the relation to classical Markov-modulated risk
reserve processes. In particular we derive a representation for the adjustment coefficient
and prove some comparison results. Among others we show that increasing the volatility
of the diffusion increases the probability of ruin.
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1 Introduction

A key topic of risk theory still is the probability of ruin of a risk reserve process. This
process is a simple mathematical model for the differences of assets and liabilities of an
insurance company. Good references to such models are Asmussen (2000) and Rolski et al.
(1999). In this paper we investigate Markov-modulated diffusion risk reserve processes.
These models are given by equation (1) below. They extend Asmussen (1989) where a
classical risk process in a Markovian environment has been investigated without diffusion.
In Schmidli (1995) among others, the author considers such a Markov-modulated risk
model where a diffusion is added. In contrast to this model, in our case it is possible that
all data, including the premium rate and the volatility of the diffusion depends on the
external Markov chain. The aim of this paper is to show that by continuity properties
interesting data of the Markov-modulated diffusion risk model can be approximated by
the respective data of a classical Markov-modulated risk model.

The paper is organized as follows: After introducing the model in Section 2 we derive the
adjustment coefficient of such a risk reserve process in Section 3. Here a similar result
has been obtained by Schmidli (1995), however our model is slightly different and we also
give a different representation of the adjustment coefficient which is more convenient for
our purpose. Whereas Schmidli (1995) uses a change of measure technique we essentially
follow the paper by Bjork and Grandell (1988). In Section 4 we derive a diffusion ap-
proximation for classical Markov-modulated risk reserve processes. The idea is that a
Markov-modulated diffusion risk model can be seen as an approximation of a classical
Markov-modulated risk model with small and frequent claims. Taking the appropriate
limit we are able to carry over results which are already known to the diffusion case. In
particular we show that the adjustment coefficients of a classical properly scaled sequence
of risk models converge to the adjustment coefficient computed in Section 3. The diffusion
approximation is also used in Section 5 to derive some comparison results for these models.
We show that increasing the volatility of a diffusion risk model increases the probability
of ruin and averaging the system parameters reduces the risk.



2 The Model

We consider a diffusion risk reserve process where the underlying data changes according
to a continuous-time Markov chain with finite state space. More precisely, we denote by
J = {J¢, t > 0} an irreducible continuous-time Markov chain with finite state space E =
{1,...,d} and intensities g;;. If not stated otherwise, the distribution of Jy is arbitrary.
Jy can be interpreted as the general economic conditions which are present at time ¢. J;
influences the premium rate, the arrival intensity of claims, the claim size distribution
and the volatility of the diffusion process as follows: the premium income rate at time
tis cyj,, i.e. as long as J; = ¢ we have a linear income stream at rate c¢;. Claim arrivals
are according to a Poisson-process with rate A\j,. Thus, N = {N, ¢ > 0} is a Markov-
modulated Poisson-process. A claim Uy, which occurs at time ¢ has distribution @ j,, where
Q; is some distribution concentrated on (0,00) for i € E. As usual claim sizes Uy, Us, . ..
are assumed to be conditionally independent given J and p; is the finite expectation of
Qi, for i € E. The volatility of the diffusion at time ¢ is given by o,. If v > 0 denotes the
initial risk reserve, and W = {W;, t > 0} is a standard Brownian motion, the Markov-
modulated diffusion risk reserve process {X;, t > 0} is given by
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In what follows we will only be interested in ruin probabilities for this model, i.e. we are
only interested in the question whether the trajectories of X stay above 0 or not. By
applying the time change X; := Xy with T'(t) := fot i ds the structure of the model
does not change and we can w.l.o.g. assume that ¢(-) = 1. Thus, in our paper we suppose

that
Ny

t
Xt:u+t—ZUk+/OUJSdWS. (2)
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The probability of ruin in infinite time is then for v > 0 defined by

(u) :P(%I;EXt <0 X0:u>.
If 7 :=inf{t > 0| X; < 0} is the time of ruin, then obviously ¥ (u) = P(1 < 0o | Xo = u).
If we denote by m = (7;)icr the stationary distribution of J (which exists and is unique
since J is irreducible and has a finite state space) and define p := 1 — >, pmAip;. p is

the difference between the premium income in one time unit and the expected payout in
one time unit. We obtain:

Lemma 1. Suppose p < 0. Then for all u > 0 4t holds that

Y(u) = 1.

The proof of this statement is omitted since it is standard. For the remaining sections we
assume that p > 0, i.e. we have a positive safety loading.

3 The Adjustment Coefficient

In this section we impose some further conditions on our data. In order to obtain the
adjustment coefficient we assume that the moment generating functions of the claim size



distributions are finite near zero, i.e. for every ¢ € E there exists a (possibly infinite)

(@)

constant rs¢ € (0, 00] such that for » > 0
hi(r) == / erdQi(x) —1 < o0
0

for every r < r®) with hi(r) — oo as r — r. Thus, the tail of the distribution Q;
decreases at least exponentially fast. This case is sometimes called the small claim case
in contrast to models with heavy claim size distributions. Our aim is to find a constant
R > 0 such that for all € > 0:

lim o (u)eF==* =0 (3)
lim o (u)eFHo = o, (4)

R is then called the adjustment coefficient. There are different methods available for
obtaining the adjustment coefficient (see e.g. Rolski et al. (1999)). We use the so-called
martingale method. For the next result we denote by FX = {F*, t > 0} the natural
filtration of the risk reserve process and by F/ = {F/, t > 0} the natural filtration of the
environment process. Finally we define F = {F;, t > 0} by F; := F;X VFL. This means in
particular that J; is Fy-measurable. Moreover, we define the time Wthh the environment
process J spends in some state i € E until time ¢ > 0 by (), i.e. &(t) fo 8giy (Js) ds.

Lemma 2. Let u,r > 0 be arbitrary but fized. Then the process M = {M;, t > 0} defined

by
exp(—rXy)

exp (ZzeE [)\ihi(r) + %rzag — r] fl(t)>

Mt =

s an F-martingale.

Proof. By E*- % we denote the conditional expectation given FL. W1l ..., W are d in-
dependent Brownian motions and N!,...  N% are independent Poisson processes with
intensities A1, ..., A\q respectively. The random variables U; have distribution @); and are
all independent. It is straightforward to compute
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Using these results, we obtain

i exp( TZZEEO-Z(W £(t) - W (8))+rzzeEZk51(t) Ué)
E[M|F] = M, - BT AGTOE .F;X]
exp (Siew (Nihi(r) + 3r20?) (6(1) - &(9)) )
Y lﬁﬁi<exp(“TE:uﬂ;Uﬂw?ﬂm_gdg)><Efg°(exp(r§:uﬂz kif”fgw)cﬁ)) M
exp (Lier 5 (60 &) exp (Diep M) (&(0) — &(5)) )
for 0 < s <t. Since EM; < oo for all t > 0 the statement follows. O

Exploiting the martingale property we immediately derive the following inequality:

Lemma 3. Let r > 0 be fized. Then

for all w > 0 where

r2o?
C(r):=F (iglo) exp <Z [Aihi(r) + 5 L— T:| fz(t))) .

S

Proof. Define by M; := M, the process stopped at the time of ruin. M is also an
F-martingale. For » > 0 and u > 0 it therefore follows that

= Mo = E[Mt‘fo] — 7% (Mt) > pFs [MT’T < t} PFe(r <t)
exp (—rX;)
exp (Lie [Nihilr) +

J&m)
PFx (T <t)

sPocysy xp (Liep [Mihi(r) + 5= — 1] &i(0))

. r<t|. pPF= (T <t

v

and hence

PFe(r<t)<e ™ [ P s .
T<H <™ sup exp | Y (Nihi(r) + 5t - | &(0) )

Osvst i€R
Letting t — oo and taking the expectation on both sides we obtain
P(u) = P(r < o0) <e "™ C(r).
O

To get a good bound we have to choose r > 0 as large as possible while C(r) < oco. The
way to find such a maximizing r > 0 is similar to What Bjork and Grandell (1988) do for
the ordinary Cox model. Let the time epoch of the n'" entry of the environment process
to state j € E be denoted by 7y U) where Té D =0. We put 70 = 7'( D For j, k€ E we
now have to consider the functlon 0y; defined by

252
Orj(r) := By (exp (Z [Aihi(r) + 5 i _ r} 51( )))
el




where r > 0 and Fj is the expectation, given Jy = k. Using these functions we are able
to state a necessary condition for C'(r) being finite.

Lemma 4. Let r > 0 be fized. Then C(r) < oo implies 0;(r) <1 for all j € E.

The proof is rather technical and can be found in the appendix. Let us now define
R:sup{r>0|6’jj(r)<1Vj€E}. (5)

R will be the adjustment coefficient. We can now show

Lemma 5. Suppose that R defined by (5) exists. For 0 < r < R we have C(r) < co.

The proof can again be found in the Appendix. The so-called Lundberg inequality now
follows directly form Lemma 3:

Theorem 6 (Lundberg-inequality). Suppose that R defined by (5) exists. For any r < R
we have

Pu) < e C(r)
with C(r) < oo for all uw > 0.

The Lundberg-inequality now immediately implies the convergence result (3).

Corollary 7. Suppose that R defined by (5) exists. For any ¢ > 0 we obtain

lim ) (u)eF== = 0.

U—00

In order to obtain the second convergence result (4) we need a little bit stronger assump-
tion.

Theorem 8. Suppose that R defined by (5) exists and that there is a § > 0 such that
0;;(R+6) < oo forall j € E. For any € > 0 we obtain

lim o (u)eFr = .

U—0o0

Proof. If we denote by
w](u) =P (%gl(f)Xt <0 ‘ Xo=u,Jy —j)

then ¢ (u) = 3=, p P(Jo = j)¥j(u) and it suffices to show that limy—.oc ¥); (u)eFHen = oo
for some j € E with P(Jy = j) > 0.

Since 6;; is convex and therefore continuous on the interior of its domain it follows from
our assumption and the definition of R in (5) that 6;;(R) = 1 for this j € E (it can indeed
be shown that if 6;;(R) = 1 for one j € E, then the equation is satisfied for all j € E).
Define Y; := X; — u. It is not difficult to see that

0,(r) = E; (efryf“')> -



Moreover, (YT(j))n e I8 a random walk under the assumption that Jy = j. The ruin
probability of this random walk is defined by

;“’(u) = P(nigﬂfVYTr(lj) < —-u | Jo = j)

It is obvious that ¢7*(u) < 4;(u) for all u > 0. Note that the distribution of Y, ;, i.e. the
distribution of the generic random variable for the steps, is clearly non-lattice. Thus, it
follows from Theorem 6.5.7 and the associated remark in Rolski et al. (1999), p. 258, that

$i* (u)

uh—>oo e—Ru =C
for some constant C' > 0. We therefore get
i) 95 ()
> —_— =
A R 2 S (e %

for all € > 0.

4 Diffusion Approximation

In principle the structure of the diffusion risk model differs from the classical risk model
where trajectories are linear with jumps. However, it is well-known that a diffusion arises
as a limit from properly scaled classical risk processes. This means, the diffusion can be
approximately interpreted as a risk process with very small and frequent claims. Our hope
is to carry over results form the classical model to the diffusion model by taking limits.
This idea has also been exploited by Sarkar and Sen (2005). In order to work this idea
out we have to establish a limit result for the Markov-modulated model. Since we have
not found such a statement in the literature we give a proof below. But first let us recall
the diffusion approximation for the classical risk model (this can be found e.g. in Grandell
(1977), Grandell (1978)). Suppose N? = {N?, t > 0} is a Poisson process with intensity 1.
Let Uy, Us, . .. be a sequence of independent and identically distributed random variables
with finite expectation EU = fi and finite variance Var(U) = 5. Now define for n € IN
the (martingale) processes

NO
1 tn~
M™M= — it =50,
0= G (e 20

Then with n — co we obtain

M™ = oW
where = denotes weak convergence with respect to the Skorohod topology and o2 =
([ﬂ + §2>. W is as in Section 2 a standard Brownian motion. Moreover, the ruin prob-
abilities of the M processes converge to the ruin _probability of cW. For the Markov-
modulated model we suppose that when the claim U, occurs at time ¢ it has distribution
Q All distributions Ql, ..., Qq have the same finite expectatlon i and ﬁmte variances

52 = [(z — 1)*Qi(dx), i =1,...,d. We choose i, 57,...,5% such that o7 = i* 4+ 57 where
o; are given as in Section 2. We set

Xt(")—u—i—t—ZUk—F\/ﬁ /mt—ZUk : (6)

k=1



We can think of (6) as a classical Markov-modulated Cramér-Lundberg model as follows:

N

d - A
XM Lut(l+pyn) - > U
k=1
where N is a Markov-modulated Poisson-process with intensities A\i+n, ..., Ag+n. If J; =1
and the claim Uk appears at time t, then it has the distribution Ql(n) (x) = /\Z)‘ian(x) +

+n Qi(y/nz). The ruin probability for the approximating sequence is given by

™ (u) =P <§r>l£ x" <o x{M = u) .

In what follows, the process X is the diffusion risk reserve process given in equation (2).

Theorem 9. Suppose the processes X, n € IN and X are given. Then
a) X = X.

b) limy, oo ™ (u) = h(u) for all u > 0.
Proof.  a) It holds that

Ez(t)n

n _u—|—t—ZUk+—n ,Lmt—z Z Uk

i€eE k=1

where the random variables U ,1 are independent and identically distributed and have
distribution @;. It follows from the d-dimensional Donsker FCLT (see e.g. Whitt
(2002) Theorem 4.3.5) that

({\}ﬁ@m—jziﬁg), tzo},ieE> = ({o:W}, t >0},i € E)

with 01-2 =%+ 522 and W1, ..., W% are independent standard Brownian motions.
Indeed, in order to apply the Donsker FCLT to the compound Poisson process, a
number of arguments are necessary but they are standard, so we skip them here. For
details of this procedure see e.g. Béuerle (2004). Applying the time transformation
t — &;(t) we obtain

N o
({\}ﬁ(fmgi(t) - 52(:) U,g),t > 0},@ s E> - ({Uini(t), t> 0} e E)

Adding up these processes it follows from the continuous mapping theorem that

(L (- S, 20p = {Sawi sl 2 { [ o, 120}

i€l k=1 S

and the statement follows.



b) Note that
v () = P <gg XM ru<o|xV = 0>

=P <sup—Xt(n) —u>0| X" = 0> .
t>0

Thus, it suffices to show that sup,> —Xt(n) = sup;>( —X¢. This follows from part
a) if we can show that

k—00 n—co t>k

hm lim sup P (sup X(n) >0 | X 0) =0

(see e.g. Grandell (1977), Grandell (1978) or Billingsley (1999)). This statement
will now be shown in the remaining part of this proof. We start by observing the
following: From the Ergodic Theorem for Markov chains we know that

lim fl = lim - / Sgiy(Js)ds = m;  as.

t—oo t t—oo t

and consequently
o1
Jim n (t - %; Aiﬂi&‘@)) =p as.
Thus, we obtain in particular for
A = {t — ;E/\M&(t) > gt, vt > k}
(2

that limyg_,o, P(Ax) = 1. Next let us define

N Np,
:ZUk_/)‘Js/‘Jsds"i_\lf(ZUk_,unt)
k=1 k=1

Then

P (sup —Xt(n) >0 | X((]n) = 0) =P (sup Yt(n) —(t— Z Aipi&i(t)) > 0)

t>k t>k icE

< P({ sup v = (t = " Aipikit) > 0} N Ay ) +1 - P(A)

i€l
< P({sw¥™ - L1 >0} nap) +1- P(4y)
>k 2
= B(L4, P75 (sup V" = £t > 0)) +1 - P(4y)
t>k 2

As done in Grandell (1978) we intend to use the Hajek-Rényi inequality to bound
this probability. We use the version given in Frank (1966) Theorem 2. Thus, for any
h € (0,1) we obtain:

Y,
Pfé]o< sup Yj(;?)*gjh>0) = PfoJo( sup ,ffl >1)
izlpl+ 2 szl 20l

IN

PFJ( sup ih >1)
j21k41| 27D



In order to apply the Hajek-Rényi inequality, note that the sequence X; := Y](;: ) _
Y(g )l)h satisfies )

E}-O"(Xj | Xjfl, cee ,Xl) =0
and that a simple but lengthy calculation gives

Njn in

2
o? = Efé]o(XQ)—Efé’o( 3 Uk—/ AJSuJSds>
k=N(;_1yn+1 (G=Dh
N9, 0,
F Yk e
+E ( > Jn ‘/ﬁ“h)
k:N(Oj_l)thrl
= SONE(U) (&GR) - (G - M) + 30 B(T?) (&Gh) - &(G - D))
ick S
< h(maxAE((U)?) +max B((0")?) ) =: hC.
Applying the Hajek-Rényi inequality we obtain
S Y.(;:) k. p\—2 i o Py 2
F “jh Kl P Py —
P o [ ) < ([LJug) " S 3 gntyen
jzlg)+1] 2 Jj=1 J=LE1+1
ETEH B SRS RS [ A B«
PP il b 2T e g T (k=1)p?

Since this bound is independent of h € (0,1) and n € IN it follows that

pfé]o< sup Y;(”)_Bt>0) S(kw

> kt1 2 —1)p?

Hence plugging all things together, it follows that

hm hmsupP(sup X( >0]Xé"):0>

k—oo n—oo t>k

< lim lim supE(IAka (sup—x{" >0 x{" = 0))

k—oo n—oo t>k
8C
< lim ———E(I4,)=0
s Jim g P

which finally implies the statement.
O

From Theorem 9 it should follow that the sequence of adjustment coefficients (R("))ne N
belonging to the risk processes (X(™),cn as defined in equation (6) converges to the
adjustment coefficient R given in equation (5). This can be seen directly by showing that
7 (r) — 0j;(r) for n — oo. It follows from Bjérk and Grandell (1988) that for the
classical Markov-modulated risk model

6\ = E <exp <Z |:(>\1; + A () — (1 + g\/ﬁ)] @(N’))))

<)

©



where

~(n i U n POt
My = o BT+ Bl -1
i n Pt
= ; E(e'vi) -1
)\i+nh(r)+/\i+n (e ) )

Moreover, using a Taylor series expansion we get

N+ )™M ) = (L + ivn) = Nhi(r) +n <E(e’“ﬁ) - 1) —r(1+ fiv/n)
2 ~ 1
= Aihilr) + vari+ 5 B((07)?) + o(ﬁ
2

—  Nhi(r) + %03 —r

)= r—rivn

for n — oo which yields R — R. Hence, instead of computing the adjustment coefficient
in the diffusion risk model it is possible to approximately compute it in the classical model
sufficiently close to the limit.

5 Comparison Results

We use our findings from the previous sections to obtain some comparison results between
diffusion risk models. Before we start we need a further notion form stochastic orderings
(for a survey of stochastic orderings we refer the reader to Miiller and Stoyan (2002)).

Definition 10. For given random variables X and Y we define the order relation X <., Y
if Ef(X) < Ef(Y) for all convex functions f : IR — IR for which the expectations exist.

Note that X <., Y implies in particular that the expectations of X and Y are the same.
For actuarial applications it is important to keep in mind that X <., Y is equivalent to
E(X)=E(Y) and E(max{X —¢,0}) < E(max{Y —¢,0}) an ordering of the stopp-loss
premiums for all ¢t € IR.

5.1 Increasing the Volatility of the Diffusion

In this subsection we look at the special case d = 1, i.e. we have no Markov-modulation.
Suppose we have two diffusion risk processes X and X’ given as in equation (2) where the
process X’ has higher volatility. More precisely we suppose that all data for the processes
are the same except however for the diffusion volatility. IL.e.

Ny
Xt:u—i—t—ZUk—i—aWt.

k=1

Ny
Xi=u+t—) Up+o'W.

k=1

We suppose that o < ¢’. Thus, the expectations of X; and X] coincide but the process
X' has a higher variability. By ¢'(u) we denote the ruin probability of the X’ process.
We can now prove that an increase in the volatility of the diffusion implies a higher risk
in terms of an increase in the probability of ruin.

10



Theorem 11. Suppose that two diffusion risk reserve processes X and X' are given as
defined with d = 1. Then for all u > 0 we get

(u) < ¥ (u).

Proof. Let d = 1. Besides X(™ defined in equation (6) we need

Xlgn)_u—f—t—ZUk—l—\/ﬁ fint — ZUk

k=1

where Ul, U, ... are independent and identically distributed with Var(U’) = (3')?, (¢/)? =
fi2 + (8)2 and U’ >, U (thus i is both the expectation of U and U). As mentioned at
the beginning of Section 4 we can think of (6) as a classical Cramér-Lundberg model. In

)

particular in the case d = 1 we obtain for X(™ and X /),

N
X" = u+t(1+ fivn) — Z
k=1

Ny
(n) ~ T -+,
XY =u+t(1+ fivn) —g:l\/ﬁUk

where N is a Poisson-process with intensity A + n, Ul, Us,...and U{, Ué, ... are indepen-
dent and identically distributed with distribution 12 Q(z) + aQ(V/nx) and )\J%nQ(x) +
X +nQ’ (v/nx) respectively. Alternatively, if Iy, Is,... is a sequence of independent and
identically distributed random variables with

then
U £ LU+ (1 — L)

and analogously for (A],’C From this representation it follows easily that U <., U’. By ¢/(®
we denote the ruin probability of the process X'(™). Thus, it follows for example from
Theorem 6.3.5 a) in Miiller and Stoyan (2002) that for all u > 0:

Y () < ¢ ().

Since
Nt

(X", 200 = {utt = U+ oW, t=0}
k=1
Ny

(X't >0 = {u+t—ZUk+a’Wt, tzo}
k=1

the statement follows from Theorem 9.b).

11



5.2 Comparison to average diffusion risk models

Now we compare the diffusion risk process to one where the parameters depending on the
Markov chain are replaced by their average value. This is a classical question. However
to the best of our knowledge this has not been investigated so far for the diffusion risk
model. Now let the process X* be defined by

N¢
Xt*:u—i-t—ZU,j+J*Wt
k=1

where N* = { N}, t > 0} is a Poisson process with intensity A\* = Zle mi\i, the claim sizes

Uf,Us,...areindependent and identically distributed with distribution Q* = Z?Zl “j\—i‘le
and the diffusion volatility is (0*)? = Zle m;02. The ruin probability of the star-process
is given by

Y*(u) = P (%ESX: <0| X} :u>

and we denote by R* the corresponding adjustment coefficient whenever it exists. Note
that in X* the claim intensity, the claim size distribution and the volatility of the diffusion
are replaced by their average values.

Theorem 12. Suppose that X and X* are given and the adjustment coefficients R and
R* exist. Then we get
R* > R.

Remark 13. In the special case 0 = 0, i.e. no diffusion, Theorem 12 reduces to Theorem
3 in Asmussen and O’Cinneide (2002). Our proof shows that the result in Asmussen
and O’Cinneide (2002) can be derived in a simpler way by a direct comparison of the
adjustment coefficients.

Proof. Note that we get R* from the definition of R in (5) in the special case where the
data is the same for all states j € F, i.e.

1= 8 (o (00 + 222 ) 0)),

0%(r) < 1 if and only if \*h*(r) + 2% —r < 0. Thus,

2( %\2
R*:sup{r>0|)\*h*(r)+r(;)—7"<O}.

Next note that

W) = / T et AQ () — 1 = (Z ”AA /0 h emin(x)> 1

0 i€l

12



From Jensen’s inequality it follows that

0j;(r) > exp (Ej (g}; [)‘ihi(T) + 7‘2201-2 _ r} &.(T(j))>>
2 2
= exp (Z [Aihi(r) + 1 ;i — r] ﬂ'iE]’(T(j))>
i€eR
= exp <[)\*h*(r) + 742((27*)2 — r} E; (T(j))>

Thus, since E;(717)) > 0 we have that » > R* implies 6,;(r) > 1 and thus R* > R.
O

Next we try to compare the ruin probabilities 1(u) and ¥*(u) itself. In order to simplify
things we suppose that Q; = @, i.e. the claim size distribution does not depend on the
environment process J. We need the following further conditions:

1. # = (7,1 € E) with

is the initial distribution of .J.

2. Suppose w.l.o.g. that \; <... < Ag. Then

for i,j € E with ¢ < j.
3. Forall j <kand! <jorl >k we have

Z%i <

i>1

Z%

i>l

?rqw ‘ Q91\3

Theorem 14. Under assumptions (1)-(3) we obtain for the ruin probabilities of X and
X* respectively for all u > 0:

Y(u) > P*(u).

Remark 15. In Asmussen et al. (1995) one can find such a comparison result in the
classical case without diffusion, i.e. o; = 0. In the case o; = o conditions (1)-(3) reduce
to the conditions given in Asmussen et al. (1995).

Proof. We approximate X by the sequence of processes

(n) S L 3 o

X" = t— U+ — | [ Agds — U

h u + ; E+ Jn un /0 Jsds ; L

where N is a Markov-modulated Poisson process with intensities ni, . . ., nAg and Uy, Us, . . .

is a sequence of independent and identically distributed random variables with distribution

Q. Q has finite expectation fi and finite variance 5% = [(x — )2Q(dx). The parameters
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are chosen such that o? = =\ (%43 ) In order to get a risk reserve process with premium
rate 1 we apply the time change T'(¢ fo + \/nfiry,)"lds as explained in Section 2.
The probability of ruin of X is the same as the probability of ruin of the process

t
Yt(n) ::u+t—2f]k

>\1+7’l5\~1 )‘d+n5\~d
A RS R 2 R & VAT
and if Uy occurs at time t and J; = 4, then the distribution of Uy is given by

where N is a Markov-modulated Poisson process with intensities

i + nS\iQ(x) )\ —l—n)\ (\f:n)

P(U,<z)=

Note that the time change also changes the environment process J. The new Markov

chain J(™ has intensities (jg) with

" 14+ v/naX;

and new stationary distribution 7(") = (ﬁ(n),i € E) with

)

(n) (1+ Vnjdi)m;

7 —

' > jep(l+ Vi)

Now we apply Theorem 1.1 in Asmussen et al. (1995). For n large enough their assumptions
are satisfied: First we have to check that J(™ is stochastically monotone, i.e. that for
0<s<t i,j,ke Fandi<j

PUM™ < k| JM =) < P(J™ <k | JM =4).
However, this is equivalent to (see e.g. Miiller and Stoyan (2002) Chapter 5)

40 na Lo LV g
Zqﬂ qui — Zqﬂ < 1_‘_\/5/]5% qu-

i>l i>l i>l i>l

Due to assumption (3) and

L+ Vaiy, N ol
1+ \/ﬁﬂj\k ;\k U]%
for n — oo this inequality is true. Now suppose A\; < ... < X\g. We then have to show
that - 5
)\j n)\j =~ )\i n)\,; ~
)\-+n)\'Q( ) )\-—I—n)\-Q(f ) )\Z-—i-n)\iQ( ) )\i—l—n)\iQ( )

for i < j and all x > 0. Some simple algebra reveals that this is implied by (2). Finally
J™ has to start with the stationary distribution #(™. An application of Theorem 1.1 in
Asmussen et al. (1995) now gives that for all u > 0

P () Z % (u)
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where 1(")*(u) is the probability of ruin of the process
Ny
Yt(n),* it ZUI:
k=1

where N* is a Poisson process with intensity

AR V) VRS BN G
where \* = 3, o mA; and N = Y icE TN Ul*, UQ*, ... are independent and identically
distributed with distribution

i _(n) Ait+ n\; IR
TrZ

- A* n\* -
PUf <zg)= —Qz)+ ——— ne).
(0 € a)= (= QM) + 1" Q)
Applying once again a time change we see that Y(")* has the same probability of ruin as
X ()* defined by

N Ny

(n)x Lo 5« ~
X, ::u+t—ZUk+— ,Lm)\t—ZUk
k=1 \/ﬁ k=1

where N* is a Poisson process with intensity nA*. For n — oo we obtain with Theorem 9
(note that #(") — # for n — oo and the result also holds whenever the initial distributions
converge) that (™" (u) — 1*(u) and 9™ (u) — 1(u) which implies the statement. [

6 Appendix

We will first prove Lemma 4.
Lemma 16. Let r > 0 be fized. C(r) < oo implies 0;(r) < 1 for all j € E.

Proof. First note that it follows from the properties of a Markov chain that 6;;(r) < 1

implies 05;(r) < oo for all k € E. Now let » > 0 be fixed. For any given w € € the
2.2

function ), [Aihi(r) + - r} &i(t) is piecewise linear in ¢. Hence for C(r), it suffices

to examine this function at the jump times (TT(,,j ))n v J €E, of the environment process

J. In order to ease notation we define for n € IN and j € F

, r2o? , :
2= ¥ [t + 5 = (66080 - 602)
i€ER
and
A r2g2 n
(5 o5 ) T o 20
i€l m=1
We obtain

r2o?
C(r)=F (sup exp (Z [)\ihi(r) + 5 L — r} {Z(t)>> < 00

20 i€E

S E (max sup WT(Lj)> < 00
JEE pelN

S EB (sup Wéj)> <oo VjeEFE
nelN
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where the last equivalence follows since the set E is finite. Without loss of generality

we next assume that Jy = k and consider a fixed j € E. Since the Zq(l] ) are mutually
independent for all n € IN and also identically distributed for n > 2 we get

E, (Wr(Lj)) = FE, (€Z§j)> ﬁ E; (ezﬁr])) = O;(7) <9jj(7“))n_1. (7)
m=2

Thus, 6;;(r) > 1 for at least one j € E would imply Ek(W,(Lj)) — 00 as n — oo and thus
C(r) = oo which contradicts our assumption.

Now suppose that 6;;(r) = 1. Recall that the ZT(Lj ) are independent and identically dis-

tributed for n > 2. (WT(L] ))ne v is therefore a martingale with respect to its natural filtra-
tion. Jensen’s inequality yields exp (E(Zy(lj))) < E(ez’gj)) =0;i(r) =1, ie. E(Z,(f)) <0,
for n > 2. From (7) it follows that 6;(r) < oo and therefore ij) < oo a.s. We thus have

lim,, a0 22:1 Z,gj) = —o00 a.s. and consequently lim,, . T(Lj) =0 a.s.

We have already shown that C'(r) < oo implies E(sup,cpn W )) < oo which means that
( éj))ne n is uniformly integrable. By standard martingale theory the existence of a
random variable Wo(g) with Wéé’ = lim, 00 T(Lj) a.s. and EJ £)|W£j)] = éj) for all
n € IN follows. Knowing that lim,, quj ) — 0 a.s. we conclude that ch) =0 a.s. and
accordingly W,Ej) =0 a.s. for all n € IN in contradiction to e.g. Wg(j) > 0 a.s. Hence, we

must have 6;;(r) < 1 for all j € E. O

Next, Lemma 5 is shown in two parts. We define for r > 0, § >0 and j,k € F

Z |:)\@'hi(7") n 7“2202'2 _ 7‘:| gi(T(j))>> — Ek((Wl(j))1+5)-

i€l

Ok (r,0) == E} <exp <(1 +9)

Note that 0);(r,0) = 0y;(r). Using these functions we can give a sufficient condition for
C(r)<oo.

Lemma 17. Let r > 0 be fizred. The existence of a 6 > 0 such that 6;;(r,0) < 1 for all
Jj € E is a sufficient condition for C(r) < oo.

Proof. Let r > 0 and suppose that there exists a § > 0 such that 6;;(r,4) < 1 holds for

all j € E. For this § > 0 and a given j € E, it is not difficult to see that ((Wéj))lw)new
is a positive supermartingale with respect to its natural filtration. A supermartingale
inequality yields

aP(:gg, (WD)1+6 > a) < E<(W1(j))1+§> —. D

for @« > 0 as for example shown in Lemma 3.21 in Elliott (1982), p. 23. Due to the
properties of a Markov chain one can show that 6;;(r,d) < 1 implies 8;(r, ) < oo for all

k € E. Hence, E((WI(J ))1+5) = D is finite under our assumptions. This implies

. N\ 1+6
P <sup WT(L]) > t> =P <( sup W,g”) > t1+‘5>
neN nelN

- P (Sup (Wéj))l-‘ré > tl+5) < Dt—(l+5)
nelN
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for all ¢ > 0 and therefore

1D (sup W,(Lj)) :/ P <sup W,(Lj) > t) dt<1+D / =) gt < 0.
neN 0 nelN 1

Together with the fact that C(r) < oo if and only if E(sup,cpn quj)) <ooforall jeFE
the result follows.
]

Lemma 18. Suppose that R defined by (5) exists. For 0 <r < R we have C(r) < co.

Proof. Let us assume that R exists and consider any 0 < r < R. Next, choose some § > 0
sufficiently small such that v’ := (1 4+ §)r < R. Since 6}; is convex with 6;;(0) = 1 it
follows that 6;;(r') < 1, j € E. We then get

0;;(r") — 0;5(r,9)

= Ej (exp (Z [/\Z’hi<7’/) + " 2012 - 7“/] 52(7’(]))>

el

—exp ((1 +6)) [/\ihi(r) +

el

=FE; (exp (—(1 + (5)7"T(j)> . [exp (Z [Aihi((l +0)r) + (1 + 5)2r22(j’2} fz‘(T(j))>

el

—exp (Z [(1 O Nihi(r) + (1+0)* ] @(r“’))])

el

>0

since (146)? > (1+46) and h;((1+0)r) > (1+6)h,(r) for each i € E. The last inequality
follows due to the fact that h; ist convex with h;(0) = 0 for all i € E.

We therefore have 60;;(r,d) < 0;;(r") < 1 for all j € E. The statement follows now from
Lemma 17. O
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