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tionsKarol Baron and Peter VolkmannAbstra
t. We 
onsider the topologi
al ve
tor spa
e A of all additive fun
tionsfrom R to R with the Ty
hono� topology indu
ed by RR and we prove that thefollowing subsets of A and their 
omplements (with respe
t to A) are dense: theset of all additive inje
tions, surje
tions, bije
tions, involutions, additive fun
tionswith 
ountable image, additive fun
tions with big graph. We are using a lemmawhi
h 
hara
terizes the density of subsets of A.1. Introdu
tionConsider the real (lo
ally 
onvex) topologi
al ve
tor spa
e RR of all fun
tionsfrom R to R with the usual Ty
hono� topology and letA = fa 2 RR : a is additiveg;A
 = fa 2 A : a is 
ontinuousg:Then A;A
 are 
losed subspa
es of RR and, in fa
t, A
 is one{dimensional. We
onsider A with the topology indu
ed by RR , and by a Hamel basis of R we meana basis of the ve
tor spa
e R over the �eld Q .Theorem 1. For any Hamel basis H of R the operator � : A ! RH de�ned by�a = ajH is a linear homeomorphism.The proof will be given in se
tion 2. Sin
e R and H are equipotent, the topo-logi
al ve
tor spa
es RR and RH are isomorphi
, and we have the followingCorollary. The topologi
al ve
tor spa
es A and RR are isomorphi
.It is the aim of this paper to show that some well known sets of additive fun
tionsare dense subsets of A. Namely we 
an proveTheorem 2. The following eight subsets of A and their 
omplements (with respe
tto A) are dense: Ainj = fa 2 A : a is inje
tiveg;Asur = fa 2 A : a(R) = Rg;Abij = Ainj \ Asur;Ainv = fa 2 A : a Æ a = idRg;AQ = fa 2 A : a(R) � Qg;Asmall = fa 2 A : a(R) is 
ountableg;Ainj n Asur; Asur n Ainj:For the proof the following lemma will be used: Typeset by AMS-TEX1



2Lemma. A subset D of A is dense in A if and only if the following 
ondition issatis�ed:(P) For M 2 N, for reals h1; : : : ; hM ; h01; : : : ; h0M being linearly independent overQ , and for " > 0, there exists a 2 D su
h that(1) h0m � " < a(hm) < h0m + " (m = 1; : : : ;M):In appli
ations it is sometimes possible to verify (P) with (1) repla
ed by(2) a(hm) = h0m (m = 1; : : : ;M);the " > 0 then being super
uous. The lemma will be proved in se
tion 3 and theTheorem 2 in se
tion 4.The elements ofAsmall are the additive fun
tions with small graph (
f. [1; p.287℄).There are also additive fun
tions with big graph (
f. [1; p.287℄); the de�nition willbe given in se
tion 5, where also the following result will be proved:Theorem 3. The set Abig of additive fun
tions with big graph is dense in A, andalso A n Abig is dense.Con
erning Abig we 
an show that it has property (P) (with (2) instead of (1)),hen
e we 
an apply the lemma, a pro
edure whi
h is similar to some steps inthe proof of Theorem 2. The di�eren
e is that now we use trans�nite indu
tion,therefore some basi
 fa
ts on ordinal numbers are required. For the lemma we needthe following fa
t (the proof of whi
h is left to the reader):Remark. Given M 2 N , reals y1; : : : ; yM , a �nite set H0 of reals linearly inde-pendent over Q , and a positive ", then there exist reals h01; : : : ; h0M su
h thatH0 [ fh01; : : : ; h0Mg is linearly independent over Q andjh0m � ymj < " (m = 1; : : : ;M):2. Proof of Theorem 1Obviously � is a linear bije
tion. We shall show that it is also a homeomorphism.To see that � is 
ontinuous 
onsider the 
artesian produ
t proje
tions �x : RR !R; ph : RH ! R, and note thatph Æ � = �hjA (h 2 H):To get 
ontinuity of ��1 : RH ! RR observe that for �nite sumsx =Xh2H rhhwith rationals rh we have �x Æ ��1 =Xh2H rhph:



33. Proof of the lemmaLet D be a subset of A. Assume (P) and let H be any Hamel basis of R. Dueto Theorem 1 it is enough to prove that �(D) is dense in RH . Let U be an openand non{empty subset of RH . To show that U \ �(D) 6= ; we may assumeU = Xh2H Uh;where the Uh are non{empty open subsets of R su
h that Uh = R for h 2 H nfh1; : : : ; hMg (the h1; : : : ; hM being di�erent elements of H). When applying theremark from the end of the introdu
tion we �nd " > 0 and reals h01; : : : ; h0M su
hthat h1; : : : ; hM ; h01; : : : ; h0M are linearly independent over Q and(h0m � "; h0m + ") � Uhm (m = 1; : : : ;M):By using (P) we get an element a of D satisfying (1). Then �a 2 U and this endsthe proof of the density of D. The fa
t that any dense subset D of A satis�es (P)is obvious. 4. Proof of Theorem 2We shall show the density of Ainv;Ainj nAsur;Asur nAinj by applying the lemma.The density of AQ 
an be shown dire
tly. Then the rest follows from the followingin
lusions: Ainv � Ainj \ Asur \ (A n AQ) \ (A n Asmall);AQ � Asmall \ (A n Ainj) \ (A n Asur) \ (A n Abij) \ (A n Ainv);Asur � A n (Ainj n Asur); Ainj � A n (Asur n Ainj):ForM 2 N and for reals h1; : : : ; hM ; h01; : : : ; h0M being linearly independent overQ , let H be a Hamel basis of R 
ontaining them.The fun
tion a 2 A de�ned by puttinga(hm) = h0m; a(h0m) = hm (m = 1; : : : ;M)and a(h) = h for h 2 H n fh1; : : : ; hM ; h01; : : : ; h0Mgsatis�es (2) and (a Æ a)(h) = h (h 2 H);hen
e also (a Æ a)(x) = x (x 2 R):Therefore the density of Ainv follows from the lemma.To apply the lemma to Ainj n Asur it is enough to 
onsider any a 2 A satisfying(2) and su
h that ajH is an inje
tion of H onto a proper subset of H.In the 
ase of Asur nAinj we 
hoose any a 2 A su
h that (2) holds and ajH mapsH onto H but is not one{to{one.



4 The density of AQ 
an easily be given by using 
ondition (P) in full (i.e. withthe " > 0 in it). Note that the density of AQ follows also from Theorem 1 sin
e�(AQ) = QH :5. Big graphFollowing [1; p.287℄ we say that an additive fun
tion a : R ! R has a big graphif B\ Graph(a) 6= ; for every Borel subset B of R2 su
h that(3) fx 2 R : (x; y) 2 Bg has 
ontinuum 
ardinality:Su
h fun
tions have a lot of interesting properties, we refer the reader to [1; pp.288{291, 297℄.For the proof of Theorem 3 denote by 
 the �rst ordinal su
h that the set ofsmaller ordinals has 
ontinuum 
ardinality. Let all Borel subsets B of R2 withproperty (3) be arranged in a trans�nite sequen
e (B�)�<
 . To apply the lemmalet also an M 2 N be given as well as reals h1; : : : ; hM ; h01; : : : ; h0M whi
h arelinearly independent over Q . Now we 
an �nd trans�nite sequen
es (x�)�<
 and(y�)�<
 of reals su
h that(4) (x�; y�) 2 B�; x� 62 Lin(fx� : � < �g [ fh1; : : : ; hMg) (� < 
)(where Lin denotes linear hull in the ve
tor spa
e R over Q). Sin
e the set fx� :� < 
g[fh1; : : : ; hMg is linearly independent over Q , there exists a 2 A su
h that(2) and a(x�) = y� (� < 
)hold. It follows from the �rst part of (4) that a has a big graph.The density of A n Abig follows, e.g., from the density of its subset AQ.A
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