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SPECTRAL RADII OF GENERALIZED INVERSES OF SIMPLY POLARMATRICESGERD HERZOG AND CHRISTOPH SCHMOEGERAbstra
t. In this note we study the spe
tral radii of generalized inverses of square matri
es A su
hthat rank (A) = rank (A2).1. General and introdu
tory materialFor positive integers n and m, Cn×m denotes the ve
tor spa
e of all 
omplex n × m matri
es.Let A ∈ Cn×n be a square matrix. A matrix C ∈ Cn×n is 
alled a g1-inverse of A if

ACA = A .If B ∈ Cn×n and
ABA = A and BAB = B ,then B is 
alled a g2-inverse of A. By G1(A) we denote the set of all g1-inverses of A. G2(A) is the setof all g2-inverses of A. It is well-known that G1(A) 6= φ (see [1℄). Furthermore it is easy to see that if

C ∈ G1(A), then B = CAC ∈ G2(A), hen
e
φ 6= G2(A) ⊆ G1(A) .If A is non-singular, then G2(A) = G1(A) = {A−1}.For A ∈ Cn×n we denote the set of eigenvalues of A by σ(A) and the spe
tral radius r(A) of A is de�nedby
r(A) = max

λ∈σ(A)
|λ| .Let A ∈ Cn×m. AT denotes the transpose of A and A∗ denotes the 
onjugate transpose of A. The rangeof A is given by

R(A) = {Ax : x ∈ C
n}and the kernel of A is the set

N (A) = {x ∈ C
n : Ax = 0}(we follow the 
onvention Cn = Cn×1).In this note we study the set

RA = {r(C) : C ∈ G1(A)}for A ∈ Cn×n su
h that rank (A) = rank (A2), where rank (A) = dimR(A). Su
h matri
es are 
alledsimply polar.Examples. If A is non-singular, then RA = {r(A)−1}. If A = 0, then ACA = A for ea
h C ∈ Cn×n,hen
e RA = [0,∞).Date: 16th January 2008.1991 Mathemati
s Subje
t Classi�
ation. 15 A 09.Key words and phrases. simply polar matrix, generalized inverse.1



Throughout this paper we will assume that n ≥ 2. The identity on Cn is denoted by In.1.1. Proposition. If A ∈ Cn×n and B ∈ G2(A), then
G1(A) = {B + T − BATAB : T ∈ C

n×n}Proof. [1, Theorem 2 in Chapter 2.3℄. �It follows from Proposition 1.1, that if A is singular, then G1(A) is an in�nite set. In [6℄, the followingresult is shown:1.2. Proposition. Suppose that A ∈ Cn×n is singular. We have:(1) for ea
h z ∈ C, there is B ∈ G1(A) with z ∈ σ(B);(2) if B ∈ G2(A), then
B + z(In − BA), B + z(In − AB) ∈ G1(A)for all z ∈ C and

r(B + z(In − BA)) = r(B + z(In − AB)) =







r(B), if |z| ≤ r(B)

|z|, if |z| > r(B);(3) [r(B),∞) ⊆ RA for ea
h B ∈ G2(A).1.3. Proposition. Suppose that A ∈ Cn×n, r = rank (A) > 0 and that A has a de
omposition
A = U





D 0

0 0



V −1with U, V ∈ Cn×n non-singular and D ∈ Cr×r non-singular. Then
B = V





D−1 0

0 0



U−1 ∈ G2(A)and
G1(A) =







V





D−1 A1

A2 A3



 U−1 : A1 ∈ C
r×(n−r), A2 ∈ C

(n−r)×r, A3 ∈ C
(n−r)×(n−r)







.Proof. It is easy to verify that B ∈ G2(A). Let T ∈ Cn×n, let ϕ(T ) = V −1TU and set B0 := B + T −
BATAB. Then

B0 = V





D−1 0

0 0



U−1 + T − V −1





Ir 0

0 0



ϕ(T )





Ir 0

0 0



U−1

= V









D−1 0

0 0



 + ϕ(T ) −





Ir 0

0 0



ϕ(T )





Ir 0

0 0







U−1

= V





D−1 A1

A2 A3



U−1 .Sin
e the mapping ϕ : Cn×n → Cn×n is bije
tive, the result follow from Proposition 1.1. �Re
all that a matrix A ∈ Cn×n is 
alled simply polar if rank (A) = rank (A2).2



1.4. Proposition. Let A ∈ Cn×n be singular. The following assertions are equivalent:(1) A is simply polar;(2) 0 is a simple pole of the resolvent (λIn − A)−1;(3) Cn = R(A) ⊕ N (A);(4) there is B ∈ G2(A) su
h that AB = BA.Proof. [3, Satz 72.4℄, [3, Satz 101.2℄ and [1, Theorem 5.2℄. �If A ∈ C
n×n is simply polar, then, by Proposition 1.4, there is B ∈ C

n×n su
h that ABA = A, BAB = Band AB = BA. It is shown in [1, Theorem 5.1℄, that there is no other g2-inverse of A whi
h 
ommuteswith A. B is 
alled the Drazin-inverse of A. The following result is shown in [1, p. 53℄.1.5. Proposition. If A ∈ Cn×n, A 6= 0 and if A is simply polar, then the Drazin-inverse B of A satis�es
σ(B) \ {0} =

{

1

λ
: λ ∈ σ(A) \ {0}

}and hen
e r(B) = r(A)−1.2. Generalized inverses of simply polar matri
esThroughout this se
tion we assume that A ∈ Cn×n is simply polar and that rank (A) > 0.By [5, 4.3.2 (4)℄ (see also [4℄), A has a de
omposition
A = U





D 0

0 0



U−1 ,(2.1)wher U ∈ Cn×n and D ∈ Cr×r are non singular. From Proposition 1.3 we know that
B = U





D−1 0

0 0



U−1 ∈ G2(A) .(2.2)It is easy to see that the matrix B in (2.2) is the Drazin-invers of A.2.1. Theorem. The following assertions are equivalent:(1) dimN (A) ≥ rank (A).(2) there is B ∈ G2(A) with B2 = 0.A 
onsequen
e of Theorem 2.1 is:2.2. Corollary. If dim N (A) ≥ rank (A), then there is an entire fun
tion F : C → Cn×n su
h that
F (z) ∈ G1(A), σ(F (z)) = {z, 0} and r(F (z)) = |z| for all z ∈ C .Furthermore we have RA = [0,∞).Proof. By Theorem 2.1, there is B ∈ G2(A) with B2 = 0. De�ne F by F (z) = B + z(In − AB). Then

F (z) ∈ G1(A) for ea
h z ∈ C (Proposition 1.2). [6, Theorem 3℄ gives
{z} ⊆ σ(F (z)) ⊆ {z, 0} (z ∈ C) .Assume that F (z) is non-singular for some z ∈ C. Thus there is C ∈ Cn×n with F (z)C = In. Sin
e

BF (z) = 0, we get 0 = BF (z)C = B, thus A = ABA = 0, a 
ontradi
tion. �3



Proof of Theorem 2.1. Let r = rank (A).(1) ⇒ (2): Proposition 1.4 (3) shows that n − r = dimN (A) ≥ r.Case 1: n − r = r. Let D be as in (2.1) and let
S =





D−1 D−1

−D−1 −D−1



 and B = USU−1 .Then it is easy to see B ∈ G2(A) and B2 = 0.Case 2: n − r > r. Then r < n/2.Case 2.1: n = 2m for some m ∈ N. Let
T =





D−1 0

0 0



 ∈ C
m×m, S =





T T

−T −T



 ∈ C
n×nand B = USU−1. Then B ∈ G2(A) and B2 = 0.Case 2.2: n = 2m + 1 for some m ∈ N. Then r < m. Set

T =





D−1 0

0 0



 ∈ C
m×m, S =

















T T

−T −T

0...
0

0 · · · · · · · · · 0 0

















∈ C
n×nand B = USU−1. As above, B ∈ G2(A) and B2 = 0.(2) ⇒ (1): Sin
e B2 = 0, A is singular. We have (BA)2 = BA, R(BA) = R(B), N (A) = R(I −

BA), R(AB) = R(A), (AB)2 = AB and
C

n = R(B) ⊕ N (A) ,thus, by Proposition 1.4 (3), rank (B) = r = rank (A). Now let z ∈ R(A)∩R(B). Then z = ABz = BAz,therefore z = AB2Az = 0. This gives R(A) ∩ R(B) = {0}. Sin
e
R(A) ⊕ R(B) ⊆ C

n ,we derive 2r ≤ n, hen
e rank (A) = r ≤ n − r = dim N (A). �A square matrix D is said to be non-derogatory if its 
hara
teristi
 polynomial is also its minimal poly-nomial.2.3. Theorem. Suppose that rank (A) = rank (A2) = n − 1, let D be as in (2.1) and suppose that D isnon-derogatory. Then A has a nilpotent g1-inverse and hen
e min RA = 0.Proof. Sin
e D−1 is also non-derogatory, it follows from [2, Theorem 3.4℄ that there are a1 ∈ Cn−1,
a2 ∈ Cn−1 and a3 ∈ C su
h that

S =





D−1 a1

aT
2 a3



 is nilpotent ,hen
e Sq = 0 for some positive integer q. Let B = USU−1. Then Bq = 0. By Proposition 1.3,
B ∈ G1(A). �A matrix N ∈ Cn×n is 
alled normal if NN∗ = N∗N . The spe
tral theorem for normal matri
es impliesthat

N = U





D 0

0 0



U∗ ,(2.3)with U ∈ Cn×n unitary (that is UU∗ = U∗U = In) and D = diag (λ1, . . . , λr), where λ1, . . . , λr are thenon-zero eigenvalues of N . It follows (see [5, 4.3.2 (4)℄) that N is simply polar.Now suppose that rank (N) = n − 1. If λi 6= λj (i 6= j; i, j = 1, . . . , n − 1) then the matrix D in (2.3) is4



non-derogatory.Thus we have proved:2.4. Corollary. If N ∈ Cn×n is normal, rank (N) = n − 1 and if λi 6= λj (i 6= j; i, j = 1, . . . , n − 1) forthe non-zero eigenvalues of N , then there is a nilpotent g1-inverse of A.3. The 
ase n = 23.1. Proposition. If A ∈ C
2×2 and A2 = 0, then there is B ∈ G2(A) su
h that B2 = 0.Proof. The S
hur de
omposition of A is

A = U





0 α

0 0



U∗ ,where U ∈ C2×2 is unitary and α ∈ C (see [5, 5.2.3 (1)℄. If α = 0, we are done. So assume that α 6= 0.Let
B = U





0 0

α−1 0



U∗ .then it is easy to see that B ∈ G2(A) and B2 = 0. �3.2. Theorem. Suppose that A ∈ C2×2 is singular. Then there is B ∈ G2(A) with B2 = 0 and hen
e
RA = [0,∞).Proof. Be
ause of Proposition 3.1, we assume that A2 6= 0. Sin
e A is singular, we have rank (A) =
rank (A2) = 1, A is simply polar and dimN (A) = rank (A). Theorem 2.1 gives the result. �4. Generalized inverses of proje
tionsIn this se
tion we assume that P ∈ Cn×n, 0 6= P 6= In and P 2 = P . Hen
e P is simply polar.Sin
e R(P ) = {x ∈ Cn : Px = x}, it follows that σ(P ) = {0, 1} and that there is a non-singular U ∈ Cn×nsu
h that

P = U





Ir 0

0 0



 U−1(4.1)([5, 9.8 (3)℄), where r = rank (P ).From Theorem 2.1 we know that
dim N (P ) ≥ rank (P ) ⇔ there is B ∈ G2(P ) su
h that B2 = 0 .So it remains to investigate the 
ase where dimN (P ) < rank (P ):4.1. Theorem. If dimN (P ) < rank (P ) and if B ∈ G1(P ), then 1 ∈ σ(B) and hen
e r(B) ≥ 1.Proof. Proposition 1.3 and (4.1) show that there areA1 ∈ Cr×(n−1), A2 ∈ C(n−r)×r and A3 ∈ C(n−r)×(n−r)su
h that

B = U





Ir A1

A2 A3



U−1 .5



Denote by a(1), . . . , a(r) the 
olumns of A2. Sin
e
rank (A2) ≤ n − r = dimN (A) < rank (P ) = r,there is (α1, . . . , αr)

T ∈ Cr su
h that (α1, . . . , αr) 6= 0 and
α1a

(1) + · · · + αra
(r) = 0 .Set x = (α1, . . . , αr, 0, . . . , 0)T ∈ Cn and z = Ux, then z 6= 0 and

Bz = U





Ir A1

A2 A3



x = Ux = z ,thus 1 ∈ σ(B). �4.2. Corollary.(1) RP = [0,∞) ⇔ dimN (P ) ≥ rank (P ).(2) RP = [1,∞) ⇔ dimN (P ) < rank (P ).Proof. (1) Theorem 4.1 and Corollary 2.2. (2) Theorem 4.1 and Proposition 1.2 (3). Observe that
P ∈ G1(P ) and r(P ) = 1. �Referen
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