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Abstract

We introduce a parallel data structure based on distributed point objects which
allows for a flexible, transparent, and efficient realization of conforming, noncon-
forming, and mixed finite element. The concept is realized for elliptic, parabolic,
and hyperbolic model problems. Sample applications are provided for a tutorial
complementing a lecture on scientific computing.
The open-source software system includes a parallel multilevel data structure
with supports multilevel methods on nested meshes. Here, we present results
for multilevel preconditioning and for uncertainty quantification with a generic
realization of the multilevel Monte Carlo technology.
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1. Introduction

The open-source parallel finite element system M++ is developed in Karl-
sruhe in the last 15 years as a research code for various applications in solid
mechanics and electrodynamics. The software includes a tutorial on model
problems for porous media which complements a lecture on scientific comput-5

ing.
Here we present an overview on the parallel data structure defining meshes

and elements, we define the parallel linear algebra which builds the basis for par-
allel preconditioning, and we introduce the integrated multilevel Monte Carlo
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module. Then, we present results for elliptic, hyperbolic and parabolic sam-10

ple applications of the tutorial including tests for the multilevel Monte Carlo
framework for general finite element discretizations with stochastic parame-
ters. The software including all presented examples can be downloaded from
http://www.math.kit.edu/ianm3/page/mplusplus and it can be installed in
standard Linux environments with gnu compiler, using the parallel communi-15

cation tools provided by mpi.h, and starting distributed computations with
mpirun.

The general finite element software architecture in this work is based on
distributed point objects defined in Wieners (2004) and the parallel multilevel
framework analyzed in Wieners (2010). Many concepts in M++ where already20

included in Bastian et al. (1997), and achievements in DUNE (Bastian et al.
(2006, 2008)) and in the deal II library (Bangerth et al. (2007); Arndt et al.
(2017)) are relevant in the further development process of M++.

2. Distributed point objects

The main principle for the parallel geometric data structure in M++ is the25

unique identification of geometric objects by its midpoint. This is now explained
in detail for finite element meshes and its distributed representation. The points
represent a position x ∈ Rd in space with spacial dimension d ∈ {1, 2, 3}, or
(t, x) ∈ R1+d for space-time finite elements.

Mesh representation. A mesh M = (V,K,F , E) is determined by the set of
vertices V, cells K, faces F , and edges E . Every cell K ∈ K is represented by
its vertices VK ⊂ V, every edge E ∈ E is represented by two vertices VE ⊂ V,
and every face F ∈ F by VF ⊂ V. This defines

EK =
{
E ∈ E : VE ⊂ VK

}
, FK =

{
F ∈ F : VF ⊂ VK

}
.

A mesh is admissible if

conv(VK ∩ convVK′) = convVK ∩ convVK′ for K,K ′ ∈ K .

Every cell is associated with a reference cell K̂, i.e., a reference interval in d = 1,30

a reference triangle or quadrilateral in d = 2, a reference tetrahedron, pyramid,
prism, or hexahedron in d = 3, or reference elements in space time built as
tensor product of an interval in time and a reference element in space.

All reference cells K̂ are determined by vertices VK̂ , edges EK̂ , and faces FK̂
represented by a vector of vertices ẑ1, . . . , ẑ|VK̂ | in Rd or Rd+1, edge numbers35

(e1k, e2k)k=1,...,|EK̂ |, and face numbers (fjk)j=1,...,|VF̂k |,k=1,...,|FK̂ |.

The construction of the initial mesh is a sequential process. We assume
that the vertices VK are given by a vector (z1, . . . , z|V|). Then the elements
K ∈ K are determined by an identification number to the associated reference
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element K̂ and the vector of vertex numbers (nk)k=1,...,|VK |, so that

VK = {znk : k = 1, . . . , |VK |} ,
VEk = {ze1k , ze2k} , k = 1, . . . , |EK̂ | ,
VFk = {zfjk : j = 1, . . . , |VF̂k |} , k = 1, . . . , |FK̂ | .

We assume that the numbering defines an injective orientation preserving map-
ping (which is affine linear for intervals, triangles, and tetrahedra)

ϕK : convVK̂ −→ convVK with ϕK(ẑk) = znk , k = 1, . . . , |VK | . (1)

Cells, edges, and faces are represented be its midpoints

zK =
1

|VK |
∑
z∈VK

z , zE =
1

|VE |
∑
z∈VE

z zF =
1

|VF |
∑
z∈VF

z ,

and we define the set Z = V ∪ ZK ∪ ZE ∪ ZF with

ZK =
{
zK : K ∈ K

}
, ZE =

{
zE : E ∈ E

}
, ZF =

{
zF : F ∈ F

}
.

Then, we provide mappings

ZK −→ V × · · · × V , zK 7−→ (zK,1, . . . , zK,|VK |) , (2a)

ZE −→ V × V , zE 7−→ (zE,1, zE,2) , (2b)

ZF −→ V × V , zF 7−→ (zK , zK′) , (2c)

where zK maps to the vector of vertices of K, and zE maps to the pair of edge
vertices. For interior faces F ∈ F , zF maps to the midpoints of the two cells K
and K ′ with F = VK ∩ VK′ , K 6= K ′. For boundary faces, zK′ = ∞ is set to
a predefined exception point. All these mappings are realized by hash maps in40

order provide O(1) access to the data.

Mesh distribution. In the second step, the mesh will be distributed to a set of
processes P =

{
1, . . . , P}. The distribution is determined by a mapping

dest : ZK −→ P ,

which can be constructed by recursive coordinate bisection (RCB) using only
the coordinates ZK, or by recursive inertia bisection (RIB); an interface to the
KaffPa graph partitioning software Sanders and Schulz (2011) is provided.

The distribution defines process sets

π : Z −→ 2P , π(z) =


{dest(zK)} z = zK ∈ ZK ,
{dest(zK) : E ∈ EK} z = zE ∈ ZE ,
{dest(zK) : F ∈ FK} z = zF ∈ ZF ,
{dest(zK) : z ∈ VK} z ∈ V .
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This yields non-overlapping distribution of the cells and overlapping distribu-
tions of vertices, and the local mesh Mp = (Vp,Kp,Fp, Ep) is given by

Vp =
{
z ∈ V : p ∈ π(z)

}
,

Kp =
{
K ∈ K : p ∈ π(zK)

}
,

Fp =
{
F ∈ F : p ∈ π(zF )

}
,

Ep =
{
E ∈ E : p ∈ π(zE)

}
.

For all geometric entities z ∈ Z, µ(z) = minπ(z) defines the corresponding45

master process.

Parallel mesh refinement. For every reference cell K̂ a refinement rule

RK̂ =
{
K̂1, . . . , K̂|RK̂ |

}
is given by a vector of vertices for every refined cell Kj . In case of uniform
refinement, we have |RK̂ | = 2d for cells in space and 21+d for space-time cells.

Starting with the parallel mesh Mp
0 on level l = 0, this defines recursively

Mp
l = (Vpl ,K

p
l ,F

p
l , E

p
l ) for l = 1, . . . , L by constructing locally

Kpl =
{
Kj : cell with vertices VKj = φK

(
VK̂j

)
, K̂j ∈ RK̂ ,

K̂ reference cell to K ∈ Kpl−1

}
.

Note that for intervals, triangles, quadrilaterals and hexahedra one rule is suf-
ficient for uniform refinement, but in case of tetrahedra two rules are required50

on order to achieve a shape regular sequence of meshes (Bastian et al. (1997)).
Then the refinement rules for the cells are used for the refinement of faces

and edges, and the corresponding process sets πl : Zl −→ 2P are constructed
from πl−1. In particular this defines πl(zF ) for faces on process interfaces, and
the pair of neighboring cell midpoints (zK , zK′) to define (2c) is exchanged by55

local communication.

3. Parallel finite elements

A finite element discretization is determined by a triple (K̂, V̂ , V̂ ′) with

reference cell K̂, ansatz space V̂ = span
{
ψ̂ẑ,j : ẑ ∈ Ẑ , j = 1, . . . , Nẑ

}
and

degrees of freedom V̂ ′, i.e., functionals ψ̂′z,j defining the discrete interpolation60

v̂ =
∑
〈v̂, ψ̂′ẑ,j〉ψ̂ẑ,j ∈ V̂ in the reference cell. All basis functions ψ̂ẑ,j are as-

sociated to a point in Ẑ, i.e, to the cell midpoint, an edge or face midpoint,
or a vertex. We assume that the corresponding degree of freedom ψ̂′ẑ,j can be
evaluated by values in the cell, on the edge or face, or at the vertex. For K ∈ K,
this is transformed to (K,VK , V

′
K) by the mapping (1).65

A cell K ∈ K is identified with an open subdomain K ⊂ Rd (or K ⊂ R1+d

in the space-time case) such that K̄ = conv(VK). This defines the open set
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Dh =
⋃
K∈KK with skeleton ∂Dh =

⋃
K∈K ∂K. Let Pk(Dh) =

∏
K Pk(Dh) be

the space of piecewise polynomials of degree k.
The local finite element spaces in K are defined by its basis functions, i.e.,

VK = span
{
ψK,z,j : z ∈ Z ∩ K̄ , j = 1, . . . , Nz

}
,

which extends to the global finite element space in Dh by

Vh = span
{
ψz,j : ψz.j |K = ψK,z,j ∈ VK for all K ∈ K

}
.

Depending on the ansatz space, the finite element functions are continuous or70

discontinuous on the skeleton ∂Dh.
Every local basis function ψK,z,j is associated to a point z ∈ Z ∩ K̄ with

• z = zK ∈ ZK, if suppψz,j ⊂ K̄,

• z = zF ∈ ZF , if suppψz,j ⊂
⋃
F∈FK K̄,

• z = zE ∈ ZE , if suppψz,j ⊂
⋃
E∈EK K̄,75

• z ∈ V, if suppψz,j ⊂
⋃
z∈VK K̄.

Within this framework, the following finite element spaces are realized.

Conforming linear and quadratic Lagrange elements V c
h ⊂ P(Dh) ∩C0(D̄). We

set Nz = 1 for z ∈ V for linear elements on intervals, triangles, and tetrahedra,
bilinear elements on quadrilaterals, and trilinear elements on hexahedra; for the80

quadratic family we have Nz = 1 for z ∈ V ∪ ZE . The degrees of freedom are
point evaluations.

Raviart-Thomas elements Wh ⊂ P(Dh;Rd) ∩ H(div, D). We set Nz = 1 for
z ∈ F . The degrees of freedom are face averages of normal flux on the face.
Note that this requires an orientation on the faces provided by (2c).85

Nedelec elements Xh ⊂ P(Dh;R3)∩H(curl, D). We set Nz = 1 for z ∈ ZE , and
the degrees of freedom are integrals along the edges in the direction provided
by (2b).

Crouziex-Raviart elements V nc
h ⊂ P(Dh). We set Nz = 1 for z ∈ ZF , and the

degrees of freedom are face averages.90

Discontinuous Galerkin elements Qk,h = Pk(Dh;Rd). We set Nz = dim(QK)
for z ∈ ZK; the degrees of freedom are point evaluations in K̄. This includes
finite volume methods (k = 0) and p adaptivity (with local polynomial degrees
kK depending on K ∈ K).

Enriched Galerkin elements V eG
h = V c

h +Qh = P1(Dh) ∩ C0(D̄) + P0(Dh) (Lee95

et al. (2016)). Here, we use Nz = 1 for z ∈ V ∪ ZZ extending the conforming
Lagrange elements by discontinuous finite volumes.
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Weakly conforming Galerkin elements V wc
h Bayat et al. (2018)). For the ap-

plication to applications in solid mechanics, we select a discrete discontinuous
space Qh ⊂ P(Dh;Rd) and a Lagrange multiplier space Mh ∈

∏
F∈F P(F ;Rd)

defining

V wc
h =

{
vh ∈ Qh :

(
[v]F , λh

)
F

= 0 for all F ⊂ D ,λh ∈Mh

}
,

where [v]F = v|K′ − v|K is the jump term at interior faces. In a preprocessing
step, hybrid skeleton reduction results into a positive definite Schur complement
system for the Lagrange multipliers (Wieners (2016)).100

Discontinuous Petrov-Galerkin elements. Here, a general linear first-order sys-
tem Lu = f is formulated in weak form

(u, L∗w)Dh + 〈û, tr∗ w〉∂Dh = (f, w)D

by introducing unknowns û = tru for the trace values on the skeleton, see
Demkowicz and Gopalakrishnan (2014). The approximation with discontinuous
finite element spaces for u and w and a finite element space on the skeleton
for the approximation of conforming trace values û yields a minimal residual
method with is robust also for several non-elliptic applications. The realization105

in M++ together with multigrid preconditioning is discussed in Wieners and
Wohlmuth (2014) and the application of a space-time discretization for acoustic
waves is presented in Ernesti and Wieners (2019).

Space-time discontinuous Galerkin elements. A discontinuous Galerkin method
in space and time in Pk(Dh;Rm) is realized for general first-order linear sym-110

metric Friedrichs systems (Dörfler et al. (2016)), where Dh =
⋃
K ⊂ R1+d is a

decomposition into space-time cells.

4. Parallel linear algebra

A finite element function v =
∑
z,j vz,jψz,j ∈ Vh is determined by its coef-

ficient vector v ∈ V = RN with N =
∑
z,j Nz,j . In parallel, this is represented

by the embedding

e : V −→ V P =
∏
p∈P

V p

into the overlapping space V P with V p = RNp and Np =
∑
z∈Zp

∑
j Nz,j .

A parallel vector vP = (vp)p∈P is consistent, if vP ∈ e(V ), i.e.,

vpz = vqz , p, q ∈ π(z) ,

A linear finite element solution uh ∈ Vh solves the linear equation

Ahuh = bh
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with linear operator Ah : Vh −→ V ′h and right-hand side bh ∈ V ′h. In parallel,
the assembling is of the form

〈Ahψz,j , φy,k〉 =
∑
p∈P

aph(ψz,j , φy,k) , 〈bh, φy,k〉 =
∑
p∈P

`ph(φy,k) .

This is represented in parallel additively by AP =
(
Ap
)
p∈P and bP =

(
bp
)
p∈P

defining AP : V P −→ (V P)′ and bP ∈ (V P)′. Note that the inner products115 (
APuP

)
· cP and bP · uP are well-defined for consistent vectors uP and uP

independently of the additive decomposition and the parallel distribution of AP

and bP .
For iterative solver, we construct preconditioner BP : (V P)′ −→ V P which

map additive vectors to consistent vectors. Note that this requires communi-120

cation for the construction and for the application of parallel preconditioners;
e.g., for the construction of a Jacobi preconditioner the diagonal matrix en-

tries Bzz =
(∑

p∈π(z)A
p
zz

)−1

are collected from the processor set π(z), and for

direct solver all additive entries has to be collected, see Maurer and Wieners
(2011, 2016) for details.125

This extends to multilevel preconditioning by defining prolongation oper-
ators IPl : V Pl−1 −→ V Pl for consistent vectors and corresponding restriction

operators RPl : (V Pl+1)′ −→ (V Pl ) for additive vectors; in M++ these opera-
tions are assembled depending on the discretization. The full parallel multilevel
framework is analyzed in Wieners (2010).130

5. A tutorial for scientific computing

Complemented to a lecture on scientific computing we introduce a tutorial,
where main features of finite element discretizations for elliptic, hyperbolic, and
parabolic equations are evaluated by a sample application in porous media.

5.1. Elliptic model equation: Darcy flow in porous media135

Let D ⊂ Rd be a domain with boundary ∂D = ΓD ∪ ΓN. For given per-
meability tensor κ : D̄ −→ Rd×dsym , in the Darcy model the flux q = −κ∇u is

determined from the pressure head u : D̄ −→ R by the volume balance div q = 0
and the boundary conditions u = uD on ΓD and q · n = gN on ΓN.

For this model we test different finite element approximations. In the first
test this is approximated with Lagrange elements: find uh ∈ Vh(uD) solving∫

D

κ∇uh · ∇φh dx =

∫
ΓN

gNφh da , φh ∈ Vh(0) .

Therefore, we define the affine linear subspace

Vh(uD) =
{
vh ∈ Vh : v(z) = uD(z) for z ∈ V ∩ ΓD

}
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with respect to essential boundary conditions and the corresponding linear sub-140

space Vh(0) for the test functions.
The approximation (qh, uh) ∈ Wh(−gN) ×Qh with mixed finite elements is

given by the saddle point problem∫
D

κ−1qh · ψh dx−
∫
D

uh divψh dx = −
∫

ΓD

uDψh · nda ,∫
D

div qhφh dx = 0 , (ψh, φh) ∈Wh(0)×Qh

Here, the Neumann data are essential boundary conditions included in

Wh(g) =
{
wh ∈Wh :

∫
F

wh · n da =

∫
F

g da for F ∈ F , zF ∈ ΓN

}
.

Introducing a Lagrange multiplier space Mh for the element boundary flux and
the discontinuous space WK =

∏
KWK , the mixed approximation can be com-

puted by (qh, uh, λh) ∈WK×Qh×Mh(−uD) solving the extended saddle point
problem∫

K

κ−1qh · ψh dx−
∫
K

uh divψh dx =

∫
∂K

λhψK · n da , ψK ∈WK∫
K

div qh dx = 0 , K ∈ K∑
K

∫
∂K

qh · nµh da = −
∫

ΓN

gN µh da , µh ∈Mh(0) .

Now, essential Dirichlet boundary conditions are included in the Lagrange mul-
tiplier space. Furthermore, static condensation allows to reduce the global prob-
lem to a symmetric positive definite system for the Lagrange multiplier; then,
(qh, uh) can be reconstructed by a post-processing step.145

Finally, the Darcy equation can be approximated by the discontinuous Galerkin
method with symmetric interior penalty parameter γF = O(k2/h) depending
on the polynomial degree k and the mesh size h

adG
h (uh, φh) =

∑
K∈K

∫
K

κ∇uh · ∇φh dx+
∑

F∈Fh\ΓN

γF

∫
F

[uh]F · [φh]F da

−
∑

F∈F\ΓN

∫
F

(
{κ∇uh}F · [φh]F + [uh]F · {κ∇φh}F

)
da ,

bdG
h (φh) =

∫
ΓN

gNφh da+
∑

F∈F∩ΓD

γF

∫
F

uDφh da

−
∑

F∈Fh∩ΓD

∫
F

uDκ∇φh · nda , uh, φh ∈ Qk,h

using the face average {φh}F = 1
2 (φh|K +φh|K′) and the jump term on interior

faces [φh]F = nKφK + nK′φK′ for F ∈ F with VF = VK ∩ VK′ .
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Figure 1: Streamline visualization of the flux
qh = ∇uh solving the Darcy equation with
mixed finite element and mesh size h = 2−10.

Numerical results for the different
discretizations are presented for a test
configuration D ⊂ (0, 1) with homo-
geneous material κ ≡ 1 and 15 imper-
meable inclusions, cf. Fig. 1. Here,
we imposed Dirichlet boundary con-
ditions uD(x) = 0 on the bottom for
x ∈ ΓD = [0, 1] × {0}, Neumann
boundary conditions gN(x) = 1 for
x ∈ (0, 1) × {−1}, and homogeneous
Neumann boundary conditions on the
remaining boundary The convergence
is tested by the evaluation of the goal
functional

G(u) =

∫
ΓG

q · nda

evaluating the outflow along ΓG = (0.25, 0.5) × {0}. The results in Tab. 1
indicate clearly, that the mixed formulation is more efficient than Lagrange el-
ements or low-order discontinuous Galerkin elements. This may be explained150

by the cell-wise flux preserving property of mixed finite elements. Nevertheless,
although the solution is not smooth due to the singularities at the re-entrant cor-
ners, higher-order discontinuous Galerkin elements are more precise on coarser
discretizations.

|K| 478 1912 7648 30592 122368 489472 1957888

dimV c
h 289 1072 4072 15808 62224 246832 983152

G(uh) 0.25660 0.25360 0.25239 0.25162 0.25117 0.25094 0.25082

dimMh 783 3000 11736 46416 184608 736320 2941056
G(uh) 0.24656 0.24940 0.25041 0.25062 0.25068 0.25069 0.25070

dimQ1,h 1434 5736 22944 91776 367104 1468416 5873664
G(uh) 0.25964 0.25428 0.25232 0.25151 0.25111 0.25090 0.25080

dimQ2,h 2868 11472 45888 183552 734208 2936832
G(uh) 0.24776 0.25108 0.25080 0.25073 0.25071 0.25070

dimQ3,h 4780 19120 76480 305920 1223680 4894720
G(uh) 0.25235 0.25066 0.25071 0.25071 0.25070 0.25070

Table 1: Numerical approximation of the goal functional G for bilinear Lagrange elements,
mixed elements in the hybrid formulation, and discontinuous Galerkin elements for k = 1, 2, 3.

5.2. Hyperbolic model equation: linear transport155

Depending on the Darcy flux q, we consider a density ρ : D× [0, T ] −→ R of
some pollution which is transported by

∂tρ+ div(ρq) = 0 in [0, T ] , ρ(0) = ρ0 ,
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with inflow boundary condition

ρ = ρin on Γin = {x ∈ ∂D : q · n < 0} .

Let Ψ(ρ) = ρq be the corresponding flux function, and let Ψ∗ be the numerical
flux, defined by

Ψ∗K,F (ρh) = Ψ(ρK) if q · nK > 0 , Ψ∗K,F (ρh) = Ψ(ρKF ) if q · nK < 0

on inner faces F = ∂K ∩ ∂KF , and Ψ∗K,F (ρh) = 0 for F ⊂ ∂D \ Γin.
We define the discrete operators Mh, Ah and the right-hand side bh by

(Mhρh, φh)D = (ρh, φh)D ,

(Ahρh, φh)D =
(∑

K

−(div Ψ(ρh), φh)K

+
∑

F⊂∂K\Γin

(
(Ψ(ρK)−Ψ∗K,F (ρh)) · nK , φh

)
F

)
+ (Ψ(ρh) · n, φh)Γin ,

(bh, φh)D = −(Ψ(ρin) · n, φh)Γin
, ρh, φh ∈ Qh .

This yields the discrete problem in space Mh∂tρh = Ahρh, which is solved
in every time step tn = nMt by ρh(tn+1) = exp(MtM−1

h Ah)ρh(tn). For the
approximation in time, we test the following methods, cf. Hochbruck et al.
(2015):160

• classical explicit Runge-Kutta method

ρn+1
h = ρnh + MtM−1

h Ah

·
(
ρnh +

1

2
MtM−1

h Ah
(
ρn +

1

3
MtM−1

h Ah(ρn +
1

4
MtM−1

h Ah ρ
n
h)
))

;

• implicit mid point rule

ρn+1
h = ρnh + Mt

(
Mh −

Mt
2
Ah
)−1

Ah ρ
n
h;

• polynomial Krylov method

ρn+1
h = Vm exp(MtHm)V >mMhρ

n
h

with Hm = V >mAhVm ∈ Rm×m, m� N . Therefore, compute a orthogonal
basis vj of the Krylov space

span
{
ρnh,M

−1
h Ahρ

n
h, . . . , (M

−1
h Ah)m−1ρnh

}
,

i.e., for Vm = [v1, . . . , vm] we have VmMhV
>
m = Im. The Galerkin approx-

imation Hm = V >mAhVm of Ah is a Hessenberg matrix.
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The results for a sample configuration at selected time steps are presented
in Fig. 2. The results in Tab. 2 clearly show quadratic convergence in time
for the implicit midpoint rule. In this test, the results are evaluated by a goal165

functional describing the remaining pollution in the reservoir D at t = 1, and
by extrapolation one can estimate that the error on finest mesh with h = 2−9

is below 1 %.

Figure 2: The transport of the initial distribution ρ0 by the flow field qh computed in Fig. 1
at t = 0.25, 0.5, 0.75 evaluated with the exponential time integrator, quadratic dG elements
in space, and mesh size h = 2−9.

∫
D
ρ(1) dx Mt = 0.004 Mt = 0.002 Mt = 0.001 Mt = 0.0005

h = 2−7 1.79606 1.83057 1.83183 1.83215

h = 2−8 1.60992 1.63899 1.64146 1.64171

h = 2−9 1.61380 1.63235 1.63752 1.63785

Table 2: Numerical approximation of the total pollution in D at time t = 1, evaluated with
quadratic discontinuous Galerkin elements on different mesh levels and with implicit midpoint
rule in time, where the linear problem in every time step is solved approximately by a GMRES
iteration with block-Jacobi preconditioning.

5.3. Parabolic model equation: combining diffusion, convection, and reaction

For the Darcy flux q, the diffusion tensor κc : D −→ Rd×d and a nonlin-
ear reaction rate r : D × [0, t] × R −→ R we determine the concentration of a
substance c : D × [0, T ] −→ R by

∂tc− div(κc∇c− cq) = r(c) in [0, T ] , c(0) = c0 ,

subject to the boundary conditions

c = cD on ΓD × [0, T ] ,

κc∇c · n = gN on ΓN × [0, T ] ,

κc∇c · n+ αc = gR on ΓR × [0, T ] .

We define the bilinear form a(·, ·) and linear form b(·) by

a(ch, φh) =

∫
D

(
κc∇ch · ∇φh + q · ∇chφh

)
dx+

∫
ΓR

αchφh da ,

b(φh) =

∫
ΓN

gNφh da+

∫
ΓR

gRφh da .
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Using an implicit Euler method, the approximation cnh ∈ Vh(cD(tn)) for step n
at time tn is determined by the nonlinear problem

1

Mt

(
cnh − cn−1

h , φh
)
D

+ a
(
cnh, φh

)
D

=
(
r(cnh), φh

)
D

+ b(φh) , φh ∈ Vh(0)

For the stream-line diffusion method, we use for δK = O(h)

asd
h (ch, φh) = a(ch, φh) +

∑
K

δK

∫
K

(
− div(κc∇c) + q · ∇c+ rc

)
q · ∇φdx ,

bsdh (φh) = b(φh) +
∑
K

δK

∫
K

f q · ∇φdx .

Alternatively, this equation can be approximated by the discontinuous Galerkin170

method by combining the symmetric interior penalty formulation for the Darcy
equation with the upwind flux for the transport term.

We consider an example with the initial value as in Fig. 2 for the solution of
the transport equation ρ. The result for the solution of the diffusion-convection-
reaction equation c with κc = 0.001 and r(c) = c − c2 is shown in Fig. 3.175

Although the diffusion is very small, a clear difference in the evolution of ρ
and c can be observed. Both methods, the stream-line diffusion method and the
discontinuous Galerkin method, are stable and convergent for small diffusion.
Further tests in this tutorial show that the stream-line diffusion method the
stiffness matrix is more sparse and the low order method is more accurate than180

the discontinuous Galerkin method with linear elements, but the higher order
method is more efficient also in this example, where nearly the same result as
for the low-order method is obtained on a coarser mesh.

Figure 3: The diffusive and reactive transport of the initial distribution c0 by the flow field
qh computed in Fig. 1: the results after 100 time steps at t = 0.5 for the stream-line diffusion
method (linear elements and mesh size h = 2−8) are compared with the discontinuous Galerkin
method (quadratic elements and mesh size h = 2−7).
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6. Multilevel Monte Carlo methods of finite element applications
with random coefficients185

Within M++ a general framework for multilevel Monte Carlo methods is
realized. Our implementation is based on the setting reviewed in Giles (2015).
Here, we demonstrate how this applies to the tutorial examples in case of a
stochastic model for the permeability κ = κ0Id, where we assume that the
permeability tensor is isotropic only depending on the scalar value κ0 > 0.190

For the corresponding analysis of multilevel Monte Carlo methods for elliptic
applications we refer to Barth et al. (2011); Teckentrup et al. (2013).

Provided the permeability κ0 : Ω × D̄ −→ (0,∞) is modeled in a suitable
probability space (Ω,F ,P), we are interested in the statistics of u(ω, ·) solving
the Darcy equation depending on κ0(ω, ·). Here, we use for the permeability the
ansatz κ0(ω, x) = exp

(
g(ω, x)

)
, where g : Ω × D̄ → R is a Gaussian field, i.e.,

its covariance kernel C(x, y) = E [(g(ω, x)− E[g(ω, x)])(g(ω, y)− E[g(ω, y)])] is
characterized by variance σ2 and correlation length λ and is represented as

C(x, y) = σ2 exp(−|x− y|/λ) .

For the efficient realization of the Gaussian field we use the technique introduced
in Dietrich and Newsam (1997) using the special structure of covariance matrices
with circulant embeddings and applying FFT.195

This ansatz yields uniform regularity estimates so that the finite element
solution uh(ω) ∈ Vh is convergent with some rate depending on the mesh size h
which allows to approximate a given goal functional G(u) by G(uh).

The Monte Carlo method. We want to estimate the expectation E[Q] of the
functional Q(ω) = G(u(ω)) by the finite element approximation of u, i.e.,
Qh(ω) = G(uh(ω)). Therefore, we assume that the approximation is conver-
gent with exponent α > 0, i.e.,

|E[Qh −Q]| . hα , |E[Qh −Q]| . N−α/d , N = dim(Vh) (3)

and that the computational costs to compute one sample of the solution uh(ωi)
and therefore the functional Qh(ωi) can be bounded with some γ > 0 by

C(Qh(ωi)) . h−γ , C(Qh(ωi)) . Nγ/d . (4)

The Monte Carlo method estimates the expectation E[Qh] by the mean of M in-
dependent and identically distributed samples, thus it is given by

Q̂MC
h,M =

1

M

M∑
i=1

Qh(ωi).

The root mean square error (RMSE)

e(Q̂h) =
(
E
[
(Q̂h − E[Q])2

]) 1
2

13



can be decomposed into

e(Q̂MC
h,M )2 = M−1V[Qh]︸ ︷︷ ︸

estimator error

+ (E[Qh −Q])
2︸ ︷︷ ︸

FEM error

,

where V[Qh] = E[(Qh−E[Qh])2] denotes the variance of the random variable Qh.
Thus, a sufficient condition to achieve a RMSE of accuracy ε > 0 is that the

estimator error and the FEM error are less or equal than ε2

2 which yields a crite-
ria for an optimal choice of M and an optimal choice for the mesh parameter h.
This yields for a sufficiently large number of samples M = O(ε−2) the estimate

for the computational cost C(Q̂MC
h,M ) .M ·Nγ and depending on the regularity

the computational costs to achieve a RMSE of O(ε)

Cε(Q̂MC
h,M ) . ε−2− γα .

The multilevel Monte Carlo method. This extends to a sequence of meshes with
mesh size parameters h0 > h1 > · · · > hL using the expansion

E[Qh] = E[Qh0
] +

L∑
l=1

E[Qhl −Qhl−1
] =

L∑
l=0

E[Yl]

and estimating every expectation of Yl individually by the Monte Carlo method:
evaluating

ŶMC
h,Ml

=
1

Ml

Ml∑
i=1

(
Qhl(ωi)−Qhl−1

(ωi)
)
, ŶMC

h,M0
=

1

M0

M0∑
i=1

Qh0
(ωi)

we obtain for the overall expectation

Q̂MLMC
h,{Ml}Ll=0

=

L∑
l=0

ŶMC
h,Ml

=

L∑
l=0

1

Ml

Ml∑
i=1

Yl(ωi) , (5)

where {Ml}Ll=0 denotes a sequence for the number of samples on each level. It
is important to note that every Yl(ωi) = Qhl(ωi) − Qhl−1

(ωi) uses the same200

sample ωi ∈ Ω for the two different meshes.
Since all the expectations E[Yl] are estimated independently, the variance of

the MLMC method can be quantified by

V[Q̂MLMC
h,{Ml}Ll=0

] =

L∑
l=0

1

Ml
V[Yl] (6)

and with this, we obtain for the RMSE of the MLMC method

e(Q̂MLMC
h,{Ml}Ll=0

)2 = E
[
(Q̂MLMC

h,{Ml}Ll=0
− E[Q])2

]
=

L∑
l=0

1

Ml
V[Yl]︸ ︷︷ ︸

estimator error

+ (E[Qh −Q])
2︸ ︷︷ ︸

FEM error

.
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We assume that the variance of the difference Qhl −Qhl−1
decays with

|V[Qhl −Qhl−1
]| . hβ , |V[Qhl −Qhl−1

]| . N−β/d (7)

for some β > 0. Then, together with the assumptions |E[Qhl −Q]| . hαl and
Cl . h−γl it can be shown that for all ε ∈ (0, e) a number of levels L ≥ 0 and a
sequence {Ml}Ll=0 exists such that

e(Q̂MLMC
h,{Ml}Ll=0

)2 = E
[
(Q̂MLMC

h,{Ml}Ll=0
− E[Q])2

]
< ε2 .

Moreover, if |E[Qhl −Qhl−1
]| . hαl , weak convergence can be tested by

|E[QhL −QhL−1
]| < (2α − 1)

ε√
2
, (8)

and the optimal number of samples on each level is given by

Ml ≈ 2ε−2

√
V[Yl]

Cl

(
L∑
l=l0

√
V[Yl]Cl

)
, (9)

see Giles (2015) for details. This results into the following algorithm 1.

Algorithm 1 Multilevel Monte Carlo method.

1: Choose hinitl=0, h
init
l=1 . . . , h

init
l=L and M init

l=0 ,M
init
l=1 . . . ,M

init
l=L

2: Set {MMl = M init
l }Ll=0 and {Ml = 0}Ll=0

3: while MMl > 0 on any level do
4: for levels with MMl > 0 do
5: Yl, Cl ← MonteCarlo(MMl, l)
6: Update Cl, |E[Yl]| and V[Yl]
7: Set Ml ←Ml + MMl, MMl = 0
8: end for
9: Estimate α, β, γ with (3), (4) and (7).

10: Estimate {Mopt
l }Ll=0 with (9)

11: Update {MMl}Ll=0 = {Mopt
l −Ml}Ll=0

12: Test for weak convergence with (8)
13: if not converged then
14: Set L← L+ 1 and update {MMl}Ll=0
15: end if

16: end while

7. Further applications and outlook

Within M++ various models in physics and engineering are realized, e.g.,

• photonic band gap computations including an LOBBC eigenvalue solver205

for Maxwell’s equations (Wieners (2011));

• parallel FE2 elastoplastic homogenization of an elasto-plastic damage model
for glass fiber reinforced polymers (Shirazi Nejad and Wieners (2019));
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• semi-smooth solution algorithms for incremental plasticity, (Sauter and
Wieners (2011)), gradient plasticity (Reddy et al. (2012)), and dislocation210

based plasticity (Schulz et al. (2019); Sandfeld et al. (2015));

• adaptive space-time discontinuous Galerkin methods for linear hyperbolic
systems with multigrid preconditioning (Dörfler et al. (2016)) and with ap-
plications to acoustic, elastic and visco-elastic waves (Dörfler et al. (2019)).

Specific tutorials integrated in two summer school lectures can be downloaded215

from http://www.waves.kit.edu/mpp.php with a comparison of time stepping
methods and space-time discretizations for linear waves and a realization of full
waveform inversion in seismic imaging.

Currently, matrix free preconditioner, more general multilevel solver, and
flexible interfaces to meshing tools, parallel distribution methods, and tools for220

data-driven material modeling are investigated and will be included step by step
into next releases of this software.
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