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Exercise 1

a) Let (M, g), (N, h) be two riemannian manifolds and φ : M → N be a di�eomor-
phism. Show that φ is an isometry if and only if the length of any smooth curve
γ : I →M is invariant under φ, that is Lg(γ) = Lh(φ ◦ γ).

b) Show that the isometry group of a riemannian manifold as de�ned in the lecture
is indeed a group with respect to the composition of maps.

Exercise 2

Let (H2, g) be the upper half-space de�ned by H2 := {z ∈ C | Im(z) > 0} and

(gij(z))i,j :=
1

Im(z)2

(
1 0
0 1

)
with respect to the chart id of H2. Show that for all a, b, c, d ∈ R with ad − bc = 1 the
map

z 7→ az + b

cz + d

is an isometry of H2.

Exercise 3

For a 6= 0, Φ : (0, 2π) × R → R3, (u, v) 7→ (a cosh v cosu, a cosh v sinu, av) is called
Katenoid and Ψ : (0, 2π)× R→ R3, (u, v) 7→ (v cosu, v sinu, au) is called Helikoid.

Convince yourself that the Katenoid and the Helikoid are submanifolds of R3 and show
that they are locally isometric (with respect to the induced metrics from R3).

Exercise 4

Let M be a smooth manifold and X be a vector �eld on M with compact support. Show
that X is complete.
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