
Getting used to Spectral Sequences

This is a tiny collection of exercises that should help you getting used to spec-
tral sequences. More specifically, the problems address the following specific
questions:

• Problem 1 is about cycles and boundaries in spectral sequences associated
to exact couples. This problem is merely a reminder of the definition of an
exact couple and its associated spectral sequence.

• Problem 2 already appeared in the talk on spectral sequences. It serves as
a reminder and an illustration of the notion of convergence of spectral se-
quences.

• Problem 3 at least partially answers the question where one might expect
spectral sequences to come up in applications.

• Problem 4 should provide some first intution for what kind of information
one might expect to gain from a spectral sequence and its convergence.

Problem 1: Show that for an exact couple
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it is legitimate to identify 𝐸𝑟 with the quotient 𝑍𝑟/𝐵𝑟, where

𝑍𝑟 = 𝑘−1(𝑖𝑟(𝐷)) ⊆ 𝐸1 and 𝐵𝑟 = 𝑗(ker 𝑖𝑟) ⊆ 𝐸1.

Problem 2: Let 𝐸𝑟
𝑝,𝑞 be a spectral sequence converging to 𝐻∗ whose 𝐸2-page is

zero everywhere except at 𝑞 = 0 and 𝑞 = 1. Show that there is a long exact
sequence
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Problem 3: Let 𝑋 be a topological space and suppose 𝑋 to be filtered by sub-
spaces

∅ = 𝑋(−1) ⊆ 𝑋(0) ⊆ 𝑋(1) ⊆ ⋯ ⊆ 𝑋.

Try to organise all the long exact sequences

⋯ H𝑛(𝑋(𝑝)) H𝑛(𝑋(𝑝+1)) H𝑛(𝑋(𝑝+1),𝑋(𝑝)) H𝑛−1(𝑋(𝑝)) ⋯

associated to the pairs (𝑋(𝑝+1),𝑋(𝑝)) of spaces in such a manner that they form
an exact couple.

Problem 4: Consider a complex 𝐶 and a filtration

0 = 𝐹0𝐶 ⊆ 𝐹1𝐶 ⊆ 𝐹2𝐶 = 𝐶

of 𝐶 by subcomplexes. We know that the spectral sequence associated to this
filtration converges to H∗(𝐶). Describe the exact couple associated to the fil-
tration 𝐹∗𝐶 as explicitly as possible. Compute the 𝐸1- and 𝐸2-terms of the as-
sociated spectral sequence. Finally, try to reconstruct the long exact homology
sequence associated to the short exact sequence

0 𝐹1𝐶 𝐶 𝐶/𝐹1𝐶 0

of complexes from the spectral sequence only. Note that you also have to prove
the maps to coincide.

Try to extend your findings to filtrations

0 = 𝐹0𝐶 ⊆ 𝐹1𝐶 ⊆ 𝐹2𝐶 ⊆ 𝐹3𝐶 = 𝐶

of length 3.
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