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Exercise 1:

Consider the Hamiltonian operator

HN,Z =
N∑
i=1

(
− 1

2
∆xi −

Z

|xi|

)
+

∑
1≤i<j≤N

1

|xi − xj |
,

where x1, . . . , xN ∈ R3, and the space

L2
a(R3N ) =

{
ψ ∈ L2(R3N ) : ψ(x1, . . . , xN ) = (−1)σψ(xσ(1), . . . , xσ(N)), for all σ ∈ SN

}
.

Show the following:
1. (L2

a(R3N ), ‖ · ‖2) is a Hilbert space. (Hint: For a given σ ∈ SN define the operator
Tσ : L2(R3N ) → L2(R3N ) by the formula Tσψ(x1, . . . , xN ) = ψ(xσ(1), . . . , xσ(N)) and

observe that it is a unitary operator on L2(R3N ). Then show that the set L2
a(R3N ) is

closed in L2(R3N ).)
2. The operator Pa,Nψ = 1

N !

∑
σ∈SN

(−1)σTσψ is the orthogonal projection onto L2
a(R3N ).

3. HN,Z(L2
a(R3N ) ∩H2(R3N )) ⊂ L2

a(R3N ).
4. The operator HN,Z : L2

a(R3N )∩H2(R3N )→ L2
a(R3N ) is self-adjoint. (Hint: Either rework

the proof of Exercise 13 of last semester or use that HN,Z : H2(R3N )→ L2(R3N ) is self-
adjoint, shown in last semester, together with the basic criterion of self-adjointness.)

5. σess(HN,Z |L2
a
) = [inf σ(HN−1,Z |L2

a
),∞). (Hint: With the help of the projection operator

Pa,N rework the proof of the HVZ theorem, i.e. Theorem 8.6 of last semester which can
be found here.)
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