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Mathematical Quantum Mechanics 2
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2. Homework

Exercise 3

We saw that even singular potentials V can be infinitesimally form bounded w.r.t. the kinetic
energy P 2. If they are too singular, however, this does not need to be the case anymore:

a) For ψ ∈ H1(R3) let

qV (ψ, ψ) = −
〈
ψ,

Z0

|x|2
ψ
〉
.

Prove that for large Z0 the quadratic form qV (., .) can not be relatively bounded with
the bound a < 1 with respect to the quadratic form

qT (ψ, ψ) = ⟨∇ψ,∇ψ⟩ .

Hint: Use the scaling ψλ(x) = λ3/2ψ(λx) to see that the sum of the quadratic forms
qT+qV is either always non-negative onH1(R3), or, if you find a state ψ with qT (ψ, ψ)+
qV (ψ, ψ) < 0, then inf{qT (ψ, ψ) + qV (ψ, ψ) : ψ ∈ H1(R3), ∥ψ∥ = 1} = −∞.

b) Extend the ideas of part a) to show that for large Z0 the quadratic form

qB(ψ, ψ) = −
〈
ψ,
Z0

|x|
ψ
〉
.

can not be relatively bounded with the bound a < 1 with respect to the quadratic
form of the operator of ultra-relativistic kinetic energy

qR(ψ, ψ) = ⟨|P |1/2ψ, |P |1/2ψ⟩ = ⟨|η|
1
2 ψ̂ , |η|

1
2 ψ̂⟩ ,

where ψ̂ is the Fourier-transform von ψ .

Hint: Use the scaling as in part a). What happens if there is a state ψ ∈ D(|P |1/2)
with qR(ψ, ψ) + qB(ψ, ψ) < 0, i.e., with negative energy?

c) Use part b) to show that the same holds if we replace |p| 12 with [(p2 + 1)
1
2 − 1]

1
2 .

Remark : Part b) explains, why atoms with very large nuclear charges do not exist
in nature.
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Exercise 4

Let x = (x1, x2) ∈ R3×R3 = R6, and define the two-electron Schrödinger operator H+T+V
on L2(R3 × R3) by

T = −∆x1 −∆x2 , V = − 2

|x1|
− 2

|x2|
+

1

|x1 − x2|

H is the Schrödinger operator of a Helium atom, T is its kinetic (of the two electrons)
and V is its potential energy (Coulomb attraction of the electrons to the nucleus and re-
pulsion of the two electrons from each other). On C1

0(R6) we define the quadratic forms
qH(., .) qT (., .) , qV (., .) . in the usual way.

a) Prove that qV (., .) is relatively bounded with respect to the quadratic form qT (., .) with
some (even any!) 0 < a < 1 . Conclude that operator H is defined in the sense of the
quadratic forms with form domain H1(R6) .

b) Prove that essential spectrum of H has points below zero. Explain why the essential
spectrum of H is different from the essential spectrum of T .

Hint: The essential spectrum consists of energies which corresponds to states which
can be arbitrary far away, near infinity. Thus you should construct a state which
corresponds to one electron being near the nucleus at the origin and the other one being
far far away (in another galaxy :-)), having very little kinetic energy and interacting
not at all with the nucleus and the electron near the nucleus.
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