
Karlsruhe Institut für Technologie (KIT)
Institut für Analysis
Prof. Dr. D. Hundertmark
Dr. M. Hofacker

WS 2022/23
05.12.2022

Mathematical Quantum Mechanics 2
(aka. Mathematical Methods in Quantum Mechanics 2)

5. Homework

Exercise 10

Let A ∈ S1(H), B ∈ L(H). Prove that tr(AB) = tr(BA). Do this in the following steps:

a) Show that every bounded operator is a linear combination of two self-adjoint operators.

b) Show that every self-adjoint operator is a linear combination of two unitary operators.

c) Show that tr(AU) = tr(UA) for any unitary operator U .

d) Conclude the proof.

Exercise 11

Let H1, H2 be separable complex Hilbert spaces and let Γ ∈ S1(H1 ⊗H2). Show that there
exists a unique trace class operator γ = γΓ ∈ S1(H1) such that

tr((B ⊗ 1H2)Γ) = tr(Bγ) (1)

for any B ∈ L(H1). Here 1H2 denotes the identity on H2, tr((B ⊗ 1H2)Γ) is the trace over
the Hilbert space H1 ⊗H2, and tr(Bγ) is the trace over H1.

Remark: In math γ is called partial trace of Γ over H2. In physics lingo it is known as
reduced density matrix of Γ.

Hints:

a) First prove that there exists a unique γ ∈ S1(H1) such that (1) holds for all B ∈
Com(H1). Have a sharp look at the map B 7→ tr((B ⊗ 1H2)Γ). You might want to use
Exercise 8 from Sheet 4.

b) Use part a) to show that (1) holds for all B ∈ L(H1). Here, Exercise 10 will be useful.

Exercise 12

Let H be a separable complex Hilbert space. Show that the map

Φ : L(H)→ S1(H)∗, B → tr(·B)

provides an isometric isomorphism between the space of bounded linear operators L(H) and
the dual space of the trace class operators denoted by S1(H)∗.

Hint: Try to mimic the essential steps in the proof of Exercise 8, Sheet 4.
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Exercise 13

Let Γ ∈ S1(H1⊗H2). In this exercise we want to study further properties of the partial trace
γ = γΓ ∈ S1(H1) introduced in Exercise 11.

a) Show that if Γ is positive, respectively, self-adjoint, then the partial trace γ is also
positive, respectively, self-adjoint.

b) Show that tr(γ) = tr(Γ), where tr(·) denotes the trace over H1, respectively, H1⊗H2.

c) Show that ‖γ‖1 6 ‖Γ‖1, where ‖ · ‖1 denotes the trace norm in S1(H1), respectively,
S1(H1 ⊗H2).

Hint: Try to use Exercise 12.


	Exercise 10
	Exercise 11
	Exercise 12
	Exercise 13

