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Exercise 12

Solve the following initial value problem for the three dimensional homogeneous
wave equation

%—Au =0 iHRSX(O,OO)>
U(]Z,O) =0 (.% S R3) )
%(Z,O) = 23+ 179 + 3 (m = (1,22, 73) € Rg) :

In the following exercise we will use the notation

Hlel
D% = —5 —,
oxy'...0xy"
where a = (a1, ...ay) € NY, || = a1+. . 4o, and T =(Z1,...,ZTy) =(z1,...,Tp-1,1).

Moreover we use the convention that R? x [0,00) C R%.

Exercise 13

Let u € C? (RS x [0, oo)) be a solution of the three dimensional homogeneous wave
equation and suppose that U(0) < oo, where

U(t) = |IDYu(z,t)| dz.
%2 /RB

1. Show that there exists a constant K > 0 such that

K
[u(z, 1) < —U(0) (zeRt>1).

Hint: Let S = {y € R®: |y| = 1}. Write the solution as a integral of the form
S g [ -vdo with a suitable function f and apply the divergence theorem.

2. Show that if limy 0o 22 = 0, then u(z,t) = 0 ((z,) € R3 x [0,00)). Hint:

Apply the above result for the function v(z,t) = u(z, T —t) (T > 0 sufficiently
large).

Exercise 14

Let u € C3(R"™ x [0,00)), n < 3 be a solution of the homogeneous wave equation.



Suppose that u(z,0) = 0 and %(:r, 0) = 0 for all x € R™ such that |z| > R, for some
constant R > 0. Show that the energy integral

E(t) = ;/Rn (?:(x,t)>2 + | Vu(e, b)) d,

does not depend on time t.



