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Exercise 1

Suppose that u(t, x) ∈ S(R× R) satisfies the cubic NonLinear Schrödinger equation:

i∂tu+ ∆u = 2|u|2u. (NLS)

Show that the matrices

W (t, x; z) = J(t, x; z) e−2iz
2tσ3 , σ3 =

(
1 0
0 −1

)
are simultaneously fundamental solutions of the compatible linear systems

∂xψ =

(
−iz u
u iz

)
ψ = Uψ, (1.1)

∂tψ =

(
−2z2 − |u|2 −2izu+ ux
−2izu+ ux 2z2 + |u|2

)
ψ = V ψ. (1.2)

Here J(t, x; z) is the fundamental solution of (1.1) with the boundary condition

lim
x→−∞

J eizxσ3 = I.

Exercise 2

Let u(t, x) ∈ S(R×R) and T2(z) =
∫
x1<x2

e2iz(x2−x1)u(x2)u(x1) dx1 dx2. Use the inverse Fourier

transform u(x) = 1√
2π

∫
R e

ixξû(ξ) dξ to show

T2(z) =

∫
R

i

2z + ξ
û(ξ) û(ξ) dξ.

Exercise 3

Let u(t,
√

2x) =
√
ρ(t, x)eiφ(t,x) be the solution of the NonLinear Schrödinger equation:

i∂tu+ ∆u = κ|u|p−1u, κ = ±1. (NLS)

Show that (ρ, v) with v = ∇φ satisfy the following system
∂tρ+ divx(ρv) = 0,

∂tv + v · ∇xv +∇x(κρ
p−1
2 ) = ∇x(

∆
√
ρ

2
√
ρ

).

Hint: Compare the real and imaginary part of (NLS).
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Exercise 4

Consider the Maxwell’s equations:

curl E = −∂tB, curlH = ∂tD, divD = 0, divB = 0,

where t ∈ R, x ∈ R3 are the time and space variables, E ,H : R×R3 → R3, and D,B : R×R3 →
R3 . In vaccum, D, B are related to E , H by the constitutive relations

D = ε0E , B = µ0H.

Show that the electric field satisfies the wave equation

∂2t Ej − c2∆Ej = 0,= 1, 2, 3,

where c = (ε0µ0)
− 1

2 .
Hint: Check that curl curl = −∆ +∇div in R3.
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