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Exercise 1
Suppose that u(t,z) € S(R x R) satisfies the cubic NonLinear Schrodinger equation:
i0pu + Au = 2|ul*u. (NLS)

Show that the matrices

Wt a;2) = J(t,2;2) 278, "3:<(1) _01>

are simultaneously fundamental solutions of the compatible linear systems
—iz U
pu . = 1-1
Opt (u m)w Uy, (L1)

O = —222 — |ul? —2izu+ uy
T\ —2izu4u, 222+ |u)?

) b= V. (1.2)

Here J(t,z; z) is the fundamental solution of (1.1) with the boundary condition

lim Je*7 =1.
Tr——00
Exercise 2
Let u(t,r) € S(RxR) and Ty(2) = fm1<z2 2iz(2=21)y (29 )u(z1) day dre. Use the inverse Fourier

transform u(x) = \/% Jg €76T(€) dE to show

To(s) = [ 5 WO TE ds.

Exercise 3
Let u(t,v2z) = \/p(t, 2)e’*®) be the solution of the NonLinear Schrédinger equation:
i0pu + Au = klulP "y, K==+l (NLS)
Show that (p,v) with v = V¢ satisfy the following system
Op + divy(pv) =0,

S0

Ow+v-Veu+ Vilk =8 =V,
t (kp2) 2\//»)

Hint: Compare the real and imaginary part of (NLS).



Exercise 4
Consider the Maxwell’s equations:
curl€ = —0:B, curlH=0,D, divD =0, divB=0,

where t € R, z € R? are the time and space variables, £,H : RxR3 — R3, and D,B: RxR3? —
R3 . In vaccum, D, B are related to £, H by the constitutive relations

D= 605 y B= /LO/H.
Show that the electric field satisfies the wave equation

& — AAE; =0,=1,2,3,

where ¢ = (60#0)*%‘

Hint: Check that curl curl = —A + Vdiv in R3.



