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Exercise 12

1. Let u ∈ S ′(Rd). Show that

Sju→ u in S ′(Rd), as j →∞,

where Ŝju = χ(2−j ·)û.

2. Let u ∈ Lp(Rd), p ∈ [1,∞). Show that

Sju→ u in Lp(Rd), p ∈ [1,∞).

Exercise 13

Show that the function |x|−σ, σ ∈ (0, d) belongs to Ḃ
d
p
−σ

p,∞ (Rd) for all p ∈ [1,∞], but not to

Ḃ
d
p
−σ

p,r (Rd) for any r ∈ [1,∞).

Exercise 14

Show the following properties for the homogeneous Besov spaces:

1. Homogeneity: ‖u(λ·)‖Ḃs
p,r(Rd) = λ

s− d
p ‖u‖Ḃs

p,r(Rd), ∀λ > 0;

2. Embedding: Ḃs
p,r(Rd) ↪→ Ḃ

s−d( 1
p
− 1

p1
)

p1,r1 (Rd), if p ≤ p1, r ≤ r1 and in particular Ḃs
p,1 ↪→

Ḃs
p,r ↪→ Ḃs

p,∞.

Exercise 15

Use Fatou’s property to show the convergence of a Cauchy sequence in Ḃs
p,r(Rd) with s < d

p or

(s, p, r) = (dp , p, 1).
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