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Exercise 8

Consider the following nonlinear boundary value problem on a bounded domain Ω

A(u, v) :=
∫

Ω

[
a(∇u) · ∇v + β

n∑
i=1

bi(u)(∂iu)v + c(u)v
]
dx =

∫
Ω
fv dx ∀v ∈ H1

0 (Ω)

where f ∈ L2(Ω), β ∈ R and

i) a is a monotone vector�eld satisfying the conditions i)-iii) from the lecture,

ii) b1, . . . , bn : R→ R are bounded and continuous,

iii) c : R→ R is continuous and the function z 7→ c(z)z is bounded from below.

Prove that for small enough |β| the following coercivity condition holds:

A(u, u) ≥ δ0‖u‖2H1
0 (Ω) − µ0 ∀u ∈ H1

0 (Ω)

for some δ0 > 0, µ0 ∈ R.

Exercise 9

Let the assumptions on a, b1, . . . , bn, c from exercise 8 hold. Generalise the Galerkin me-
thod from the lecture to prove existence of a solution u ∈ H1

0 (Ω) of the boundary value
problem∫

Ω

[
a(∇u) · ∇v + β

n∑
i=1

bi(u)(∂iu)v + c(u)v
]
dx =

∫
Ω
fv dx ∀v ∈ H1

0 (Ω)

given in exercise 8 provided |β| is su�ciently small. You may argue along the followings
lines:



1. Prove existence of a Galerkin approximation uk ∈ Vk = span{w1, . . . , wk} where
{w1, w2, . . .} is an orthonormal basis of H1

0 (Ω).

2. Use the estimate of exercise 8 to show that the sequence (uk) has a weakly conver-
gent subsequence.

3. Show that the weak limit u ∈ H1
0 (Ω) is a solution of the above problem.

To this end use the hints given below to prove that there is a ξ ∈ L2(Ω)n and a
subsequence (vj) := (ukj

) of (uk) which satis�es:

i)
∫

Ω a(∇vj) · ∇φdx→
∫

Ω ξ · ∇φdx for all φ ∈ H1
0 (Ω).

ii)
∫

Ω[ξ · ∇φ+ β
∑n

i=1 bi(u)(∂iu)φ+ c(u)φ] dx =
∫

Ω fφ dx for all φ ∈ H1
0 (Ω).

iii)
∫

Ω a(∇vj) · ∇vj dx→
∫

Ω ξ · ∇u dx.
iv)

∫
Ω(ξ − a(∇φ)) · (∇u−∇φ) dx ≥ 0 for all φ ∈ H1

0 (Ω).

Hints:

1. H1
0 (Ω) imbeds compactly into L2(Ω). In particular if uk ⇀ u then there is a sub-

sequence (ukj
) of (uk) such that ukj

→ u in L2(Ω).
2. If gk → g in Lp(Ω) then there is a subsequence (gkj

) and a function G ∈ Lp(Ω)
such that gkj

→ g pointwise almost everywhere and |gkj
| ≤ G.


