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Exercise 29
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Let © C R™ be a bounded nonempty domain and let 1 < p <

a) Consider the nonlinear boundary value problem
—Au = |[ufP'uin Q, w=0on o9.

Find a functional I : H}(€2) — R and a subset V' C H}(€2) such that minimization
of I over V gives rise to a nontrivial weak solution of the above problem.

b) Which functional and which subset V' C H}(Q2) should be considered seeking for a
weak solution of

—div(A(z)Vu) + V(z)u = T(z)|[u/P " uin Q, u =0 on IN

when A(x) is uniformly positive definite in Q and V,T" € L*°(Q) satisfy V,T" > 0
almost everywhere and I # 07

Exercise 30

Let Q C R™ be a nonempty bounded domain and let K C H}(2) be closed and convex.
For a uniformly positive definite matrix A € L*°(2)"*" and ¢ € L*>(f) such that
c(x) > cp > 0 consider the functional

I:H}Q) = Ru— /Q (%VUTA(CC)VU + %c(zr:)u2 — f(z)u) dz.

a) Assume that I has a minimizer ug over K. Find a variational inequality fiir ug.

b) Determine constants A, B > 0 such that I(u) > AHuH%é(Q) — B.

c) Determine a radius R > 0 in terms of A, B such that the additional assumption
{v e H}Q) : HU”H&(Q) < R} C K implies ug € K. Which variational equation
does ug satisfy in this case?



