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Plan for today

® Sobolev’s Embedding Theorem for W'P(RN),1 <p < N
® Morrey’s Embedding Theorem for W'-P(RN), p > N

® Consequences for WkP(Q)

® General overview

® Outlook
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Embedding Theorems

Which properties do functions u € W'P(RV) have?

WPRN) = X727 lullx < Cllullyregny 77

®1<p<N: WPERN) > LIRN) forp< g < g
(Sobolev’s Embedding Theorem)

® p>N: WP(RN) — COo(RN) fora =1 - &
(Morrey’s Embedding Theorem)
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Sobolev’s Embedding Theorem

Theorem (Gagliardo-Nirenberg-Sobolev)
Assume N e N,N>2 and1 <p < N. Then

||U||L%(RN) < C”VUHLp(RN).
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Sobolev’s Embedding Theorem

Theorem (Gagliardo-Nirenberg-Sobolev)
Assume N e N,N>2 and1 <p < N. Then

u < C||Vu .
| ”LNN%L(RN) IVUll oz

® W.lo.g. ue Cy(RN) + “density argument”
@ For p = 1 use (non-standard) induction based on

|U(X)|Sf|(9jU(X1,...,Xj_1,t,Xj+‘|,...,XN)|dt.
R

@ For p> 1 apply the p = 1-resultto v := |u|*u
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Sobolev’s Embedding Theorem

Theorem (Gagliardo-Nirenberg-Sobolev)
Assume N e N,N>2 and1 <p < N. Then

u < C||Vu .
| ”LNN%L(RN) IVUll oz

® W.lo.g. ue Cy(RN) + “density argument”
@ For p = 1 use (non-standard) induction based on

|U(X)|Sf|(9jU(X1,...,Xj_1,t,Xj+‘|,...,XN)|dt.
R
@ For p> 1 apply the p = 1-resultto v := |u|*u

Corollary (Sobolev’s Embedding Theorem)

Assume Ne NN >2 and1 <p< N and p* := NN—_F;). Then there is a

continuous embedding W'P(RN) — LI(RN) precisely forp < q < p*.
4/13 08.06.2021 Mandel, Moitier - PDE KIT, Institut fir Analysis



Morrey’s Embedding Theorem T

Recall: C%*(Q) = Banach space of a—Hélder-continuous functions

._ lu(x) — u(y)l
IIUIICo,a(Q) = Sgp lul + X,y§3§¢y X =y

W'P(RN) — C%¢(RN) means:

There is &1 € C%*(Q) such that & = u almost everywhere.
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Morrey’s Embedding Theorem

Theorem (Morrey)
LetN <p < oo, uec W'P(RN) anda := 1 -8 (0,1). Then a.e.

u(x) — u(y)

lu(x)| < Cllull oy, X -yl

< C”VU”Lp(RN).
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Morrey’s Embedding Theorem T

Theorem (Morrey)
LetN <p < oo, uec W'P(RN) anda := 1 -8 (0,1). Then a.e.

u(x) — u(y)

lu(x)| < Cllull oy, X -yl

< C”VU”Lp(RN).

B W.lo.g. ue CY(RN) + “density argument”
@ Use for m = (x + y)/2 the MVT in integral form and

oneMu() - uy) < [ u() - u(z) + ) - (@)l oz

,(m)
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Morrey’s Embedding Theorem <IT

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

Theorem (Morrey)

LetN <p < oo, uec W'P(RN) anda := 1 -8 (0,1). Then a.e.
|u(x) — u(y)l

|U(X)| < C”U”WLP(RN), W

B W.lo.g. ue CY(RN) + “density argument”

@ Use for m = (x + y)/2 the MVT in integral form and

wonpNlu(x) - u(y)) < fB u(x) - u(2)] + lu(y) - u(z)| oz

,(m)

< C”VU”Lp(RN).

Corollary

Let N e N and N < p < . Then there is a continuous embedding
W'P(RN) — CO¢(RN) where a = 1 - %.
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Embeddings: A summary

First order Sobolev spaces:

() f1<p<N: WPERN)— LIRN) forp< g < %
(i) fp=N: WWPRN)— LIRN)forp<g<
(iii) If p>N: W'P(RN) — COo(RN) fora =1 - &
Regularity gain from “weak differentiability”

What about WXP(RN) with k > 2?
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Embeddings: A summary T

Assume u € W2P(RN) where 1 < p < §.

m giue WPERN) < LIRN) with p < g < g
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Embeddings: A summary T

Assume u € W2P(RN) where 1 < p < §.
m giue WPERN) < LIRN) with p < g < g

W ue WHRN) with p< g < g&< N
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Embeddings: A summary T

Assume u € W2P(RN) where 1 <p < J
B gue WIP(RN) — LIRN) with p < g < m2
Buc W1q(RN)W|thp<q<—<N

Buecl/(RVYwithg<r< ,\’,qu
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Embeddings: A summary T

Assume u € W2P(RN) where 1 <p < J
B gue WIP(RN) — LIRN) with p < g < m2
Buc W1q(RN)W|thp<q<—<N

B yuel/(RNywithp<r< ng
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Embeddings: A summary =i
Assume u € W2P(RN) where 1 <p < J

B gue WIP(RN) — LIRN) with p < g < m2

B e W1q(RN)W|thp<q<—<N

B yuel/(RNywithp<r< ng

) N
Consequence: For1 <p< 3

Np
N-2p

W2P@®RN) — L"(RN)  forp<r<
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Embeddings: A summary T

Assume u € W2P(RN) where § < p < N.
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Embeddings: A summary T

Assume u € W2P(RN) where § < p < N.

W ue WHIRN) with p< g < 1 Np and Np >N
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Embeddings: A summary T

Assume u € W2P(RN) where § < p < N.
B ue WHIRN)withp< g < ,\',Vpp and Np >N
® e CO* RN witha=1-13
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Embeddings: A summary

Assume u € W2P(RN) where § < p < N.

W ue WHIRN) with p< g < 1 Np and Np >N

® ue CO(RN) with & = 2 - I choosing q = /\I/VTpp
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Embeddings: A summary =i

Assume u € W2P(RN) where § < p < N.

W ue WHIRN) with p< g < 1 Np and Np >N

® ue CO(RN) with & = 2 - I choosing q = /\I/VTpp

. N
Consequence: For 5 <p <N

W2P(RN) — COvRN)  fora=2- %
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Embeddings: A summary T

Assume u € W?P(RN) where p > N.

10/13 08.06.2021 Mandel, Moitier - PDE KIT, Institut fir Analysis



Embeddings: A summary T

Assume u € W?P(RN) where p > N.
® Ju,...,0nUE W1’p(RN)
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Embeddings: A summary
Assume u € W?P(RN) where p > N.

® Ju,...,0nUE W1’p(RN)
® du,...,0nu e CO(RN) with @ = 1 _%/
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Embeddings: A summary

Assume u € W?P(RN) where p > N.

® Ju,...,0nUE W1’p(RN)
® du,...,0nu e CO(RN) with @ = 1 _%/

®ueC®RN)witha=1-1
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Embeddings: A summary =i

Assume u € W?P(RN) where p > N.

® Ju,...,0nUE W1’p(RN)
® 91u,...,0nu e COORN) witha =1 - &

®ueC®RN)witha=1-1

Consequence: Forp > N

WeP(RN) — cto(RY)  fora=1- %
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Embeddings: A summary

In this way one obtains for general k € N:

(A) 1t1<p<fls WRo@N) — LT(RN) for p < r < 5.

(B) Ifp=R: WKP(RN) — L/(RN) for p < r < oo.
©) lfp>F, Hen: WHPRN) — Ch(RN) where
I=k-1B]-1a:=145]-8
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Further topics IT

General recap of the Lecture

@ Weak solutions vs. classical solutions? Physical interpretation
@ Motivation of “our BVP”

@ Extension operator and what it does

a...
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Plan for the next lectures

(2L) Compact Embeddings: The Rellich-Kondrachov Theorem
+ Applications

(2L) Poincaré’s Inequality + Applications
(2L) Trace Theorem + Applications

Options:

13/13

W'=(Q) = Lip(Q) (Rademacher’'s Theorem)
Fourier characterization of HX(RN)

Reflexivity and separability of Sobolev spaces
H(curl), H(div) etc
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