Lectures on the Benjamin—Ono equation
as an integrable PDE
Patrick Gérard

The Benjamin—Ono equation was introduced in 1967 as a model of long,
one-way internal gravity waves in a two-layer fluid. The unknown u
is a real variable function of two real variables ¢, x, and the equation
reads
O = 0,(|Dlu — u?) |

where |D| denotes the Fourier multiplier associated to the symbol [¢].
In addition to the contributions in the Fluid Mechanics literature, this
equation has been the center of many mathematical works, mainly for
the following two reasons.

e It is an example of a quasilinear dispersive equation, on which
techniques issued from harmonic analysis and normal form the-
ory has been successfully developed.

e [t is also an example of an integrable PDE, in the strong sense
that it admits a Lax pair structure leading to explicit descrip-
tions of the solutions.

Here I will try to explain why this equation is one of the best introduc-
tory examples to the theory of integrable PDEs. No prerequisite on
integrability is necessary to follow these lectures.

Plan of the lectures.

(1) The initial value problem for sufficiently smooth data on the
line and on the torus. The Lax pair. Global wellposedness.

(2) The explicit formula on the torus and on the line.

(3) Applications to low regularity wellposedness and to (multi)-
solitons.
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