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Exercise 21

(Conditional expectation operator) Let @ C R"™ be an L-measurable set with p(§2) €
(0,00). Let further m € Nand A = {Ay,..., A, } with A, pairwise disjoint L-measurable
subsets of  with positive measure s. th. [JI_, A; = Q. Define for f € L'(Q)

Baf(6) =3 oy, S0,

a) Show that E4 is of the form Eqf(u) = [, k(u,v)f(v)dv, f € L'(Q) for some
kE:QxQ—R

b) Deduce that ||Eall ey < 1 forall 1 < p < oo.

c) Let Q be in addition compact. Let further Ay = {Aix, ..., Amx} be a sequence
of partitions with the above properties. Assume that dj, := sup{|t — s| : ¢,s €
A, j=1,...,mu} — 0 for k — oco. Show that for 1 < p < oo and f € LP(Q)

1Eaf = fll, — 0.

Exercise 22 (C)

(a) Let 1 < p < oo. For a subset K C LP(R", ) we consider the following three
conditions:

(C1) K is bounded.
(C2) supsep [[f(-+h) = f()llp — 0 for [h] — 0.
(C3) supjeg fR"\B(o,R) |f(t)|Pdt — 0 for R — 0.

(So, (C1) and (C3) are in analogy to exercise 15, (C2) is new.)
Show that if K is relatively compact, then (C1),(C2) and (C3) are true.

(b) Let p=o0. Is ||f(- + h) — f]l, — 0 as h — O still true?
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Exercise 23

The goal of this exercise is to show the reverse implication of ex. 22 a): For 1 < p < oo,
let K C LP(R™, u) satisfy (C1), (C2) and (C3). Then K is relatively compact.

Solet 1 < p<ooand K C LP(R", ) satisfy (C1), (C2) and (C3). Let ¢ : R™ — [0, c0)
be Lipschitz continuous, such that ¢(x) = 0 for |z| > 1 and fB(O N o(x)dr = 1. Let
further for € > 0, ¢.(z) = e7"p(%2). Define for e, R and f € K

for = / B DI

From the lecture, we know:
o |for(x) = f(@)| < Jon e f(z —y) — f(@)|dy + | f(2) xR\ B(O,R—2)-

o A fon WIS = w) = fOldylly < supyepoe (- = y) = flp-
e So by (C2) and (C3), supsek || for — fll, = 0 as e — 0 and R — oo.

a) Show thatforalle, R >0, K. g :={f.r: f € K}isabounded and equicontinuous
subset of C(B(0, R + ¢€)).

b) Show that for all p > 0, there exist e, R >0, m € N and ¢1,...,9, € C(B(0,R+
e)) € LP(R") such that K C |JjZ, B(gj, 0). (The balls B(g;, ¢) are with respect to
LP(R™).)

c) Conclude that K is relatively compact.

Exercise 24 (C)

Let 1 < p < q<ooand Q C R"” be L-measurable. Let further D C L'(2, u) N L>®(Q, ).
In particular, D C L"(Q, ) for all r € (1, 00) by the Lyapunov inequality, ex. 19¢). We
assume that

e D isdensein LY(Q,pn).
e D-DCDie. forall ffge D: f-ge D.

Show that D is dense in LP(€, u).
Hint: Holder inequality, as on the bottom of the back of exercise sheet 5.
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