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Exercise 1: Sequences
Let (X, d) be a metric space.

(a) (Sufficiency for convergence of a Cauchy sequence) Let (xn)n∈N be a Cauchy sequence in
X and suppose that this sequence has a subsequence (xnj )j∈N that converges to a point
x ∈ X. Prove that then, in fact, the whole sequence converges to x.

(b) Let (xn)n∈N be a sequence in X and let x ∈ X. Prove that the following are equivalent:

(i) (xn)n∈N converges to x;

(ii) each subsequence (xnj )j∈N of (xn)n∈N has a further subsequence (xnjk
)k∈N that con-

verges to x.

Exercise 2: Open and closed sets

(a) Prove that {f ∈ C([0, 1]) : f(0) = 0} is closed in C([0, 1]).

(b) Let A := {f ∈ C([0, 1]) : f(x) ≥ 0 for all x ∈ [0, 1]}. Determine intA.

(c) Prove that {x ∈ `1 : |xj | ≤ 2−j for all j ∈ N} is closed in `1.

(d) Prove that {x ∈ `1 : |xj | < 2−j for all j ∈ N} is not open in `1.
(Hint: prove that 0 is not an interior point.)

Exercise 3: Properties of open sets
Let (X, d) be a metric space.

(a) Show that any union of open sets in X is again an open set in X. Conclude that any
intersection of closed sets in X is again a closed set in X.

(b) Show that the intersection of finitely many open sets in X is again an open set in X.
Conclude that the union of finitely many closed sets in X is again a closed set in X.

(c) Let (xn)n∈N be a sequence in X and let x ∈ X. Prove that (xn)n∈N converges to x if and
only if for each open set U ⊆ X containing x, there exists an N ∈ N such that xn ∈ U for
all n ≥ N .
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(d) Let A ⊆ X. We define A◦ as the union of all open sets contained in A, i.e.,

A◦ :=
⋃

U⊆A open
U.

Note that by part (a), A◦ is the largest open set contained in A.

We define A◦
seq as the set of those x ∈ A satisfying the property that for all sequences

(xn)n∈N that converge to x there exists a N ∈ N such that for all n ≥ N we have xn ∈ A.

Prove that
intA = A◦ = A◦

seq.

(e) (Sequential characterization of open sets) Let U ⊆ X. Conclude from (d) that the following
are equivalent:

(i) U is open;

(ii) For all x ∈ U and all sequences (xn)n∈N that converge to x, there exists a N ∈ N such
that for all n ≥ N we have xn ∈ U .
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