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Show that the integral kernel of the poisson representation formlua
RQ _ |l”2

= —r—y| "
no 1T Yl

is harmonic in B(0, R) for fixed y € 0B(0, R).

Let u harmonic on a convex set 0 C R?. Show that there exists a conjugate harmonic
function v : €2 — R such that the Cauchy-Riemann equations

Uy = Vy Uy = —Uy

are satisfied
Hint: for fixed (zo,y0) € Q define v by

v(x,y) = /ux dy — u, dz,
v

where 7(a) = (20, 0) and (b) = (z,y).
Let M :={x+1iy: (z,y) € Q}. What do we know about about f, which is definied by

f-M—C, f(z+iy):=u(z,y)+iv(x,y).

Let P(z,y) := zy and n € C2° with n(z) =1 for |z| < 1 and n(z) = 0 for |z| > 2.
We set v := A(nP) and

fl@) =) kK 'v(2*).

Show that f is continuos on B(0,2), but Au = f has no C? solution in any neighbour-
hood of the origin.

a) For n = 2 we define the function
I
V(z,y) = —r-logr, r=|zx—y|.
8

Calculate AV (z,-) and A%V (x,-) for y # .

b) Let Q C R™ with smooth boundary and u € C*(Q2). Show that for fixed # € Q holds
Greens representation formula for A?

0Au oV ou  OAV
= | VA? - —Au—+ AV — — :
u(®) /Q u dy /89 (v Oy, u@Vy + ov, 0Oy, Jdo(y)

Hint: Apply Greens formula (equation (3) of the lecture) with u replaced by Au and
use Greens representation formula for A.



