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29. Show that the integral kernel of the poisson representation formlua

x 7→ R2 − |x|2

nωnR
|x− y|−n

is harmonic in B(0, R) for �xed y ∈ ∂B(0, R).

30. Let u harmonic on a convex set Ω ⊂ R2. Show that there exists a conjugate harmonic
function v : Ω → R such that the Cauchy-Riemann equations

ux = vy uy = −vx

are satis�ed
Hint: for �xed (x0, y0) ∈ Ω de�ne v by

v(x, y) =

∫
γ

ux dy − uy dx,

where γ(a) = (x0, y0) and γ(b) = (x, y).

Let M := {x + iy : (x, y) ∈ Ω}. What do we know about about f , which is de�nied by

f : M → C, f(x + iy) := u(x, y) + iv(x, y).

31. Let P (x, y) := xy and η ∈ C∞c with η(x) = 1 for |x| ≤ 1 and η(x) = 0 for |x| ≥ 2.
We set v := ∆(ηP ) and

f(x) :=
∞∑

k=1

k−1v(2kx).

Show that f is continuos on B(0, 2), but ∆u = f has no C2 solution in any neighbour-
hood of the origin.

32. a) For n = 2 we de�ne the function

V (x, y) =
1

8π
r2 log r, r = |x− y|.

Calculate ∆V (x, ·) and ∆2V (x, ·) for y 6= x.

b) Let Ω ⊂ Rn with smooth boundary and u ∈ C2(Ω̄). Show that for �xed x ∈ Ω holds
Greens representation formula for ∆2

u(x) =

∫
Ω

V ∆2u dy −
∫

∂Ω

(
V

∂∆u

∂νy

−∆u
∂V

∂νy

+ ∆V
∂u

∂νy

− ∂∆V

∂νy

)
dσ(y).

Hint: Apply Greens formula (equation (3) of the lecture) with u replaced by ∆u and
use Greens representation formula for ∆.


