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Abstract. We prove that the exponential dichotomy of a strongly continuous
evolution family on a Banach space is equivalent to the existence and uniqueness of
continuous bounded mild solutions of the corresponding inhomogeneous equation.
This result addresses nonautonomous abstract Cauchy problems with unbounded
coefficients. The technique used involves evolution semigroups. Some applications
are given to evolution families on scales of Banach spaces arising in center manifold
theory.

0. Introduction

In this paper we prove that a strongly continuous exponentially bounded evolution

family {U(t, s)}t≥s on a Banach space X has exponential dichotomy if (and only if)

for each bounded continuous X-valued function f ∈ Cb(R, X) there exists a unique

solution u ∈ Cb(R, X) to the following inhomogeneous equation:

(0.1) u(t) = U(t, s)u(s) +
∫ t

s
U(t, τ)f(τ) dτ, t ≥ s.

Our work continues the line of research that characterizes dichotomy in terms of

“Perron-type” theorems.

As an example, consider a nonautonomous abstract Cauchy problem,

(0.2) x′(t) = A(t)x(t), x(s) = xs, xs ∈ D(A(s)), t ≥ s, t, s ∈ R,

on the Banach space X. Assume, for a moment, that (0.2) is well-posed in the

sense that there exists an evolution (solving) family of operators {U(t, s)}t≥s which

gives a differentiable solution x(·). This means that x(·) : t 7→ U(t, s)x(s), t ≥ s, is

differentiable for any given initial conditions x(s) = xs ∈ D(A(s)), x(t) ∈ D(A(t)),
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and (0.2) holds. Now let f be a locally integrable X-valued function on R and

consider the inhomogeneous equation:

(0.3) x′(t) = A(t)x(t) + f(t), t ∈ R.

A function u(·) is called a mild solution of (0.3) if u(·) satisfies (0.1). Thus, our

result shows, in particular, that the exponential dichotomic behavior of solutions to

a nonautonomous abstract Cauchy problem (0.2) is equivalent to the existence and

uniqueness of a bounded continuous mild solution to the inhomogeneous equation

(0.3) for any f ∈ Cb(R, X). Let R denote the operator that recovers the solution

u = Rf to (0.1) for a given f . We note that if f is sufficiently smooth, then the

function u = Rf defined by (0.1) will be a differentiable solution to (0.3) (cf. Pazy

(1983), Sections 5.5 and 5.7).

The characterization of dichotomy for (0.2) in terms of the solutions of the inho-

mogeneous equation (0.3) has a fairly long history that goes back to Perron (1930).

Classical theorems of this type concerning differential equations with bounded oper-

ators A(t) can be found in Daleckij and Krein (1974) (see also historical comments

there) and Massera and Schaeffer (1966). For unbounded A(t) a result of this type

concerning classical solutions of (0.3), obtained by a completely different method,

and applications of this result are contained in the book by Levitan and Zhikov

(1982), Chapters 10, 11. Recent results for the finite dimensional case are obtained

in Palmer (1988) and Ben-Artzi and Gohberg (1992) (see also the literature cited

therein). “Lp-theorems” of this type can be found in Dore (1993). Results of this

type for nonautonomous equations on the semiaxis R+ are considered (under some

additional assumptions) in Rodrigues and Ruas-Filho (1995), and a certain class of

nonautonomous parabolic equations on the semiaxis is considered in Zhang (1995).

In the autonomous case, when A(t) ≡ A is an unbounded operator which generates

a strongly continuous semigroup on X, this result is proven in Prüss (1984), Theorem

4; our paper is a direct generalization of his result. In the current paper, we address

the general nonautonomous abstract Cauchy problem (0.2) on R where the operators

A(t) (with domains D(A(t))) are time-dependent and unbounded.

Our main result is not restricted to well-posed abstract Cauchy problems but ad-

dresses, more generally, any problem (0.2) whose solution is associated with a strongly

continuous evolution family {U(t, s)}t≥s. It is often the case that an equation (0.2)

does not have a differentiable solution yet does have a solution, in a mild sense, which

is associated with an evolution family. For example, consider A(t) := A0+A1(t) where
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A0 generates a strongly continuous semigroup, {etA0}t≥0, and t 7→ A1(t) is continuous

from R to B(X), the set of bounded linear operators on X. One can show that there

exists an evolution family {U(t, s)}t≥s which gives a mild solution, x(t) = U(t, s)x(s),

for x(s) = xs ∈ D(A(s)) = D(A0), in the sense that it satisfies the integral equation

x(t) = e(t−s)A0xs +
∫ t

s
e(t−τ)A0A1(τ)x(τ) dτ.

However, it is not necessarily the case that U(t, s)x is differentiable in t for all x ∈
D(A); see, for example, Curtain and Pritchard (1978), Chapters 2 and 9.

Therefore, we do not study only well-posed abstract Cauchy problems (0.2). In-

stead, we take as our starting point any strongly continuous evolution family. We

assume, in addition, that {U(t, s)}t≥s is exponentially bounded. This replaces in

a natural way the classical assumption of bounded growth (see e.g. Zhang (1995),

Lemma 5).

We prove that an evolution family {U(t, s)}t≥s has exponential dichotomy if and

only if the following property holds:

(M) For every f ∈ Cb(R, X) there exists a unique solution u ∈ Cb(R, X) to (0.1).

This result is applied in Section 2 to show that a standing hypothesis in the paper

Vanderbauwhede and Iooss (1992) on central manifold theory is, in fact, equivalent

to the existence of the exponential dichotomy for {U(t, s)}t≥s.

The main result is proven in Section 1 using the relatively new technique of so-

called evolution semigroups; see Howland (1974), Latushkin and Montgomery-Smith

(1994,1995), Latushkin et al. (1996), Latushkin and Randolph (1995), Nagel (1995),

Räbiger and Schnaubelt (1994, 1996), Rau (1994a, 1994b), Nguyen Van Minh (1994),

van Neerven (1996), and also Johnson (1980) and Chicone and Swanson (1981) in a

different context. For a given evolution family {U(t, s)}t≥s the evolution semigroup

{T t}t≥0 is defined on a “super-space” E of functions f : R → X by the rule

(0.4) (T tf)(τ) = U(τ, τ − t)f(τ − t), τ ∈ R, t ≥ 0.

If E = Lp(R, X), 1 ≤ p < ∞, or E = C0(R, X), the space of continuous functions

vanishing at infinity, then {T t}t≥0 is a strongly continuous semigroup; we will denote

its generator by Γ.

The role of the evolution semigroup arises from the following facts. If A gener-

ates a strongly continuous semigroup, it is well known (see, e.g., Nagel (1984)) that

the asymptotic behavior of solutions to the differential equation x′(t) = Ax(t) is
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determined in many important cases by the location of the spectrum of A. There

are, however, examples for which this property fails to hold, and for nonautonomous

Cauchy problems (0.2), even for finite-dimensional X, the asymptotic behavior of a

solution is most likely not determined by the spectra of the operators A(t). However,

it is determined by the spectrum of T t or Γ. Namely, the following facts hold (see

Latushkin and Montgomery-Smith (1994, 1995), Latushkin et al. (1996), Latushkin

and Randolph (1995), Räbiger and Schnaubelt (1994,1996), Rau (1994a, 1994b)).

A strongly continuous evolution family {U(t, s)}t≥s has exponential dichotomy on

X if and only if the spectrum, σ(T t), t > 0, does not intersect the unit circle or,

equivalently, the operator Γ−1 is bounded on C0(R, X) or Lp(R, X). Moreover, one

can associate with T = T 1 on C0(R, X) a family of weighted shift operators, πs(T ),

s ∈ R, acting on c0(Z, X), the space of X-valued sequences vanishing at infinity. The

exponential dichotomy of {U(t, s)}t≥s is equivalent to the fact that the operators

(I − πs(T ))−1 are bounded uniformly for s ∈ R. In the main step of our proof we

show that condition (M) implies this fact.

In Section 2 we discuss several modifications of the condition (M). First, we replace

the space Cb(R, X) in (M) by C0(R, X) and show that this new condition (MC0) is also

equivalent to the dichotomy of the evolution family {U(t, s)}t≥s. Since {T t}t≥0 is a

strongly continuous semigroup on C0(R, X) with the generator Γ, we are able to prove

that the operator R, defined by (MC0) as u = Rf , is, in fact, equal to −Γ−1. Thus,

(MC0) is a “mild version” of the above-mentioned condition, Γ−1 ∈ B(C0(R, X)), for

the dichotomy of {U(t, s)}t≥s. Similar remarks hold when C0(R, X) is replaced by

Lp(R, X).

Next, we consider the condition (MEα) where Cb(R, X) in (M) is replaced by a

space Eα of X-valued functions growing on R not faster than eα|t|, α ≥ 0. This

scale of Banach spaces plays a crucial role in the theory of infinite-dimensional center

manifolds; see, e.g., Vanderbauwhede and Iooss (1992). We prove that (MEα) for

0 ≤ α < β, for some β > 0, is also equivalent to the exponential dichotomy of

{U(t, s)}t≥s, and that R is an extension of −Γ−1 to Eα. This fact clarifies the standing

hypotheses in Vanderbauwhede and Iooss (1992) (which addresses the autonomous

case; see conditions (H), (Σ), (S) and Theorem 3.1 in that article) at once for any

evolution family {U(t, s)}t≥s.

We conclude this Introduction with a brief discussion of related questions on expo-

nential dichotomy for linear skew-product flows. We do not address the case of linear
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skew-product flows in the current paper, but only pose here an open problem. Let Θ

be a locally compact metric space and {ϕt}t∈R be a continuous flow on Θ. Consider

a strongly continuous exponentially bounded cocycle {Φt}t∈R+ over ϕt. This means

that the function (t, θ) 7→ Φt(θ)x from R+ × Θ to X is continuous for each x ∈ X,

there exist constants C > 0 and ω such that ‖Φt(θ)‖ ≤ Ceωt, and the identities

Φt+s(θ) = Φt(ϕsθ)Φs(θ) and Φ0(θ) = I hold for all θ ∈ Θ and t, s ∈ R+. Define the

corresponding linear skew-product flow ϕ̂t : (θ, x) 7→ (ϕtθ, Φt(θ)x), (θ, x) ∈ Θ×X.

Let Cb(Θ, X) denote the space of continuous bounded functions f : Θ → X with

the sup-norm. We say that condition (MΘ) holds if for each f ∈ Cb(Θ, X) there

exists a unique solution u ∈ Cb(Θ, X) to the inhomogeneous equation

(0.5) u(ϕtθ) = Φt(θ)u(θ) +

t∫
0

Φt−s(ϕsθ)f(ϕsθ) ds, t ≥ 0, θ ∈ Θ.

We pose the following question: Does condition (MΘ) imply that the linear skew-

product flow ϕ̂t has exponential dichotomy on Θ?

Observe, that every exponentially bounded strongly continuous evolution family

{U(t, s)}t≥s induces a linear skew-product flow over the base Θ = R by setting

ϕtθ = θ + t for t ∈ R and

(0.6) Φt(θ) = U(θ + t, θ), ϕ̂t : (θ, x) 7→ (θ + t, U(θ + t, θ)x), (θ, x) ∈ R×X

for t ≥ 0; see Chow and Leiva (1995). In this case, condition (MΘ) is just condition

(M), and our Theorem 1.1 gives a positive answer to the question above. We do not

know the answer for general locally compact Θ and ϕ̂t.

We stress that usually one considers linear skew-product flows over a compact base

Θ. The exponential dichotomy of linear skew-product flows over compact Θ was

studied in the classical papers by Sacker and Sell (1974,1976) and Selgrade (1975) for

finite dimensional X (see also Johnson, Palmer and Sell (1987) and the bibliography

there). The infinite dimensional case was recently considered by Sacker and Sell

(1994) and by Chow and Leiva (1994, 1995). Exponential dichotomy of linear skew-

product flows was used by Shen and Yi (1995, 1996) and Yi (to appear) in their study

of almost periodic and almost automorphic dynamics. We refer to the bibliography

in the above mentioned papers and in Sell (1995); a review of the subject would go

far beyond the scope of the current paper.

The linear skew-product flows over compact base arise in the context of lineariza-

tions of an (autonomous) evolution equation over an invariant compact set or when
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one considers the hull of a nonautonomous evolution equation (see the above refer-

ences and in particular Sacker and Sell (1974, 1976). In the latter approach, the given

equation leads to a linear skew–product flow over a “large” base space which is then

studied by the technique of topological dynamics. For the existence of a compact hull

one has to require some additional regularity for the coefficients of the given equa-

tion. Another approach, that goes back to Chicone and Swanson (1981), Johnson

(1980) and Mather (1968), is to relate to the linear skew-product flow an evolution

semigroup, similar to (0.4), see Latushkin et al. (1996) and references therein. This

allows one to apply the technique of semigroup theory. As we have seen, the evolution

semigroup can be defined with no regularity assumptions for the coefficient. Indeed,

it can be defined even without assuming well-posedness of the given equation, in

which case there is “no coefficient” for which to define the hull. The open question

above is related to this semigroup approach.

Let us briefly discuss the relationship of this open question to known results for

the dichotomy over a compact base Θ. Assume, for a moment, that the “uniqueness”

part of the condition (MΘ) holds. This means that for u ∈ Cb(Θ, X) the homo-

geneous equation u(ϕtθ) = Φt(θ)u(θ), t ≥ 0, θ ∈ Θ, has only the trivial solution.

Assume, in addition, that the cocycle is uniformly α-contracting. In the terminology

of Sacker and Sell (1994), the linear skew-product flow with these two properties

is called weakly hyperbolic. In Sacker and Sell (1994), Theorem B, in particular,

the following sufficient condition for the exponential dichotomy is given: A weakly

hyperbolic linear skew-product flow has exponential dichotomy provided the stable

sets have a fixed finite codimension (otherwise the behavior of ϕ̂t is more compli-

cated; see the Alternative Theorem E in Sacker and Sell (1994)). We suspect that

the “existence” part of the condition (MΘ), that is, that the solutions u exist for all

f ∈ Cb(Θ, X), gives yet another sufficient condition for the exponential dichotomy.

Thus, an affirmative answer to the question above would supplement the Sacker-Sell

theory from a “Perron-type” point of view.

We emphasize that the compactness of Θ is, of course, essential for Theorem B of

Sacker and Sell (1994). For a simple counterexample on Θ = R, consider the linear

skew-product as in (0.6) for X = C and U(t, s) = exp
∫ t
s a(τ) dτ , where a ∈ Cb(R)

with a(τ) = 1 for τ ≥ 1 and a(τ) = −1 for τ ≤ −1. Clearly, the homogeneous

equation has only the trivial bounded solution; nevertheless, {U(t, s)}t≥s does not

have exponential dichotomy.
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1. Main Result

We begin with several definitions. An evolution family is a family of bounded

operators {U(t, s)}t≥s on X which satisfy:

i) U(t, s) = U(t, r)U(r, s) and U(t, t) = I for all t ≥ r ≥ s;

ii) for each x ∈ X the function (t, s) 7→ U(t, s)x is continuous for t ≥ s.

If, in addition, there exist constants C ≥ 1, γ ∈ R, such that

‖U(t, s)‖ ≤ Ceγ(t−s), t ≥ s,

then {U(t, s)}t≥s is exponentially bounded. An evolution family {U(t, s)}t≥s is said

to solve the abstract Cauchy problem (0.2) if x(·) = U(·, s)xs is differentiable, x(t) ∈
D(A(t)) for t ≥ s, and (0.2) holds.

Since {U(t, s)}t≥s is assumed to be a strongly continuous family, the operators

A(t) in (0.2) might be unbounded. If A is the generator of a strongly continuous

semigroup, {etA}t≥0, on X, then U(t, s) := e(t−s)A, t ≥ s, defines an exponentially

bounded evolution family that solves (0.2) in the autonomous case A(t) ≡ A.

We now give the definition of exponential dichotomy for a general evolution family.

For various definitions and the history of this notion see Chow and Leiva (1994, 1995),

Daleckij and Krein (1974), Henry (1981), Massera and Schaffer (1966), Nagel (1995),

Sacker and Sell (1974, 1978, 1994). For any projection-valued function P : R →
B(X), the complementary projection will be denoted by Q(t) = I − P (t), t ∈ R. If

the property P (t)U(t, s) = U(t, s)P (s) is satisfied for t ≥ s, we will use the notation

UP (t, s) = P (t)U(t, s)P (s), UQ(t, s) = Q(t)U(t, s)Q(s)

to denote the restrictions of the operator U(t, s). We stress that UP (t, s) is an operator

from Im P (s) to Im P (t), and UQ(t, s) acts from Im Q(s) to Im Q(t).

Definition 1.1. An evolution family {U(t, s)}t≥s is said to have exponential di-

chotomy (with a constant β > 0) if there exists a projection-valued function P : R →
B(X) such that the function t 7→ P (t)x is continuous and bounded for each x ∈ X,

and for some constant M = M(β) > 0 and all t ≥ s the following hold:

i) P (t)U(t, s) = U(t, s)P (s);

ii) UQ(t, s) is invertible as an operator from Im Q(s) to Im Q(t);

iii) ‖UP (t, s)‖ ≤ Me−β(t−s);

iv) ‖UQ(t, s)−1‖ ≤ Me−β(t−s).
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If an evolution family {U(t, s)}t≥s has exponential dichotomy, the number δ =

δ({U(t, s)}t≥s) defined as

δ = sup {β > 0 : {U(t, s)}t≥s has exponential dichotomy with constant β} ,

will be called the dichotomy bound for {U(t, s)}t≥s.

The main result of the current paper is formulated as follows.

Theorem 1.1. Assume {U(t, s)}t≥s is an exponentially bounded evolution family.

Then {U(t, s)}t≥s has exponential dichotomy if and only if the following condition

holds:

(M) For every f ∈ Cb(R, X) there exists a unique solution u ∈ Cb(R, X) to (0.1).

The necessity of condition (M) is proven in the following proposition which involves

the Green’s function for {U(t, s)}t≥s. Note that in this proposition, we do not assume

exponential boundedness of {U(t, s)}t≥s. Sufficiency in Theorem 1.1 will use the

spectral mapping theorem for evolution semigroups and will be proven with a series

of three lemmas.

Proposition 1.2. Let {U(t, s)}t≥s be an evolution family. If {U(t, s)}t≥s has ex-

ponential dichotomy, then (M) holds.

Proof. Let P be a projection which satisfies the properties of Definition 1.1. Set

G(t, s) = P (t)U(t, s)P (s), for t > s, G(t, s) = −[Q(s)U(s, t)Q(t)]−1, for t < s.

Define the operator Ĝ by

(1.1) Ĝf(t) =
∫ ∞

−∞
G(t, s)f(s) ds, f ∈ Cb(R, X).

Then Ĝ is bounded on Cb(R, X). Indeed, for f ∈ Cb(R, X), Ĝf is continuous and for

t ∈ R,

‖Ĝf(t)‖ ≤ ‖f‖∞
(∫ ∞

t
‖[UQ(τ, t)]−1‖ dτ +

∫ t

−∞
‖UP (t, τ)‖ dτ

)
≤ M‖f‖∞

(∫ ∞

t
e−β(τ−t)dτ +

∫ t

−∞
e−β(t−τ)dτ

)
=

2M

β
‖f‖∞.

Now let f ∈ Cb(R, X) and set u = Ĝf . Then for t ≥ s,
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u(t)− U(t, s)u(s) = Ĝf(t)− U(t, s)Ĝf(s)

=
∫ t

−∞
P (t)U(t, τ)P (τ)f(τ) dτ − U(t, s)

∫ s

−∞
P (s)U(s, τ)P (τ)f(τ) dτ

−
∫ ∞

t
[UQ(τ, t)]−1Q(τ)f(τ) dτ + U(t, s)

∫ ∞

s
[UQ(τ, s)]−1Q(τ)f(τ) dτ

=
∫ t

s
U(t, τ)P (τ)f(τ) dτ −

∫ ∞

t
[UQ(τ, t)]−1Q(τ)f(τ) dτ

+ UQ(t, s)
∫ ∞

t
[UQ(τ, t)UQ(t, s)]−1Q(τ)f(τ) dτ

+
∫ t

s
UQ(t, τ)UQ(τ, s)[UQ(τ, s)]−1Q(τ)f(τ) dτ

=
∫ t

s
U(t, τ)P (τ)f(τ) dτ +

∫ t

s
U(t, τ)Q(τ)f(τ) dτ

=
∫ t

s
U(t, τ)f(τ) dτ .

To prove the uniqueness, take f = 0 and suppose there is a u ∈ Cb(R, X) so that

u(t) = U(t, s)u(s) for all t ≥ s ∈ R. Since {U(t, s)}t≥s has exponential dichotomy,

P (t)u(t) = UP (t, s)P (s)u(s), Q(s)u(s) = UQ(t, s)−1Q(t)u(t),

and the estimates

‖P (t)u(t)‖ ≤ Me−β(t−s)‖P (·)u(·)‖∞ , ‖Q(s)u(s)‖ ≤ Me−β(t−s)‖Q(·)u(·)‖∞ ,

yield u = 0. �

Remark 1.3. Condition (M) says that for each f ∈ Cb(R, X) there exists a unique

u ∈ Cb(R, X) satisfying (0.1), so defining Rf = u gives an operator, R, on Cb(R, X).

The Closed Graph Theorem shows that this operator is bounded: for {fn}n∈N ⊆
Cb(R, X), and f, u ∈ Cb(R, X) such that fn → f and un := Rfn → u, then

u(t) = lim
n→∞

un(t)

= lim
n→∞

(
U(t, s)un(s) +

∫ t

s
U(t, τ)fn(τ) dτ

)
= U(t, s)u(s) +

∫ t

s
U(t, τ)f(τ) dτ, for all t ≥ s in R.

We further note that the proof of Proposition 1.2 shows that if {U(t, s)}t≥s has

exponential dichotomy, then R is the Green’s operator, R = Ĝ.

In Section 2 we will make use of the additional fact that the Green’s operator

defined by (1.1) is a also bounded operator on C0(R, X) and Lp(R, X), and Ĝ =
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−Γ−1 where Γ denotes the generator of the evolution semigroup (0.4) on C0(R, X)

or Lp(R, X), respectively (see Latushkin et al. (1996), Theorem 5.5, for the C0–case

and Latushkin and Randolph (1995), Theorem 4.5, for the Lp–case).

To prove sufficiency of the condition (M) in the theorem, we will need some facts

about evolution semigroups (see Latushkin and Montgomery-Smith (1994, 1995),

Latushkin et al. (1996), Latushkin and Randolph (1995), Räbiger and Schnaubelt

(1994, 1996), Rau (1994a, 1994b)). Given an exponentially bounded evolution family

{U(t, s)}t≥s on X, one can define a strongly continuous semigroup {T t}t≥0 on E =

C0(R, X) or Lp(R, X), 1 ≤ p < ∞ as in (0.4). Note that in the autonomous case

(0.4) becomes: (T tf)(τ) = etAf(τ − t).

One interesting fact about the evolution semigroup {T t}t≥0 on C0(R, X) is that

the following spectral mapping theorem holds (see Latushkin and Montgomery-Smith

(1995), Räbiger and Schnaubelt (1996)). It is this theorem which allows the property

of exponential dichotomy of solutions of (0.2) to be characterized by the property

that Γ is invertible; this is described in the subsequent theorem.

Theorem 1.4. The spectrum σ(Γ) is invariant under translations along iR, the

spectrum σ(T t) is invariant under rotations about origin, and the spectral mapping

property holds:

(1.2) etσ(Γ) = σ(T t) \ {0}, t ≥ 0.

Moreover, the spectra of Γ and T t are independent of the choice of the spaces

C0(R, X) or Lp(R, X).

Note that Theorem 1.4 shows that σ(T t), t ≥ 0, can be described using the single

operator T = T 1. The operator T is a so-called weighted translation operator on

C0(R, X) (see Latushkin and Stepin (1992) for further references). One can associate

with T a family of weighted shift operators, πs(T ), s ∈ R, acting on the sequence

spaces c0(Z, X) or `∞(Z, X).

Fix s ∈ R. Define the bounded operator πs(T ) on c0(Z, X) and `∞(Z, X) as follows:

for v = {xn}n∈Z,

(πs(T ))(v) = {U(s + n, s + n− 1)xn−1}n∈Z.

Theorem 1.5 below is taken from Latushkin et al. (to appear) (see Theorem 4.1,

Proposition 4.2 and Corollary 5.1). This theorem relates the spectra σ(T ) and σ(Γ)

on C0(R, X) to the spectra σ(πs(T )), s ∈ R, on c0(Z, X).
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Theorem 1.5. The following assertions are equivalent for an exponentially bounded

evolution family {U(t, s)}t≥s on X.

i) {U(t, s)}t≥s has exponential dichotomy;

ii) I−πs(T ) is invertible on c0(Z, X), and there exists a constant K > 0, such

that

(1.3) ‖[I − πs(T )]−1‖B(c0(Z,X)) ≤ K for all s ∈ R;

iii) I − T is invertible in C0(R, X);

iv) Γ is invertible on C0(R, X).

The strategy for the rest of the proof of Theorem 1.1 is as follows. Lemmas 1.6–1.8

consist of showing that if (M) holds, then (I − πs(T ))−1 ∈ B(c0(Z, X)) and (1.3) is

satisfied. We stress that {T t}t≥0 as in (0.4) is not a strongly continuous semigroup

on Cb(R, X). The operators πs(T ) are still defined on `∞(Z, X). Condition (M) is an

“`∞-type” (versus “c0-type”) condition. We will use (M) to show that the operators

(I − πs(T ))−1, s ∈ R, exist and are uniformly bounded on `∞(Z, X) and derive

(1.3) from this fact. Finally, by Theorem 1.5, {U(t, s)}t≥s has exponential dichotomy

provided (M) is satisfied.

In the following lemma, we use the notation ‖A‖•Z := inf{‖Az‖Z : ‖z‖Z = 1} for a

linear operator A on a Banach space Z.

Lemma 1.6. If (M) holds, then I − πs(T ) is bounded from below, uniformly in

s ∈ R, on `∞(Z, X), hence also on c0(Z, X).

Proof. Suppose that

inf
s∈R

‖I − πs(T )‖•`∞(Z,X) = 0.

Then for each ε > 0 there are s ∈ R and v =∈ `∞(Z, X) such that ‖v‖∞ = 1

and ‖(I − πs(T ))v‖∞ < ε. Fix n ∈ N. Then there exists s = s(n) ∈ R and

v = v(n) = {xm}m∈Z ∈ `∞(Z, X) such that

1

2
< ‖(πs(T ))kv‖∞ ≤ 2, for k = 0, 1, . . . , 2n.

Now, (πs(T ))kv = {U(s + m, s + m− k)xm−k}m∈Z and so we may choose l ∈ Z such

that
1

2
≤ ‖U(s + l, s + l − n)xl−n‖X .

Set sn := s + l and zn := xl−n. Choose a function αn ∈ C1(R) with the properties

i) supp(αn) ⊆ (sn − n, sn + n);
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ii) 0 ≤ αn ≤ 1, with αn(sn) = 1;

iii) ‖α′n‖∞ ≤ 2
n
.

Define fn ∈ C0(R, X) by

fn(t) :=

αn(t)U(t, sn − n)zn, t ≥ sn − n,

0, t < sn − n.

Since fn ∈ C0(R, X), we can use the strongly continuous evolution semigroup defined

in (0.4). Note that

(T hfn)(t) = U(t, t− h)f(t− h)

= U(t, t− h)αn(t− h)U(t− h, sn − n)zn

= αn(t− h)U(t, sn − n)zn,

for t− h ≥ sn − n, and hence fn ∈ D(Γ) and

Γfn(t) =

−α′n(t)U(t, sn − n)zn, t ≥ sn − n.

0, t < sn − n.

Also, ‖fn‖∞ ≥ ‖fn(sn)‖X ≥ 1
2
, and

(1.4) ‖Γfn‖∞ ≤ 2C

n
sup

0≤k≤2n
‖U(k + sn − n, sn − n)zn‖X ≤ 4C

n
.

Further, note that (M) implies fn = −RΓfn. Indeed, for t ≥ s ≥ sn − n

fn(t) = αn(t)U(t, sn − n)zn

= αn(s)U(t, sn − n)zn + αn(t)U(t, sn − n)zn − αn(s)U(t, sn − n)zn

= U(t, s)(αn(s)U(s, sn − n)zn) + U(t, sn − n)zn

∫ t

s
α′n(τ) dτ

= U(t, s)(αn(s)U(s, sn − n)zn) +
∫ t

s
U(t, τ)α′n(τ)U(τ, sn − n)zn dτ

= U(t, s)fn(s)−
∫ t

s
U(t, τ)Γfn(τ) dτ,

and similarly for the other cases. By (1.4) and the fact that R ∈ B(Cb(R, X)) (see

Remark 1.3), it follows that limn→∞ fn = 0. This contradicts ‖fn‖ ≥ 1
2
. �

Lemma 1.7. If (M) holds, then for each s ∈ R, the operator I − πs(T ) from

`∞(Z, X) to `∞(Z, X) is surjective.
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Proof. Let v = {xn}n∈Z ∈ `∞(Z, X). Fix s ∈ R. It suffices to find w = {yn}n∈Z ∈
`∞(Z, X) such that

(1.5) yn − U(s + n, s + n− 1)yn−1 = U(s + n, s + n− 1)xn−1

holds for all n ∈ Z; i.e., (I − πs(T ))(w) = πs(T )(v). For then, (I − πs(T ))(w + v) =

πs(T )(v)+v−πs(T )(v) = v. To obtain w such that (1.5) holds, we claim there exists

f ∈ Cb(R, X) such that

(1.6) U(s + n, s + n− 1)xn−1 =
∫ s+n

s+n−1
U(s + n, τ)f(τ) dτ, n ∈ Z.

Since (M) holds, it then follows that there exists a unique g ∈ Cb(R, X) such that

(1.7) g(s+n) = U(s+n, s+n−1)g(s+n−1)+
∫ s+n

s+n−1
U(s+n, τ)f(τ) dτ, n ∈ Z.

Setting yn = g(s+n) in (1.7) then provides a w = {yn}n∈Z ∈ `∞(Z, X) which satisfies

(1.5), hence proving the lemma.

To construct f , choose α ∈ C([0, 1]) so that α(0) = 0, α(1) = 1, and
∫ 1
0 α(τ) dτ = 1.

Then for t ∈ [n + s− 1, n + s), define

f(t) = α(t− n− s + 1)U(t, n + s− 1)xn−1

+ (1− α(t− n− s + 1))U(t, n + s− 2)xn−2.

This gives∫ s+n

s+n−1
U(s + n, τ)f(τ) dτ =

∫ 1

0
α(τ) dτ · U(s + n, s + n− 1)xn−1

+
(
1−

∫ 1

0
α(τ) dτ

)
· U(s + n, s + n− 2)xn−2

which is (1.6) �

Now if (M) holds, Lemmas 1.6 and 1.7 show that (I−πs(T ))−1 is bounded as an op-

erator on `∞(Z, X). In fact, as the following lemma shows, (I−πs(T ))−1 is a bounded

operator on c0(Z, X). The argument is similar to that of Lemma 1.6 in Latushkin

and Randolph (1995) which is an adaptation of techniques in Kurbatov (1990). The

left shift operator on `∞(Z, X) will be denoted by S: {xn}n∈Z 7→ {xn−1}n∈Z.

Lemma 1.8. Assume (M) holds and s ∈ R. Then the bounded operator (I −
πs(T ))−1 on `∞(Z, X) leaves c0(Z, X) invariant and hence (I−πs(T ))−1 ∈ B(c0(Z, X)).

Proof. Fix s ∈ R and set C := (I − πs(T ))−1 ∈ B(`∞(Z, X)). We show that Cv ∈
c0(Z, X) for each v ∈ c0(Z, X).



14 Y. LATUSHKIN, T. RANDOLPH, AND R. SCHNAUBELT

First consider sequences in c0(Z, X) of the form v = el⊗x (x ∈ X) whose kth term

is (v)k = δklx. For x ∈ X, Cklx := (C(el ⊗ x))k defines an operator Ckl ∈ B(X).

Now let v = {xn}n∈Z ∈ c0(Z, X). To show that Cv ∈ c0(Z, X), we note (by writing

v =
∑

l el ⊗ xl) that it suffices to show

(1.8)

sk :=
∑
l∈Z
‖Ckl‖B(X) exists, sup

k∈Z
sk < ∞ and lim

|k|→∞
‖Ckl‖ = 0 for each l ∈ Z.

Set D := I − πs(T ). For γ ≥ 0, define the space

`γ
∞ = {{xk}k∈Z ∈ `∞(Z, X) : {eγ|k|xk}k∈Z ∈ `∞(Z, X)}.

Define Jγ : `∞(Z, X) → `γ
∞ by Jγ({xk}k∈Z) = {e−γ|k|xk}k∈Z. Note that D maps `γ

∞

into `γ
∞ and hence we can define a bounded operator D(γ) on `∞(Z, X) by

D(γ) = J−1
γ DJγ.

For v = {xn}n∈Z ∈ `∞(Z, X), we have

(D(γ)−D)v = [J−1
γ (πs(T ))Jγ − πs(T )]v

=
{
(eγ(|k|−|k−1|) − 1)U(s + k, s + k − 1)xk−1

}
k∈Z

.

Therefore, ‖D(γ)−D‖B(`∞(Z,X)) ≤ M(e±γ − 1) → 0 as γ → 0. Thus we can fix γ > 0

such that D(γ) has a bounded inverse on `∞(Z, X). Set ‖D(γ)−1‖B(`∞(Z,X)) =: δ.

Now let x ∈ X, and consider v = e0 ⊗ x. We have

D(γ)−1v = J−1
γ CJγv = J−1

γ C(e0 ⊗ x) = J−1
γ ({Ck0x}k∈Z) = {eγ|k|Ck0x}k∈Z.

Hence, ‖eγ|k|Ck0x‖ ≤ ‖D(γ)−1v‖`∞(Z,X) ≤ δ‖e0 ⊗ x‖`∞(Z,X) = δ‖x‖, and thus

(1.9) ‖Ck0‖B(X) ≤ δe−γ|k|.

Fix j ∈ Z and set D̃ := S−jDSj and C̃ := D̃−1. For a finitely supported sequence

v = {xk}k∈Z =
∑

l el ⊗ xl, we have

C̃v = S−jC({xk−j}k∈Z) = S−j

∑
l∈Z

Cklxl−j


k∈Z

=

∑
l∈Z

Ck+j,l+jxl


k∈Z

.

Therefore, C̃kl = Ck+j,l+j, or Ckj = C̃k−j,0. Applying (1.9) to C̃ yields

‖Ckl‖B(X) ≤ δe−γ|k−l|,

and so sk =
∑

l ‖Ckl‖ ≤ δ1 for some constant δ1. This proves (1.8). �
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The proof of Theorem 1.1 now follows. Indeed, if (M) holds, Lemmas 1.6–1.8 show

that I − πs(T ) is invertible in B(c0(Z, X)). Moreover, by Lemma 1.6, there exists

K > 0 such that

sup
s∈R

‖(I − πs(T ))−1‖c0(Z,X) =
1

infs∈R ‖I − πs(T )‖•c0(Z,X)

≤ K.

Hence, Theorem 1.1 follows from Theorem 1.5.

2. Weighted function spaces

In this section we will consider several modifications of condition (M), where

{U(t, s)}t≥s is assumed to be exponentially bounded. First, we clarify the relation-

ship between the operator R, as defined via (M), and Γ−1 where Γ is the generator

of the evolution semigroup (0.4) on C0(R, X) or Lp(R, X). For this, consider the

corresponding properties:

(MC0) For every f ∈ C0(R, X) there exists a unique solution u ∈ C0(R, X) to (0.1);

(MLp) For every f ∈ Lp(R, X) there exists a unique continuous solution u ∈ Lp(R, X)

to (0.1).

We have the following extension of Theorem 1.1.

Theorem 2.1. The following assertions are equivalent for an exponentially bounded

evolution family {U(t, s)}t≥s on X.

i) {U(t, s)}t≥s has exponential dichotomy;

ii) property (M) holds;

iii) property (MC0) holds;

iv) property (MLp) holds.

The operator R defined by (M) (MC0), or (MLp), is equal to the Green’s operator

Ĝ as defined in (1.1). Moreover, on C0(R, X), respectively, Lp(R, X), we have R =

−Γ−1, where Γ denotes the generator of the evolution semigroup {T t}t≥0 on C0(R, X),

respectively, Lp(R, X).

Proof. If {U(t, s)}t≥s has exponential dichotomy then by Remark 1.3 the Green’s

operator Ĝ is defined on C0(R, X) and Lp(R, X), and Ĝ = −Γ−1. Then by Räbiger

and Schnaubelt (1996), Proposition 3.3, Ĝ maps Lp(R, X) into C0(R, X). Moreover,

it can be seen as in the proof of Proposition 1.2 that (MC0) and (MLp) hold, and

R = Ĝ.
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By Theorem 1.1 and Remark 1.3 it remains to show that (MC0), resp. (MLp),

yields exponential dichotomy for {U(t, s)}t≥s. Define R by (MC0), resp. (MLp). In

view of Theorems 1.4 and 1.5 it is enough to show that Γ is invertible. In fact, let

f ∈ C0(R, X) or Lp(R, X). Then for u = Rf , h ≥ 0, t− h ≥ s,

(T hu)(t) = U(t, t− h)u(t− h)

= U(t, t− h)

[
U(t− h, s)u(s) +

∫ t−h

s
U(t− h, τ)f(τ) dτ

]

= U(t, s)u(s) +
∫ t−h

s
U(t, τ)f(τ) dτ,

and so

1

h

[
(T hu)(t)− u(t)

]
=

1

h

[
U(t, s)u(s) +

∫ t−h

s
U(t, τ)f(τ) dτ

−
(
U(t, s)u(s) +

∫ t

s
U(t, τ)f(τ) dτ

)]
= −1

h

∫ t

t−h
U(t, τ)f(τ) dτ

= −1

h

∫ h

0
U(t, t− τ)f(t− τ) dτ.

Consequently,
1

h
(T hu− u) = −1

h

∫ h

0
T τf dτ,

where we have used Neidhardt (1981), Theorem 4.2, in the case of Lp(R, X). Hence,

Rf = u ∈ D(Γ) and ΓRf = −f . On the other hand, suppose u ∈ D(Γ) and Γu = 0.

Then for t > 0 and n ∈ N large enough, we have (n
t
−Γ)u = n

t
u, or u = n

t

(
n
t
− Γ

)−1
u,

and so

u = lim
n→∞

[
n

t

(
n

t
− Γ

)−1
]n

u = T tu, t > 0.

Hence, u(t) = U(t, s)u(s) for t ≥ s. Therefore, (0.1) holds for f = 0 and so u =

R(0) = 0. That is, Γ is bijective. �

Our next goal is to replace Cb(R, X) in (M) by a space Eα of X-valued functions

that grow not faster than exponentially on R. We consider functions w : R → R+ of

the form e−α|t|, α ≥ 0, and define the weighted spaces Eα = {f ∈ C(R, X) : e−α|·|f ∈
Cb(R, X)}. Consider the following condition:

(MEα) For every f ∈ Eα there exists a unique solution u ∈ Eα to (0.1).
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As we will see, (MEα) holds for {U(t, s)}t≥s and 0 ≤ α < β for some β > 0 if and only

if {U(t, s)}t≥s has exponential dichotomy. Before proceeding, we pause to motivate

the ideas as they relate to center manifold theory (see, e.g., Daleckij and Krein (1974)

and Vanderbauwhede and Iooss (1992)).

In their study of center manifold theory in infinite dimensions, Vanderbauwhede

and Iooss (1992) consider a semilinear differential equation of the form y′ = By+g(y)

on a Banach space Y . A standing hypothesis in their work assumes the existence of a

B-invariant decomposition Y = Z⊕X with restrictions A = B|X and C = B|Z . Here,

Z represents a “central” part in the sense that σ(C) ⊂ iR (or, as in Daleckij and Krein

(1974) or Yi(1993), one can assume that σ(C) lies in a strip around iR). Further,

X represents a “hyperbolic” part. The hyperbolicity condition of Vanderbauwhede

and Iooss (1992) (see their Condition (H)) is given in terms of the inhomogeneous

equation (0.3) with A(t) ≡ A and can be reformulated as follows:

(H) There exists β > 0 such that for each α ∈ [0, β) the following condition holds:

For every f ∈ Eα there exists a unique solution x ∈ Eα to (0.3) with A(t) ≡ A. The

solution is given by x = Rf for some R ∈ B(Eα) with the property that ‖R‖B(Eα) ≤
γ(α) for some continuous function γ : [0, β) → R+.

We will prove, in particular, that hypothesis (H) is equivalent to the assumption that

the evolution family {e(t−s)A}t≥s has exponential dichotomy. This is contained in the

next theorem which is valid for nonautonomous equations and allows for merely mild

solutions; we note that Vanderbauwhede and Iooss (1992) uses, in fact, only mild

solutions to (0.3).

The proof of the theorem uses the following observation about the evolution family

{Uα(t, s)}t≥s with operators Uα(t, s) = e−α|t|

e−α|s|U(t, s), t ≥ s.

Lemma 2.2. (MEα) holds for {U(t, s)}t≥s if and only if (M) holds for {Uα(t, s)}t≥s.

Proof. First note that condition (M) for {Uα(t, s)}t≥s defines a bounded operator Rα

on Cb(R, X): Rαf = u. Now consider Ωα : Eα → Cb(R, X) where Ωα(f) = e−α|·|f .

The condition (MEα) for {U(t, s)}t≥s defines a bounded operator R ∈ B(Eα). We

have Rα = ΩαRΩ−1
α . Therefore, (M) holds for {Uα(t, s)}t≥s ⇐⇒ Rα ∈ B(Cb(R, X))

⇐⇒ R ∈ B(Eα) ⇐⇒ (MEα) holds for {U(t, s)}t≥s. �

Theorem 2.3. Let {U(t, s)}t≥s be an exponentially bounded evolution family. The

following are equivalent:
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i) {U(t, s)}t≥s has exponential dichotomy;

ii) there exists β > 0 such that for each α ∈ [0, β) condition (MEα) holds for

{U(t, s)}t≥s.

Moreover, if either one of (i) or (ii) holds, then the dichotomy bound δ for {U(t, s)}t≥s

can be estimated as follows:

(2.1) δ ≤ sup {β > 0 : for each α ∈ [0, β) condition (MEα) holds for {U(t, s)}t≥s} .

In addition, for each α > 0 and each f ∈ Eα the solution to (0.1) is given by u = Rf ,

where the operator R ∈ B(Eα) is equal to the Green’s operator Ĝ on Eα as defined

in (1.1), and has the property that ‖R‖B(Eα) ≤ γ(α) for some continuous function

γ : [0, δ) → R+.

Proof. Clearly, (ii) implies (i) by Theorem 1.1.

To prove that (i) implies (ii), we suppose that {U(t, s)}t≥s has exponential di-

chotomy with some constants β ∈ (0, δ) and M = M(β). Then for any α ∈ (0, β),

using Definition 1.1, {Uα(t, s)}t≥s has exponential dichotomy with constants β − α

and M . By Theorem 1.1, condition (M) holds for {Uα(t, s)}t≥s. By Lemma 2.2,

condition (MEα) holds for {U(t, s)}t≥s. This also shows (2.1).

As for the rest of the theorem, suppose that {U(t, s)}t≥s has exponential dichotomy

with some constants M(β) and β < δ. Then for α < β, {Uα(t, s)}t≥s has exponen-

tial dichotomy with constants M(β) and β − α. By Theorem 1.1, (M) holds for

{Uα(t, s)}t≥s and so (MEα) holds for {U(t, s)}t≥s. Now consider R ∈ B(Eα) defined

as Rf = u by condition (MEα). Let Rα = ΩαRΩ−1
α as in the proof of the above

lemma. Further, Rα equals the operator Ĝα corresponding to {Uα(t, s)}t≥s defined

as in (1.1). We have

‖R‖B(Eα) = ‖Rα‖B(Cb(R,X)) = ‖Ĝα‖B(Cb(R,X)) ≤
2M(β)

β − α
.

It is now easy to find the required function γ. �

Remark 2.4. It is possible that (MEα) holds for all α ∈ (0, β), but {U(t, s)}t≥s has

no exponential dichotomy. Moreover, the inequality in (2.1) may be strict.

Proof. Let X = C and 0 ≤ ε < 1. By setting

U (ε)(t, s) =


eε(t−s), 0 > t ≥ s,

et e−εs, t ≥ 0 ≥ s,

et−s, t ≥ s > 0,



EXPONENTIAL DICHOTOMY AND MILD SOLUTIONS 19

we define a strongly continuous evolution family. For α ≥ 0 we have

U (ε)
α (t, s) = e−α|t| eα|s| U (ε)(t, s) =


e(α+ε)(t−s), 0 > t ≥ s,

e(1−α)t e−(ε+α)s, t ≥ 0 ≥ s,

e(1−α)(t−s), t ≥ s > 0.

Consequently, {U (0)(t, s)}t≥s has no exponential dichotomy, but (MEα) holds for

{U (0)(t, s)}t≥s and each 0 < α < 1. Moreover, for ε > 0 we obtain δ({U (ε)(t, s)}t≥s) =

ε, but (MEα) holds for {U (ε)(t, s)}t≥s and each 0 < α < 1. �
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