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Exercise 22

Let Q C R™ with n > 3.

(a) Show that for u € C$°(Q) and a C'-vector field F': Q — R™ one has:

/—(V-F—I—|F|2)u2dx < / |Vul? dr (1)
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(b) Prove Hardy’s inequality
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by using (1) for the vector fields F.(r) = —&— for some (fixed) ¢t < 0 and ¢ > 0.

 JePte
(¢) Show that for > —(-%5)% and f € L?(2) the boundary value problem

—Au—l—#u:f in Q
u=20 on 0f)

has a unique weak solution u € H}(Q).

Exercise 23

Let 1 < p,p,q,¢ < 00, Q@ C R" and u € LP(QQ), v € LI()) with weak partial derivatives
Ou € LP(Q) and v € L(Q) for some k € {1,...,n}. Moreover, let 7,7 > 1 be given by
rt=p g, T =max{p g G

Then u - v € L"(Q2) is weakly differentiable w.r.t k& and one has

On(u-v) = Opu-v+u- O € L7(Q).
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