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Exercise 1:
Let K : X → Y be an injective compact operator with singular system (σn, un, vn).

(a) Show that for α > 0 the Tikhonov approximation xα, i.e. the solution of (13.5), can be written
in the form

xα =
∞∑
n=1

q(α, σn)

σn
〈yδ, un〉vn

with a suitable function q : R+ × R+ → R+.

(b) Use exercise 1 of problem set 8 to show that the method of Tikhonov is a regularization for
K† with

‖Rα‖ ≤
1

2
√
α
.

Exercise 2:
Let K : X → Y be a compact operator, yδ ∈ Y and xδα the Tikhonov approximation. By
φ(α) = ‖yδ − Kxδα‖2 we denote the discrepancy function. If ‖yδ‖ ≥ δ, then the regularization
parameter α = α(δ) given by the discrepancy principle is the unique solution of the equation
φ(α) = δ2. Now Newton’s method can be applied to the equation

ψ(β) = φ(1/β) = δ2.

(a) Determine the iteration sequence αn = 1/βn, n ∈ N, of this approach.
Hint: Show first that ψ can be written in the form

ψ(β) =
∞∑
n=1

〈yδ, un〉2

(βσ2n + 1)2
,

where (σn, un, vn) is a singular system of K. Use this representation to calculate the Newton
iteration.

(b) Show: If α0 is chosen such that α0 ≥ α(δ) > 0, then the sequence {αn} is monotonically
decreasing and converges quadratically to α(δ).

Exercise 3:
Let X and Y be Hilbert spaces and A : X → Y a bounded linear operator. Show that:

(a) If xn ⇀ x, then the weak limit x is uniquely determined.

(b) If xn ⇀ x, then the sequence {xn}n is bounded.

(c) If xn ⇀ x, then ‖xn‖ → ‖x‖ implies xn → x.

(d) If xn ⇀ x, then ‖x‖ ≤ lim inf
n→∞

‖xn‖.



(e) If xn ⇀ x, then Axn ⇀ Ax.

(f) A is compact if and only if for any weakly convergent sequence xn ⇀ x follows that
Axn → Ax.

Please hand in your solutions in the problem class on Friday, January 13, 2012.

We wish you a merry Christmas and
a happy New Year 2012 !


