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This work is devoted to the investigation of the basic relationship between the

geometric shape of a convex set and measure theoretic properties of the associated

curvature and surface area measures. We study geometric consequences of and

conditions for absolute continuity of curvature and surface area measures with

respect to ðd � 1Þ-dimensional Hausdorff measure in Euclidean space Rd : Our main
results are two ‘‘transfer principles’’ which allow one to translate properties

connected with the absolute continuity of the rth curvature measure of a convex body
to dual properties related to the absolute continuity of the ðd � 1� rÞth surface area
measure of the polar body, and conversely. Applications are also considered. # 2002

Elsevier Science (USA)
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1. INTRODUCTION

The theory of curvature and surface area measures is of central importance
in convexity (see [26, 27, 32, 34]). Both types of measures emerge in the study
of general closed convex sets, since in many cases pointwise (almost
everywhere) defined functions of principal curvatures or radii of curvature
are an insufficient tool of investigation. Perhaps, the most natural way to
arrive at the curvature and surface area measures, or at their common
generalizations, the support measures, of general convex sets, is to consider
a local version of the classical Steiner formula. Thus, these measures provide
local extensions of the well-known Minkowski functionals (quermassinte-
grals, intrinsic volumes).
The crucial role of the support measures is, to some extent, explained by

the fact that they can be characterized by a certain number of basic
properties (cf. [13, 39]) similar to Hadwiger’s famous characterization
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theorem for the intrinsic volumes. Characterization theorems for curvature
and surface area measures, which are similar in spirit, have been established
in [24, 25]. Recent applications of such (axiomatic) results and methods are
described in [13, 28]. Furthermore, both types of measures are an
indispensible tool for various investigations in such diverse fields as
stochastic geometry [33], geometric tomography [12], the study of additive
functions [1, 22, 29] or the theory of mixed volumes. In fact, curvature
measures can be introduced for other classes of sets as well; important
examples are unions of convex sets, certain unions of sets with positive
reach, and special classes of tame sets (cf. [3, 11]). The connection to Hessian
measures of semi-convex functions was explored in [5, 6]. For the present
purpose, however, the assumption of convexity will be essential.
Our main objective is to study the basic relationship between geometric

properties of convex sets and measure theoretic properties of the associated
curvature and surface area measures. The measure theoretic property which
is relevant here is the absolute continuity with respect to an appropriate
Hausdorff measure. A systematic investigation of this subject was initiated
in [18, 19], and then continued in [20]; we also refer to [19, 20] for a
description of the historical context and motivation. There it is explained
how the absolute continuity of curvature measures is related to the
characterization of Euclidean balls and to the corresponding splitting and
stability results. Moreover, it is shown how regularity results for convex sets
can be deduced under the assumption of absolute continuity of some
curvature or surface area measure. We now continue this line of research by
studying absolutely continuous measures with bounded densities and by
exhibiting the role which polarity plays in this context.
A further thorough study of absolutely continuous curvature and surface

area measures with bounded densities will be carried out in a subsequent
paper which will rely in an essential way on the present work. There, for
instance, we shall establish regularity results and characterize absolute
continuity with bounded density in terms of integral-geometric Crofton and
projection formulae. Thus, we also continue recent works of Bangert [2] and
Burago and Kalinin [4].
A brief description of the scope of the paper is appropriate. In Section 2,

we introduce our notation and provide some background information, for
later reference and as a motivation for our main results. Section 3 contains a
detailed description of the main results which will be proved in the
subsequent sections. In Section 4, we investigate the relationship between
absolutely continuous curvature and surface area measures of polar pairs of
convex bodies, and in Section 5 such a relationship is studied for absolutely
continuous measures with bounded densities. In Section 6, two applications
are considered. Here, for instance, we prove a stability result of optimal
order of the uniqueness assertion for the Minkowski problem.
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2. NOTATION AND BACKGROUND INFORMATION

The starting point for the present investigation was an explicit description
of the Lebesgue decomposition for the curvature and surface area measures
of convex sets in Rd with respect to the appropriate ðd � 1Þ-dimensional
Hausdorff measures. As a preparation for a description of this result and its
consequences, we introduce some terminology. However, we shall assume
that the reader is already familiar with curvature and surface area measures
as introduced in [26]. Subsequently, we shall sketch some results of the
previous paper [20]. In particular, we shall try to emphasize the dual nature
of the results obtained for curvature and surface area measures. This should
serve as a motivation for our new results.
Let Cd be the set of all non-empty closed convex sets K � Rd with K=Rd :

Let Hs; s50; denote the s-dimensional Hausdorff measure in a Euclidean
space. The unit sphere of Rd with respect to the Euclidean norm j � j is
denoted by Sd�1; the unit ball centred at the origin o is denoted by Bd :
Furthermore, we write Bd ðx; rÞ instead of xþ rBd : The scalar product is
denoted by h�; �i: If K 2 Cd and x 2 bd K (the boundary of K), then the
normal cone of K at x is denoted by N ðK; xÞ; see [26] for notions of convex
geometry which are not explicitly defined here. For our approach, the
(generalized) unit normal bundle NðKÞ of a convex set K 2 Cd plays an
important role. It is defined as the set of all pairs ðx; uÞ 2 bd K � Sd�1 such
that u 2 N ðK; xÞ: Walter (see [35] or [36]) has shown that this set is a strong
ðd � 1Þ-dimensional Lipschitz submanifold of R2d : For Hd�1 almost all
ðx; uÞ 2 NðKÞ; one can introduce non-negative (generalized) curvatures

kiðx; uÞ; i 2 f1; . . . ; d � 1g; to which we also refer to as curvatures on the
unit normal bundle.
It is appropriate to describe the definition of these curvatures more

explicitly, since the details will become relevant in the following. For
that purpose, we write pðK; �Þ for the metric projection onto K; we set
dðK; yÞ :¼ jy � pðK; yÞj and define uðK; yÞ :¼ dðK; yÞ�1ðy � pðK; yÞÞ for
y 2 Rd =K: For any e > 0; we set Ke :¼ K þ eBd : Then, for all e > 0; the map
ðpðK; �Þ; uðK; �ÞÞjbd Ke

provides a bi-Lipschitz homeomorphism between
bd Ke and NðKÞ: Furthermore, let DK denote the set of all y 2 Rd =K for
which pðK; �Þ is differentiable at y: It is known that if y 2 Rd =K; then y 2 DK

if and only if pðK; yÞ þ ð0;1ÞuðK; yÞ � DK : For any ðx; uÞ 2 NðKÞ such that
xþ ð0;1Þu � DK ; and thus forH

d�1 almost all ðx; uÞ 2 NðKÞ; the spherical
image map uðK; �Þjbd Ke

is differentiable at xþ eu for all e > 0 (see [35]).
Therefore, curvatures k1ðxþ euÞ; . . . ; kd�1ðxþ euÞ are defined as the eigen-
values of the symmetric linear map DuðK; xþ euÞju? ; where u? denotes the
orthogonal complement of u: The corresponding eigenvectors will be
denoted by u1; . . . ; ud�1: It is easy to see that they can be chosen in such a
way that they do not depend on e and constitute an orthonormal basis of u?:
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Of course, they depend on ðx; uÞ; but we shall often omit the argument.
Hence, especially for Hd�1 almost all ðx; uÞ 2 NðKÞ and any e > 0; we can
define the generalized curvatures

kiðx; uÞ :¼
kiðxþeuÞ

1�ekiðxþeuÞ if kiðxþ euÞ5e�1;

1 if kiðxþ euÞ ¼ e�1;

(

where i 2 f1; . . . ; d � 1g; independent of the particular choice of e > 0 (see
[38]). We shall always assume that the ordering of these curvatures is such
that

04k1ðx; uÞ4 � � �4kd�1ðx; uÞ41:

In addition, we set k0ðx; uÞ :¼ 0 and kd ðx; uÞ :¼ 1 for all ðx; uÞ 2 NðKÞ: The
preceding notation does not make explicit the dependence of the various
curvature functions on the convex set K: If necessary, however, we shall be
more precise. Further details of this construction, in the general context of
sets with positive reach, can be found in [18, 19, 38].
Let X be a locally compact Hausdorff space with a countable base. (We

are interested in the cases X ¼ Rd and X ¼ Sd�1:) In the following, we refer
to [9, Chap. 1] for the basic notation and results concerning measure theory.
However, there is one minor difference. For us a Radon measure over X will
be defined on the Borel subsets of X ; whereas in [9] Radon measures are
understood to be outer measures defined on all subsets of X :We write BðY Þ
for the s-algebra of Borel sets of an arbitrary topological space Y :
Now let m and n be two Radon measures over X : If nðAÞ ¼ 0 implies

mðAÞ ¼ 0 for all A 2 BðX Þ; then we say that m is absolutely continuous with
respect to n; and we write m � n: By the Radon–Nikodym theorem, m � n if
and only if there is a non-negative Borel measurable function f : X ! R

such that

mðAÞ ¼
Z
A
f ðxÞn ðdxÞ

for all A 2 BðX Þ: In particular, the density function f is locally integrable
with respect to n: Furthermore, we say that m is singular with respect to n if
there is a Borel set B � X such that mðX =BÞ ¼ 0 ¼ nðBÞ; and in this case we
write m ? n: Certainly, this is a symmetric relationship. A version of the
Lebesgue decomposition theorem says that for arbitrary Radon measures m
and n there are two Radon measures ma and ms such that m ¼ ma þ ms; ma � n
and ms ? n: Moreover, the absolutely continuous part ma and the singular
part ms (of m with respect to n) are uniquely determined by these conditions.
We shall also consider the restriction ðmKAÞð�Þ :¼ mðA\ �Þ of a Radon
measure m to a set A 2 BðX Þ; which is again a Radon measure.

AIMA : 2055

DANIEL HUG4



UNCORRECTED P
ROOF

These notions and results will now be applied to the curvature and surface
area measures of a convex set K 2 Cd : As the curvature measures are Borel
measures over Rd which are locally finite and concentrated on bd K; the
curvature measure CrðK; �Þ; for any r 2 f0; . . . ; d � 1g; can be written as the
sum of two measures, that is,

CrðK; �Þ ¼ Car ðK; �Þ þ CsrðK; �Þ;

where Ca
r ðK; �Þ is absolutely continuous and CsrðK; �Þ is singular with respect

to the boundary measure Cd�1ðK; �Þ: Recall that if K 2 Cd ; then Cd�1ðK; �Þ ¼
Hd�1KbdK if K has non-empty interior or dim K4d � 2: If dim K ¼ d � 1;
then Cd�1ðK; �Þ ¼ 2ðHd�1Kbd KÞ: Subsequently, we often say that the rth
curvature measure of a convex set is absolutely continuous, by which we
wish to express that this measure is absolutely continuous with respect to the
boundary measure of the set.
The surface area measures SrðK; �Þ of non-empty compact convex

sets (convex bodies) K � Rd are finite Borel measures over Sd�1: Hence, if
K � Rd is a convex body and r 2 f0; . . . ; d � 1g; then we can write

SrðK; �Þ ¼ Sar ðK; �Þ þ Ssr ðK; �Þ;

where Sar ðK; �Þ is absolutely continuous and S
s
r ðK; �Þ is singular with respect to

S0ðK; �Þ: In this case, the surface area measure of order 0 is just the restriction
of the ðd � 1Þ-dimensional Hausdorff measure to the Borel sets of the unit
sphere, and thus it is independent of the convex body K:
In the remainder of this section, we recall various results and some

notation from [19] and [20]. Let Kd denote the set of all convex bodies in
Rd :We write Cd

o (K
d
o) for the set of all K 2 Cd (K 2 Kd ) for which int K=|:

In [19] an explicit description of the singular parts of the curvature and
surface area measures of a convex set K was given in terms of the generalized
curvature functions of the unit normal bundle of K: The corresponding
theorems are the essential tools that allow one to establish geometric results.
Moreover, they serve as a main ingredient in the proof of the regularity
theorems contained in [19].
The absolutely continuous parts of the curvature and surface area

measures of convex sets were recovered in [19] as well. To describe these, we
write k1ðK; xÞ; . . . ; kd�1ðK; xÞ for the principal curvatures of K at a normal

boundary point x 2 bd K; thus these curvatures are defined for Hd�1 almost
all boundary points (see [26, Sect. 2.5]). Then the density function of Ca

r ðK; �Þ
with respect to Cd�1ðK; �Þ is given by

Hd�1�rðK; xÞ :¼
d � 1

r

 !�1 X
jI j¼d�1�r

Y
i2I

kiðK; xÞ;
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where the summation extends over all sets I � f1; . . . ; d � 1g of cardinality
d � 1� r: For r ¼ d � 1 the product over the empty set has to be interpreted
as one.
Similarly, the principal radii of curvature r1ðK; uÞ; . . . ; rd�1ðK; uÞ of K at

u 2 Sd�1 are defined for all u 2 Sd�1 such that hK ¼ hðK; �Þ is the second-order
differentiable at u as the eigenvalues of the restriction to u? of the second-
order differential of the support function hK of K at u: Then the density
function of Sar ðK; �Þ with respect to S0ðK; �Þ is

DrhðK; uÞ :¼
d � 1

r

 !�1X
jI j¼r

Y
i 2 I

riðK; uÞ:

In [20], useful conditions were derived which are necessary and sufficient
for the absolute continuity of a particular curvature or surface area measure
of a convex set. These characterization results, stated in Theorems 2.1 and
2.2, allow one to express the measure theoretic property of absolute
continuity of a particular curvature or surface area measure of a convex set
in terms of the generalized curvatures of this set. The following two
theorems also play a key role in the present investigation.

Theorem 2.1. Let K 2 Cd ; r 2 f0; . . . ; d � 1g; and b 2 BðRd Þ: Then

CrðK; �ÞKb � Cd�1ðK; �ÞKb

if and only if, for Hd�1 almost all ðx; uÞ 2 NðKÞ with x 2 b; one of the

conditions

kd�1ðx; uÞ51 or krþ1ðx; uÞ ¼ 0 or krðx; uÞ ¼ 1

is satisfied.

Theorem 2.2. Let K 2 Kd ; r 2 f0; . . . ; d � 1g; and o 2 BðSd�1Þ: Then

SrðK; �ÞKo � S0ðK; �ÞKo

if and only if, for Hd�1 almost all ðx; uÞ 2 NðKÞ with u 2 o; one of the

conditions

k1ðx; uÞ > 0 or krþ1ðx; uÞ ¼ 0 or krðx; uÞ ¼ 1

is satisfied.

In the special but important case of the curvature measure C0ðK; �Þ of a
convex body K; a characterization of absolute continuity can be stated
which involves a spherical supporting property of K: Using a Crofton

intersection formula and various integral-geometric transformations, this
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result can be extended to curvature measures of any order. The precise
formulation involves the conveniently normalized motion invariant Haar
measure mr on the homogeneous space Aðd; rÞ of r-dimensional affine
subspaces in Rd ; cf. [26] for further explanations. Finally, we write U ðEÞ for
the unique linear subspace which is parallel to a given affine subspace E; and
we denote by sU ðEÞðK \ E;b\ EÞ the spherical image of K \ E at b\ E with
respect to U ðEÞ if E\ intK=| and b � Rd (see [26, Sect. 2.2]).

Theorem 2.3. Let K 2 Cd
o ; b 2 BðRdÞ; and r 2 f2; . . . ; dg: Then

Cd�rðK; �ÞKb � Cd�1ðK; �ÞKb

if and only if, for mr almost all E 2 Aðd; rÞ such that E\ int K=|; and in Hr�1

almost all directions of the set sU ðEÞðK \ E;b\ EÞ � U ðEÞ; the intersection

K \ E is supported from inside by an r-dimensional ball contained in E.

In fact, Theorem 2.3 was stated in [20] for K 2 Kd
o ; but for unbounded

sets the assertion follows immediately, since the curvature measures are
locally defined. The case r ¼ 2 is of particular interest because then the
assumption Cd�2ðK; �Þ � Cd�1ðK; �Þ implies that almost all two-dimensional
sections of K are smooth.
Analogous results for surface area measures have been established in [20]

as well. One of the basic tools which one uses now are integral-geometric
projection formulae. Such formulae involve the Grassmann space Gðd; jÞ of
j-dimensional linear subspaces of Rd and the normalized rotation invariant
Haar measure nj over Gðd; jÞ:We write K jV for the orthogonal projection of
a convex body K onto V 2 Gðd; jÞ: Finally, tðK jU ;o\ U Þ � U denotes the
reverse spherical image of K jU at o\ U where o � Sd�1 (see [26, Sect. 2.2]).
The result corresponding to Theorem 2.3 is the following.

Theorem 2.4. Let K 2 Kd ; o 2 BðSd�1Þ; and i 2 f1; . . . ; d � 1g: Then

SiðK; �ÞKo � S0ðK; �ÞKo

if and only if, for niþ1 almost all U 2 Gðd; iþ 1Þ; and at Hi almost all points of

the set tðK jU ;o\ U Þ; the projection K jU is supported from outside by an

ðiþ 1Þ-dimensional ball contained in U.

Hence, if S1ðK; �Þ � S0ðK; �Þ; then almost all projections of K onto two-
dimensional subspaces are strictly convex.
Further characterization results and consequences are discussed in [20]. A

close inspection of these results suggests some underlying duality principles,
the corresponding results, which make this idea precise, are described in the
following section and are referred to as transfer principles. It should be
pointed out that these principles do not apply to the main theorems of [20]
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in an obvious way. However, other applications will be given in the present
paper and in the subsequent work [21].

3. MAIN RESULTS

A review of results on the absolute continuity of curvature and surface
area measures clearly indicates that there should be a general principle by
which results for curvature and surface area measures are related. Indeed,
the corresponding pairs of notions such as boundary point}normal vector,
support set}normal cone, principal curvatures}radii of curvature,
intersection by an affine plane}projection onto a linear subspace, are
connected by polarity; compare [17, 26, p. 75]. Therefore, it is natural to
conjecture that the characterizations of absolute continuity of curvature
measures correspond in a precise sense to the characterizations of absolute
continuity of surface area measures via polarity.
The formation of the polar body of a given convex body is a non-linear

operation and it requires the non-canonical choice of a reference point
(cf. [26, Sect. 1.6]). Subsequently, it will be convenient to fix the origin o as
the reference point, but this does not restrict the generality of our
statements. We shall see that often the choice of a reference point is
immaterial for geometric consequences which appear in a translation
invariant setting. Most of the results, which we intend to discuss, thus refer
to the set K 2 Kd

oo of all convex bodies K 2 Kd for which o 2 intK: For a
given convex body K 2 Kd

oo; we write Kn for the polar body of K and
introduce the map

f : Sd�1 ! bdKn; u/hðK; uÞ�1u:

It provides the required correspondence between normal vectors of K and
boundary points of Kn:
Now we are prepared to state our first transfer principle, which allows

us to transfer properties connected with the absolute continuity of the
rth curvature measure CrðK; �Þ of a convex body K to dual properties
connected with the absolute continuity of the ðd � 1� rÞth surface area
measure Sd�1�rðKn; �Þ of the polar body Kn; and conversely.

Theorem 3.1. Let K 2 Kd
oo; o 2 BðSd�1Þ; and r 2 f0; . . . ; d � 1g: Then

SrðK; �ÞKo � S0ðK; �ÞKo

if and only if

Cd�1�rðKn; �ÞKf ðoÞ � Cd�1ðKn; �ÞKf ðoÞ:

AIMA : 2055
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Clearly, by the bi-polar theorem the roles of K and Kn can be
interchanged. The proof of this result uses Theorems 2.1 and 2.2 in an
essential way. Therefore, Theorem 3.1 cannot be used to deduce these two
theorems from each other. Apparently, a similar remark applies to the other
main results contained in [20] (except for parts of Theorems 2.3 and 3.7 in
[20]). However, we shall encounter other applications of Theorem 3.1 in the
present work and in [21]. In particular, Theorem 3.1 is an important
ingredient for the proof of our second transfer principle.
Let us put Theorem 3.1 into a broader context. In spherical space, the

connection between curvature measures of a convex set and surface area
measures of the polar set is much simpler and actually extends to support
measures; see [13]. This is due to the fact that polarity on the sphere
essentially is the duality of cones, which is much easier to treat from a
technical point of view. A similar phenomenon can be observed when one
tries to extend certain integral-geometric results from the sphere to
Euclidean space; cf. the discussion in [14]. Still another kind of duality for
Hessian measures of convex functions was discovered in [6]. In this context,
the right notion of duality turned out to be the classical formation of the
conjugate function. However, the theory developed in [6] does not seem to
apply to the present situation.
Previously, we considered the case of absolutely continuous curvature

or surface area measures. The next step and our primary concern here
is to study absolutely continuous measures with bounded densities.
We say that a particular curvature or surface area measure is absolutely
continuous with bounded density (function) if it is absolutely continuous
with respect to the ðd � 1Þ-dimensional Hausdorff measure and the
density function is bounded from above by a constant. Clearly, if the
density of a measure with respect to another measure is bounded,
then the former need not be absolutely continuous with respect to the
latter. Again it is natural to ask for conditions which characterize
the absolute continuity with bounded density of a particular curvature
or surface area measure. Moreover, one will be interested in finding
geometric consequences of the assumption of absolute continuity for the
structure of the set of singular points or the set of singular normal vectors of
convex sets.
A first general result concerning bounded densities is given by our second

transfer principle, which is stated as Theorem 3.2. It is implied by Theorem
3.1 and by some new estimates involving elementary symmetric functions of
principle curvatures of Kn and elementary symmetric functions of radii of
curvature of K at corresponding points; see Corollary 5.1. These estimates
again are consequences of a more general connection between elementary
symmetric functions of principle curvatures of Kn and suitably weighted
elementary symmetric functions of radii of curvature of K: A very special

AIMA : 2055
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instance of such a relationship was found in [17, Theorem 2.2], but the
present approach is completely different.

Theorem 3.2. Let K 2 Kd
oo; o 2 BðSd�1Þ; and r 2 f0; . . . ; d � 1g: Then

there is a constant c such that

SrðK; �ÞKo4c S0ðK; �ÞKo

if and only if there is a constant cn such that

Cd�1�rðKn; �ÞKf ðoÞ4cnCd�1ðKn; �ÞKf ðoÞ:

In order to demonstrate how Theorem 3.2, together with Corollary 5.1,
can be applied to obtain new results, we combine these results with a
theorem of Weil [37] concerning the surface area measures to obtain a new
theorem about curvature measures. Part (a) of Theorem 3.3 shows how an
integrability assumption on the Radon–Nikodym derivative H1ðK; �Þ of the
mean curvature measure Cd�2ðK; �Þ of a convex set K implies the absolute
continuity of certain lower-dimensional curvature measures with precise
information about the integrability of the corresponding densities. In a
certain sense this result is optimal as an example shows. By constructing
suitable examples one can also see that in general the absolute continuity of
the rth curvature measure of a convex body K does not imply the absolute
continuity of any other curvature measure of order s (s=r) of K:
Subsequently, for q > 0; an open set b � Rd and a measurable function

g : bdK ! R; we write g 2 Lq
locðb\ bdKÞ if

R
a jgðxÞj

qHd�1 ðdxÞ51 for all
compact sets a � b\ bdK:

Theorem 3.3. Let K 2 Cd
o ; and let b � Rd be open.

ðaÞ Assume that

Cd�2ðK; �ÞKb � Cd�1ðK; �ÞKb;

and further assume that H1ðK; �Þ 2 L
p
locðb\ bd KÞ for some p 2 ½1;1Þ: Then

Cd�1�jðK; �ÞKb � Cd�1ðK; �ÞKb

and HjðK; �Þ 2 L
½p=j�
loc ðb\ bd KÞ for j 2 f1; . . . ; ½p�g:

ðbÞ Assume that

Cd�2ðK; �ÞKb4%cc Cd�1ðK; �ÞKb

for some constant %cc > 0: Then

Cd�1�jðK; �ÞKb4%ccjCd�1ðK; �ÞKb

for j 2 f1; . . . ; d � 1g:
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Another application of the investigation of absolutely continuous
curvature and surface area measures concerns a stability result. In [20], it
was explained how stability results for curvature measures can be studied in
the context of absolutely continuous measures. Indeed, this point of view is
also useful for obtaining a stability result of the uniqueness assertion for the
Minkowski problem. The uniqueness assertion states that if K and L are
convex bodies for which Sd�1ðK; �Þ ¼ Sd�1ðL; �Þ is satisfied, then K and L are
translates of each other. For the case where L is a ball, Diskant obtained
in [8] a corresponding stability result. This can be seen by observing that
Sd�1ðBd ; �Þ ¼ S0ðK; �Þ: The following theorem improves Diskant’s result.

Theorem 3.4. Let K 2 Kd and 04e51
4
: Assume that

ð1� eÞS0ðK; �Þ4Sd�1ðK; �Þ4ð1þ eÞS0ðK; �Þ:

Then K lies in a ge-neighbourhood of a unit ball, where the constant g depends

only on the dimension d.

In fact, Diskant proved under the same assumptions that the given convex
body K lies in a ge1=ðd�1Þ-neighbourhood of a unit ball. Our result shows that
the exponent 1=ðd � 1Þ can be replaced by 1, which is the right order.

4. ABSOLUTE CONTINUITY AND POLARITY

In the present section, we give a proof of the first transfer principle. The
major problem here in treating polarity is that the map K/Kn cannot be
described by a tractable analytic expression. Therefore, the idea is to pass to
the normal bundles and to study instead a certain map T :NðKÞ ! NðKnÞ;
which turns out to be much more convenient. The same map has been used
for a different problem in [31].
For a convex body K 2 Kd

oo; we define the map T by

T :NðKÞ ! NðKnÞ; ðx; uÞ/ðhx; ui�1u; jxj�1xÞ:

First, we check that T is properly defined. Let rðL; �Þ denote the radial
function of L 2 Kd

oo: Choose any ðx; uÞ 2 NðKÞ: Then hx; ui ¼ hðK; uÞ ¼
rðKn; uÞ�1; and hence hx; ui�1u ¼ rðKn; uÞu 2 bd Kn: In addition, we have
hjxj�1x;hx; ui�1ui ¼ hðKn; jxj�1xÞ; since this is equivalent to rðK; xÞ ¼ 1:
Thus jxj�1x 2 N ðKn;hx; ui�1uÞ \ Sd�1: It is also easy to see that the inverse of
T is given by

T n :NðKnÞ ! NðKÞ; ðxn; unÞ/ðhxn; uni�1un; jxnj�1xnÞ:

AIMA : 2055
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From this we can conclude that T is a bi-Lipschitz homeomorphism. In
addition, T is differentiable, if considered as a map from a neighbourhood of
NðKÞ � R2d into R2d :
In the following, as a rule we shall attach an asterisk to quantities which

are associated with Kn: For example, we write kn1 ð�Þ; . . . ; k
n
d�1ð�Þ for the

(generalized) curvatures of Kn instead of k1ðKn; �Þ; . . . ; kd�1ðKn; �Þ: Finally, we
set Id�1 :¼ f1; . . . ; d � 1g:
Now we are prepared for Proposition 4.1, which relates generalized

curvatures of K to those of Kn: Basically, the equations which are asserted in
this proposition result from counting one and the same quantity in two
different ways.

Proposition 4.1. Let K 2 Kd
oo: Then, for Hd�1 almost all ðx; uÞ 2 NðKÞ;

card fi 2 Id�1 : kiðx; uÞ ¼ 1g ¼ card fi 2 Id�1 : kni ðT ðx; uÞÞ ¼ 0g

and

card fi 2 Id�1 : kiðx; uÞ ¼ 0g ¼ card fi 2 Id�1 : kni ðT ðx; uÞÞ ¼ 1g:

Proof. In the proof, we consider a pair ðx; uÞ 2 NðKÞ such that
xþ eu 2 DK for all e > 0: This condition is satisfied for Hd�1 almost all
ðx; uÞ 2 NðKÞ: For any such pair ðx; uÞ an orthonormal basis of the
ðd � 1Þ-dimensional linear subspace Tand�1ðHd�1KNðKÞ; ðx; uÞÞ �
Rd � Rd of ðHd�1KNðKÞ; d � 1Þ approximate tangent vectors of NðKÞ at
ðx; uÞ is given by

wi :¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kiðx; uÞ
2

q ui;
kiðx; uÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kiðx; uÞ

2
q ui

0
B@

1
CA; i 2 f1; . . . ; d � 1g;

where the vectors u1; . . . ; ud�1 2 Sd�1 constitute a suitable orthonormal
basis of u?; and k1ðx; uÞ; . . . ; kd�1ðx; uÞ 2 ½0;1� are the generalized curvatures
of the unit normal bundle NðKÞ; see [10, Sect. 3.2.16] for the terminology
of geometric measure theory. The generalized curvatures of NðKnÞ at
T ðx; uÞ are denoted by kn1 ðT ðx; uÞÞ; . . . ; k

n
d�1ðT ðx; uÞÞ: Since T is bi-Lipschitz,

we can assume that ðxn; unÞ :¼ T ðx; uÞ is such that xn þ eun 2 DKn for all
e > 0:
Let ðx; uÞ be chosen as described. We also write T for the canonical

extension of T to a neighbourhood of NðKÞ in R2d : In order to determine
the special basis DT ðx; uÞðwiÞ; i 2 f1; . . . ; d � 1g; of Tand�1ðHd�1KNðKnÞ;
T ðx; uÞÞ; we first determine the values DT ðx; uÞðv; oÞ and DT ðx; uÞðo; %vvÞ with
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v; %vv 2 Rd for the extended map T : By elementary calculus,

DT ðx; uÞðv; oÞ ¼ �
hv; ui

hx; ui2
u;

1

jxj
v�

x
jxj
; v

� �
x
jxj

� �� �

and

DT ðx; uÞðo; %vvÞ ¼
1

hx; ui
%vv �

hx; %vvi
hx; ui

u
� �

; o
� �

:

Since hui; ui ¼ 0; we obtain for i 2 f1; . . . ; d � 1g that

DT ðx; uÞðwiÞ ¼
kiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2i

p 1

hx; ui
ui �

hx; uii
hx; ui

u
� �

;

 

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2i

p 1

jxj
ui �

x
jxj
; ui

� �
x
jxj

� �!
;

where the argument ðx; uÞ of ki has been omitted. If we attach an asterisk to
the corresponding expressions for Kn; another basis of the tangent space
Tand�1ðHd�1KNðKnÞ; T ðx; uÞÞ is given by

wn

i ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðkni Þ
2

q uni ;
kniffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðkni Þ
2

q uni

0
B@

1
CA; i 2 f1; . . . ; d � 1g;

where the argument T ðx; uÞ of kni has been omitted, and ðun1 ; . . . ; u
n
d�1Þ is a

suitable orthonormal basis of x?: From this representation it is easy to see
that the integer

card fi 2 Id�1 : kni ðT ðx; uÞÞ ¼ 1g

equals the dimension of the kernel of the linear map p1 which is given by

p1 : linfwn

1 ; . . . ;w
n

d�1g ! x?; ðy; zÞ/y:

Since the vectors

ui �
hx; uii
hx; ui

u; i 2 f1; . . . ; d � 1g

are linearly independent, and since

kiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2i

p 2 ð0;1Þ if ki 2 ð0;1�;
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the dimension of the kernel of p1 is also equal to

card fi 2 Id�1 : kiðx; uÞ ¼ 0g:

To see this, recall that

linfwn

1 ; . . . ;w
n

d�1g ¼ linfDT ðx; uÞðw1Þ; . . . ;DT ðx; uÞðwd�1Þg:

Now the remaining statement of the lemma follows since Knn ¼ K: ]

By combining the preceding proposition with results from [20],
we can now establish the first transfer principle which was announced as
Theorem 3.1 in Section 3.

Proof of Theorem 3.1. We continue to use the notation introduced
in the proof of Proposition 4.1 and in the preceding remarks. Let as assume
that

SrðK; �ÞKo � S0ðK; �ÞKo:

Hence, by Theorem 2.2, for Hd�1 almost all ðx; uÞ 2 NðKÞ such that u 2 o;

k1ðx; uÞ > 0 or krþ1ðx; uÞ ¼ 0 or krðx; uÞ ¼ 1: ð1Þ

Denote by N1 � NðKÞ the set of all ðx; uÞ 2 NðKÞ such that u 2 o and
(1) is violated. Then Hd�1ðN1Þ ¼ Hd�1ðT ðN1ÞÞ ¼ 0: Let N2 be the set of
all ðx; uÞ 2 NðKÞ such that at least one of the two relations of Proposition 4.1
is not satisfied. Again Hd�1ðN2Þ ¼ Hd�1ðT ðN2ÞÞ ¼ 0; since T is bi-
Lipschitz.
Recall the definition of the map

f : Sd�1 ! bdKn; u/ hðK; uÞ�1u;

choose ðxn; unÞ 2 NðKnÞ=T ðN1 [N2Þ such that xn 2 f ðoÞ; and set ðx; uÞ :¼
T�1ðxn; unÞ: Then ðx; uÞ 2 NðKÞ=ðN1 [N2Þ and u 2 o because f is bijective
and f ðuÞ 2 f ðoÞ:
By relation (1) and using Proposition 4.1 thrice, we conclude that

knd�1ðx
n; unÞ51 or knd�rðx

n; unÞ ¼ 0 or knd�1�rðx
n; unÞ ¼ 1:
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Since Hd�1ðT ðN1 [N2ÞÞ ¼ 0; an application of Theorem 2.1 to the polar
body Kn now yields that

Cd�1�rðKn; �ÞKf ðoÞ � Cd�1ðKn; �ÞKf ðoÞ:

The reverse implication is proved in a similar manner. ]

5. BOUNDED DENSITIES AND POLARITY

In order to prove the second transfer principle, which deals with the case
of bounded densities, it will be necessary to have sharp inequalities between
elementary symmetric functions of principle curvatures of Kn and
elementary symmetric functions of radii of curvature of K at corresponding
points. Such inequalities will be derived from the following more general
theorem. Instead of an elementary symmetric function of radii of curvature,
it involves a weighted sum of products of radii of curvature.
It is remarkable that although the assertion of Theorem 5.1 does not

involve generalized curvatures on unit normal bundles, the proof essentially
uses this concept. Furthermore, recall that for a convex body K 2 Kd the
reverse spherical image map tðK; uÞ ¼ tK ðuÞ is well defined for Hd�1 almost
all u 2 Sd�1; see [26, pp. 77–78].

Theorem 5.1. Let K 2 Kd
oo and l 2 f1; . . . ; d � 1g: Then, for Hd�1

almost all u 2 Sd�1;

d � 1

l

 !
HlðKn; hðK; uÞ�1uÞ

¼
x
jxj
; u

� �lX
jI j¼l

1�
X
i2I

x
jxj
; ui

� �2" #Y
i2I

riðK; uÞ;

if ðu1; . . . ; ud�1Þ is a suitable orthonormal basis of u?; x :¼ tK ðuÞ; and the

summation extends over all subsets I � f1; . . . ; d � 1g of cardinality l:

Proof. Again we use the notation of the proof of Proposition 4.1. From
the proofs of Lemma 3.1 in [19], applied to Kn; and Lemma 3.4 in [19],
applied to K; as well as from the fact that u/hðK; uÞ�1u; u 2 Sd�1; is a
bi-Lipschitz homeomorphism from Sd�1 onto bd Kn; we infer that for
Hd�1 almost all u 2 Sd�1 the following conditions are simultaneously
satisfied:

1. The support function hðK; �Þ of K is second-order differentiable at u
and ðtK ðuÞ; uÞ 2 NðKÞ is such that tK ðuÞ þ eu 2 DK for all e > 0:
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2. The point hðK; uÞ�1u ¼ htK ðuÞ; ui�1u of Kn is a normal boundary
point, and hence hx; ui�1uþ ejxj�1x 2 DKn for all e > 0; if x :¼ tK ðuÞ:

Let us fix one such u 2 Sd�1; and set x :¼ tK ðuÞ and ðxn; unÞ :¼ T ðx; uÞ: Then
by the proof of Lemma 3.4 in [19], we especially get that

ki :¼ kiðx; uÞ > 0; i 2 f1; . . . ; d � 1g;

moreover, by Lemma 3.1 in [19],

kni :¼ kni ðx
n; unÞ51; i 2 f1; . . . ; d � 1g:

Also note that again by Lemmas 3.1 and 3.4 in [19],

d � 1

l

 !�1X
jI j¼l

Y
i2I

kni ¼ HlðKn; xnÞ; xn ¼ hðK; uÞ�1u ð2Þ

and

kiðx; uÞ
�1 ¼ riðK; uÞ; i 2 f1; . . . ; d � 1g: ð3Þ

Hence, the proof of Proposition 4.1 implies that

ui �
hx; uii
hx; ui

u;
1

ki

x
jxj
; u

� �
ui �

x
jxj
; ui

� �
x
jxj

� �� �
; i 2 f1; . . . ; d � 1g

is a basis of Tand�1ðHd�1KNðKnÞ; ðxn; unÞÞ: Observe that the case ki ¼ 1 is
not excluded. Define

ai :¼ ui �
hx; uii
hx; ui

u and bi :¼
1

ki

x
jxj
; u

� �
ui �

x
jxj
; ui

� �
x
jxj

� �
;

for i 2 f1; . . . ; d � 1g: Note that the vectors a1; . . . ; ad�1 2 x? are linearly
independent. The linear mapping j : x? ! x?; defined by

jðaiÞ :¼ bi; i 2 f1; . . . ; d � 1g

can also be determined by prescribing that

j
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðkni Þ
2

q uni

0
B@

1
CA ¼

kniffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðkni Þ

2
q uni ; i 2 f1; . . . ; d � 1g:

To check this one can use that ða1; . . . ; ad�1Þ and

ð1þ ðkn1 Þ
2Þ�1=2un1 ; . . . ; ð1þ ðknd�1Þ

2Þ�1=2und�1
� �

AIMA : 2055

DANIEL HUG16



UNCORRECTED P
ROOF

are two bases of x? and that

lin fwn

1 ; . . . ;w
n

d�1g ¼ lin fða1; b1Þ; . . . ; ðad�1; bd�1Þg:

Therefore, the linear mapping j has the eigenvalues kn1 ; . . . ; k
n
d�1: These

eigenvalues are the zeros of the characteristic polynomial

t/det ðB� t Ed�1Þ; t 2 R;

where Ed�1 is the unit ðd � 1Þ-by-ðd � 1Þ matrix, and the matrix B ¼ ðbijÞ;
i; j 2 f1; . . . ; d � 1g; is defined by the relations

bj ¼
Xd�1
i¼1

bijai; j 2 f1; . . . ; d � 1g: ð4Þ

Substituting the expressions for ai and bj into (4), we arrive at

1

kj

x
jxj
; u

� �
uj �

x
jxj
; uj

� �
x
jxj

� �
¼
Xd�1
i¼1

bij ui �
hx; uii
hx; ui

u
� �

: ð5Þ

Since ðu1; . . . ; ud�1; uÞ is an orthonormal basis of R
d ; we have

x
jxj

¼
Xd�1
k¼1

x
jxj
; uk

� �
uk þ

x
jxj
; u

� �
u: ð6Þ

If we use (6) for the unit vector jxj�1x within the bracket on the left-hand side
of Eq. (5), a comparison of the coefficients of u1; . . . ; ud�1 then yields, for
i; j 2 f1; . . . ; d � 1g; that

bij ¼
h x
jxj; ui

kj
dij �

x
jxj
; ui

� �
x
jxj
; uj

� �� �
:

Here, as usual, dij denotes the Kronecker symbol. Moreover, for an
arbitrary subset I � f1; . . . ; d � 1g with jI j ¼ l; we set

BI :¼ ðbjkÞj;k 2 I ;

thus the determinants of the matrices BI are the principal minors of
order l of the matrix B: Furthermore, we know from (2) that
ðd�1l ÞHlðKn; xnÞ can be calculated as the sum of these principal minors.
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Therefore, we obtain that

d � 1

l

 !
HlðKn; xnÞ

¼
X
jI j¼l

det BI

¼
X
jI j¼l

x
jxj
; u

� �l Y
i 2 I

ki

 !�1
det djk �

x
jxj
; uj

� �
x
jxj
; uk

� �� �
j;k2I

 !

¼
X
jI j¼l

x
jxj
; u

� �l Y
i 2 I

ki

 !�1
1�

X
j 2 I

x
jxj
; uj

� �2" #
:

An application of (3) then implies the theorem. ]

The following Corollary 5.1, which is an immediate consequence of
Theorem 5.1, can not only be used to characterize absolute continuity with
bounded density in terms of polarity, but it also leads to a characterization
of the case where the measures are purely singular; see Corollary 5.2.

Corollary 5.1. Let K 2 Kd
oo and l 2 f0; . . . ; d � 2g: Then, for Hd�1

almost all u 2 Sd�1;

x
jxj
; u

� �lþ2

DlhðK; uÞ4HlðKn; hðK; uÞ�1uÞ4
x
jxj
; u

� �l

DlhðK; uÞ;

where x :¼ tK ðuÞ: In addition, for Hd�1 almost all u 2 Sd�1;

Hd�1ðKn; hðK; uÞ�1uÞ ¼
x
jxj
; u

� �dþ1

Dd�1hðK; uÞ:

Remark 5.1. The special case l ¼ d � 1 of the preceding theorem and its
corollary has already been established in [17] by a completely different
method of proof. However, it does not seem to be possible to extend the
approach of [17] to cover the present situation.

Corollary 5.2. Let K 2 Kd
oo; o 2 BðSd�1Þ; and r 2 f0; . . . ; d � 1g: Then

SrðK; �ÞKo ¼ Ssr ðK; �ÞKo

if and only if

Cd�1�rðKn; �ÞKf ðoÞ ¼ Cs
d�1�rðK

n; �ÞKf ðoÞ:
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After these preparations it is now easy to provide a proof for
the second transfer principle by just combining what we have proved
so far.

Proof of Theorem 3.2. Assume that there is a constant c such that

SrðK; �ÞKo4c S0ðK; �ÞKo:

Then SrðK; �ÞKo is absolutely continuous with respect to S0ðK; �ÞKo;
and DrhðK; uÞ4c is satisfied for Hd�1 almost all u 2 o: By Theorem 3.1,
Cd�1�rðKn; �ÞKf ðoÞ is absolutely continuous with respect to
Cd�1ðKn; �ÞKf ðoÞ and, for Hd�1 almost all xn 2 f ðoÞ; the density is
given by HrðKn; xnÞ: Now Corollary 5.1 implies that HrðKn; xnÞ4c for
Hd�1 almost all xn 2 f ðoÞ: This finally shows that

Cd�1�rðKn; �ÞKf ðoÞ4cn Cd�1ðKn; �ÞKf ðoÞ

is satisfied with cn ¼ c:
Similarly, the reverse implication follows from the inequality on the left-

hand side of Corollary 5.1. In fact, let r;R 2 ð0;1Þ be chosen in such a way
that Bd ðo; rÞ � K � Bdðo;RÞ; hence hjxj�1x; ui5r=R; for Hd�1 almost all
u 2 Sd�1 and x ¼ tK ðuÞ; and we can proceed as before. ]

6. APPLICATIONS

The following theorem has been established by Weil [37]. Its proof is
based on a sophisticated convolution procedure which is applied to the
restriction of the support function of a given convex body to properly
chosen hyperplanes. Such a procedure is necessary in order to be able to
exert control over the radii of curvature of a suitably constructed sequence
of approximating smooth convex bodies.

Theorem 6.1 (Weil [31]). Let K 2 Kd
o ; and let o be an open subset

of Sd�1:

ðaÞ Assume that

S1ðK; �ÞKo � S0ðK; �ÞKo;

and further assume that D1hðK; �Þ 2 LpðoÞ for some p 2 ½1;1Þ: Then

SjðK; �ÞKo � S0ðK; �ÞKo

and DjhðK; �Þ 2 L½p=j�ðoÞ for j 2 f1; . . . ; ½p�g:
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ðbÞ Assume that

S1ðK; �ÞKo4c S0ðK; �ÞKo

for some constant c > 0: Then,

SjðK; �ÞKo4cj S0ðK; �ÞKo

for j 2 f1; . . . ; d � 1g:

The corresponding new result for curvature measures is stated as
Theorem 3.3 in Section 3. It will be implied by our first transfer principle,
Corollary 5.1 and Theorem 6.1. Alternatively, one could try to deduce
Theorem 3.3 by a more direct application of a convolution procedure to the
distance function of the convex body K: If it were indeed possible to
establish Theorem 3.3 by such an argument, independent of Theorem 6.1,
then one could deduce Theorem 6.1 from Theorem 3.3 again by using
Corollary 5.1 and the first transfer principle. However, it remains
unresolved whether a more direct approach to Theorem 3.3 exists. One
difficulty is that such a direct proof of Theorem 3.3 probably requires results
analogous to Satz 1.1 and Satz 4.1 in [37]. Here the problem arises that the
curvatures of a sequence of smooth convex bodies, which approximate a
given convex body, are defined on different domains. Furthermore, the
proof of Satz 4.1 in [37] exploits the connection of surface area measures to
mixed volumes and such a relationship is not available for curvature
measures.
After this brief discussion, we turn to the proof of Theorem 3.3.

Proof of Theorem 3.3. It is sufficient to consider the case K 2 Kd
o ; since

the curvature measures are locally defined. Furthermore, since all notions
involved in Theorems 6.1 and 3.3 are invariant with respect to translations,
we can assume that o 2 int K: Consider the maps

Z : bdK ! Sd�1; x/ jxj�1x

and

f n : Sd�1 ! bd K; u/ rðK; uÞu;

which are bi-Lipschitz homeomorphisms that are inverse to each other.
Let o :¼ ZðbdK \ bÞ: Then o � Sd�1 is an open subset of Sd�1:
The assumptions of Theorems 3.3(a) and 3.1, applied to Kn; imply that
S1ðKn; �ÞKo � S0ðKn; �ÞKo: Moreover, an application of Corollary 5.1
to Kn yields, for Hd�1 almost all x 2 bdK and l 2 f0; . . . ; d � 1g; that

x
jxj
; sK ðxÞ

� �lþ2

Dlh Kn;
x
jxj

� �
4HlðK; xÞ4Dlh Kn;

x
jxj

� �
; ð7Þ
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where sK denotes the spherical image map of K; which is defined for
all regular, and hence for Hd�1 almost all boundary points of K: Let
r;R 2 ð0;1Þ be such that Bd ðo; rÞ � K � Bd ðo;RÞ: Then, for ðx; uÞ 2 NðKÞ;

x
jxj
; u

� �� ��1

4
R
r
¼: c:

Using Lemma 3.1 from [17], we hence obtain, for l 2 f0; . . . ; d � 1g and
q > 0; that

Z
o
DlhðKn; uÞqHd�1ðduÞ

4 cðlþ2Þq
Z
o
HlðK; f nðuÞÞqHd�1ðduÞ

¼ cðlþ2Þq
Z
o
HlðK; f nðuÞÞq

hu;sKðf nðuÞÞi

rðK; uÞd�1
Jd�1f nðuÞHd�1ðduÞ

¼ cðlþ2Þq
Z
b\bd K

HlðK; xÞ
q
h x
jxj;sK ðxÞi

jxjd�1
Hd�1ðdxÞ

4
cðlþ2Þq

rd�1

Z
b\bd K

HlðK; xÞ
qHd�1ðdxÞ

and similarly,

Z
b\bd K HlðK; xÞ

qHd�1ðdxÞ

4
Z
b\bd K

Dlh Kn;
x
jxj

� �q

Hd�1ðdxÞ

¼
Z
o
DlhðKn; uÞqJd�1f nðuÞHd�1ðduÞ

4 cRd�1
Z
o
DlhðKn; uÞqHd�1ðduÞ:

These two estimates show that

DlhðKn; �Þ 2 LqðoÞ , HlðK; �Þ 2 Lqðb\ bd KÞ: ð8Þ

Hence, we get that D1hðKn; �Þ 2 LpðoÞ; and thus Weil’s result (Theorem 6.1)
yields, for j 2 f1; . . . ; ½p�g; that

SjðKn; �ÞKo � S0ðKn; �ÞKo and DjhðKn; �Þ 2 L½p=j�ðoÞ:
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Again from Theorem 3.1 we conclude, for j 2 f1; . . . ; ½p�g; that

Cd�1�jðK; �ÞKb � Cd�1ðK; �ÞKb

and another application of Eq. (8) then completes the proof of (a).
The proof of (b) follows from (a) and from Newton’s inequalities for

elementary symmetric functions (see [15, 23]). ]

Example 6.1. The result of Theorem 6.1(a) cannot be improved in
general. To see this, let r;R > 0 and define X : ½0; p� � ½0; 2p� ! R3 by

X ððW;jÞÞ :¼ ððRþ sin WÞ cos j; ðRþ sin WÞ sin j; cos WÞ:

Then K :¼ convðX ð½0;p� � ½0; 2p�ÞÞ is the convex hull of a torus. From
Theorem 2.2 it easily follows that S1ðK; �Þ is absolutely continuous with
respect to S0ðK; �Þ: In addition, D1hðK; �Þ 2 LpðS2Þ for each p 2 ½1; 2Þ: In fact,
the principal radii of curvature of K are given by

r1ðT ðW;jÞÞ ¼ r; r2ðT ðW;jÞÞ ¼
Rþ r sin W
sin W

;

where T : ð0; pÞ � ½0; 2p� ! R3 is defined by

T ðW;jÞ :¼ ðsin W cos j; sin W sinj; cos WÞ:

Now we obtain

IðpÞ :¼
Z
S2

ðr1ðuÞ þ r2ðuÞÞ
pH2ðduÞ

¼ 2p
Z p

0

½2rðsin WÞ1=p þ Rðsin WÞð1�pÞ=p�p dW:

If p 2 ½1; 2Þ; it follows that

IðpÞ42pp
Z p

0

½ð2rÞp sin Wþ Rpðsin WÞ1�p� dW:

The integral on the right-hand side is finite, since p � 151 and

lim
W!0

½ðsin WÞ1�pWp�1� ¼ 1:

But for p52 one obtains IðpÞ ¼ 1: On the other hand, S2ðK; �Þ even has
point masses.
By polarity a corresponding example for curvature measures is obtained.

In fact, this follows from the first transfer principle and Eq. (8).
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We now turn to the stability theorem which was mentioned in the
Introduction and stated as Theorem 3.4 in Section 3. A familiar way of
establishing stability and uniqueness results for balls is to use symmetriza-
tion techniques. This is also the method which was used by Diskant in order
to prove stability results for convex bodies K for which Sd�1ðK; �Þ or C0ðK; �Þ
are close to the corresponding measures of the unit ball Bd ðo; 1Þ: It is
surprising, however, that it is possible to improve Diskant’s result for the
ðd � 1Þth surface area measure by means of Diskant’s stability result for the
Gauss curvature measure C0ðK; �Þ:

Proof of Theorem 3.4. We can assume that e > 0: The assumption of
Theorem 3.4 implies that int K=| and

1� e4Dd�1hðK; uÞ41þ e; ð9Þ

for Hd�1 almost all u 2 Sd�1: By Theorem 2.3 in [20], the left-hand side of
(9) yields that

C0ðK; �Þ � Cd�1ðK; �Þ; ð10Þ

moreover, the density function is given by Hd�1ðK; �Þ: Let o0 � Sd�1 be the
set of all u 2 Sd�1 such that hK is not second-order differentiable at u or (9) is
not satisfied. Hence, we get

0 ¼ S0ðK;o0Þ5ð1þ eÞ�1Sd�1ðK;o0Þ ¼ ð1þ eÞ�1Hd�1ðtðK;o0ÞÞ50:

Let MðKÞ denote the set of normal boundary points of K: Then, for
x 2 MðKÞ=tðK;o0Þ; and hence for Hd�1 almost all x 2 bdK; we obtain that

Hd�1ðK; xÞDd�1hðK;sKðxÞÞ ¼ 1; ð11Þ

see Remark 2 after Lemma 2.5 in [16]. From (9) and (11) we deduce

1� e4ð1þ eÞ�14Hd�1ðK; xÞ4ð1� eÞ�141þ 2e; ð12Þ

since 05e51
2
: Thus (10) and (12) imply

ð1� 2eÞCd�1ðK; �Þ4C0ðK; �Þ4ð1þ 2eÞCd�1ðK; �Þ:

Now the proof is completed by applying Theorem 1 of Diskant [7];
cf. [26, Theorem 7.2.11]. ]

Remark 6.1. Let K :¼ Bdðo; ð1þ eÞ1=ðd�1ÞÞ; 05e51
4
: Then the assump-

tions of Theorem 3.4 are fulfilled, but the Hausdorff distance of K to an
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arbitrary unit ball is greater than or equal to

1

d � 1

4

5

� �ðd�2Þ=ðd�1Þ

e:

Therefore, the exponent of e (namely 1) in the conclusion of Theorem 3.4
cannot be improved in general.

The proof of Theorem 3.4 also suggests the following consequence, which
we include for the sake of completeness.

Corollary 6.1. Let K 2 Kd
o ; let o � Sd�1 be Borel measurable, and let

05a4b51: Then the following conditions are equivalent:

ðaÞ aS0ðK; �ÞKo4Sd�1ðK; �ÞKo4bS0ðK; �ÞKo;
ðbÞ 1

bCd�1ðK; �ÞKtðK;oÞ4C0ðK; �ÞKtðK;oÞ41
a Cd�1ðK; �ÞKtðK;oÞ:
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