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Abstract. This survey describes contact distributions of randomstructures fromageometric point
of view. Various extensions of the classical contact distribution functions are considered. As a rule,
we explain all concepts first in a simple situation, under the assumption of stationarity, and for
Poisson point processes. In a second step we proceed to more complicated models. Particular
emphasis is given to random patterns involving clustering.

1 Introduction

Contact distributions are tools to describe distributional properties of random spatial
structures from outside the structure. For simplicity and in order to give a unified pre-
sentation, we consider random structures in a spaceRd of general dimensiond ≥ 2.
(Most results will remain true ford = 1 if interpreted properly). The two types of ran-
dom structures which we discuss are simple point processesΦ and random closed sets
Z, where the second concept can be considered as a generalization of the first.

Suppose thatB ⊂ Rd is a compact set which contains the origin0 (we callB a
structuring element) and putB∗ := −B. For a reference pointx ∈ Rd and a random set
Z, we consider the (random) numberρ ≥ 0 for which the first contact of the “growing”
setρB+xwithZ occurs. We can also adopt a slightly different point of view and define
ρ to be the random time it takes the growing setZ + tB∗ to reachx. The distribution of
ρ is a typical example of a contact distribution which is based on (generalized) distance
measurements. IfZ is stationary, the contact distribution is independent ofx, we then can
choosex = 0. If Z has interior points, then typically (for example in the stationary case)
x ∈ Z with positive probability. In this situation, wewill mostly consider the conditional
distribution ofρ, given thatx /∈ Z. If B is the unit ball,ρ gives the Euclidean distance
of x toZ. For general structuring elementsB, we therefore interpretρ as aB-distance.
Besides the distribution of theB-distance, various other contact information can be
taken into account, e.g. the direction in which the distance is attained or local geometric
properties ofZ at the point of contact.

We will study these different types of contact distributions for random setsZ and
point processesΦ. For many applications it is justified to assume that these random
structures are stationary/spatially homogeneous (i.e. their distribution is translation in-
variant) or even stationary and isotropic, at least when considered on a suitable scale,
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e.g. as in cosmological models (see the contribution by C. Beisbart, M. Kerscher and K.
Mecke, in Chap. 4 of this volume), or in appropriate subregions where the influence of
the boundary can be neglected. For this reason, and since stationary models are easier to
treat, we start with and for large parts concentrate on stationary structures. The formulae
which we present also simplify for special classes of random sets resp. point processes.
We therefore begin with Poisson processes inRd, then study particle processes and
Boolean models, continue with cluster models and then treat the case of more general
random sets. Some applications of contact distributions in the porous media literature
are mentioned in [11, 26] (see also Chap. 1 ‘Shape of solids: porous and composite
materials’, in this volume), classical applications to forestry are reported in [43].

Extensions of results for contact distributions to not necessarily stationary models
are more difficult to handle, since they usually involve mixed functionals [50] (com-
pare also [26]). Therefore these generalizations will be discussed in a second step after
the stationary case has been described carefully. It is evident that such extensions are
required for the statistical analysis and modelling of inhomogeneous media [33]. Such
inhomogeneous structures arise for instance if effects of external magnetic or gravita-
tional fields cannot be neglected (compare [26]) or in materials formed by layers with a
structural gradient near to their boundaries (gradient structures; see [5]).

The selection of the material for this tutorial paper was strongly influenced by our
attempt to explain ideas related to our recent research and by trying to avoid too much
overlap with existing introductions to the subject.

2 B-Distances and Related Notions

2.1 B-Distances

Let Cd denote the class of all compact sets inRd. We fix astructuring elementB ∈ Cd
with 0 ∈ B and define theB-distance (the distance relative toB) of a pointx ∈ Rd to
the setA ⊂ Rd by

dB(x,A) := inf{r ≥ 0 : (x+ rB) ∩A �= ∅}.
The set on the right side may be empty (e.g. if0 is a boundary point ofB or A = ∅),
in which casedB(x,A) = ∞. The distancedB(x,A) is translation invariant in the
sense thatdB(x + z,A + z) = dB(x,A) for all z ∈ Rd. Clearly,dB(x,A) ≤ r if
and only ifx is contained in thegeneralized outer parallel setA + rB∗ of A. Here,
C +D := {x+ y : x ∈ C, y ∈ D} is the (Minkowski) sum of two setsC,D ⊂ Rd. For
convenience we abbreviatedB(x, y) := dB(x, {y}), then

dB(x, y) = dB∗(y, x), x, y ∈ Rd.

We usually assume in the following thatB is a compact convex set with0 ∈ B.
In this case we refer toB as agauge body. If B is, in addition, full dimensional and
centrally symmetric (w.r.t.0), then(x, y) → dB(x, y) is a metric onRd induced by the
normx → dB(x, 0), and the pair(Rd, dB) is called a Minkowski space. The choice
B = Bd (the Euclidean unit ball) yields the usual Euclidean metric which is based on
the scalar product〈· , ·〉; we then writed(x,A) := dBd(x,A).
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2.2 Contact Vectors

If the B-distancedB(x,A) of a pointx /∈ A is attained in a unique pointy in the
boundary∂A of A (that means, if(x + dB(x,A)B) ∩ A = {y}), then we define the
contact direction vectoruB(x,A) as the element of∂B given by

uB(x,A) :=
y − x

dB(x,A)
.

The pointsx ∈ Rd\A for which the distancedB(x,A) is attained inmore than one point
ofA (and for whichuB(x,A) is therefore not defined) form theexoskeletonexoB(A) of
A (see [15] andalso [40, 41]). In theEuclidean case, and ifA is a finite or locally finite set,
exoBd(A) is (the boundary of) theVoronoi tessellationgenerated byA. Subsequently,
we writeVd(A) for the Lebesgue measure of a Borel setA ⊂ Rd. Then, ifA is a closed
subset ofRd andB ⊂ Rd is compact, strictly convex and has0 as an interior point, we
haveVd(exoB(A)) = 0 (see [12, 14]).

3 Spatial Random Structures

In this section, we give a short introduction to random sets and (different types of) point
processes.

3.1 Point Processes

Point processes are not only fundamental objects of modern probability theory, but
also provide basic models in applied probability; see [4] for a detailed exposition of the
interesting and rich theory of point processes. Loosely speaking, a (simple)point process
ΦonRd is a finite or countable collectionξ1, ξ2, . . .of (mutually different) randompoints
scattered in thed-dimensional Euclidean spaceRd. Each random variableξn is called a
pointof Φ. We assume that the points ofΦ do not accumulate in bounded sets, i.e. each
bounded subset ofRd contains only a finite number of the points ofΦ. The points then
form a locally finiteclosed subset{ξ1, ξ2, . . .} of Rd.

To give a more formal definition of a point process, we introduce the spaceN of all
locally finite setsϕ = {x1, x2, . . .} ⊂ Rd. It is convenient to interpret a setϕ ∈ Nalsoas
a countingmeasure, namely asϕ =

∑
x δx, whereδx denotes the Dirac measure located

at x ∈ Rd and where the sum extends over allx which belong toϕ. For simplicity,
we write ϕ =

∑∞
n=1 δxn , in the following, even if the sum is a finite one. Such a

measureϕ is simple, that is each point has at most mass1, and locally finite, that is
the numberϕ(A) of points ofϕ in A ⊂ Rd is finite for all bounded Borel setsA. A
point processΦ is now a random element inN governed by an underlying probability
measureP. (To be mathematically more precise, one assumes some abstract probability
space(Ω,A,P) in the background and suppliesN with the σ-field N generated by
the mappingsϕ → ϕ(A), whereA varies through all Borel sets inRd. Then,Φ is a
measurable mapping fromΩ toN and we assume hereafter that all random variables are
defined on this probability space.) According to our conventions we regardΦ as a locally
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finite random closed set and, at the same time, as a simple random counting measure.
ThenΦ(A) is equal to the number of points ofΦ that are in the setA, andP(Φ(A) = n)
is the probability that there are exactlyn points ofΦ in A.

The intensity measureΛ of Φ is the measure onRd defined by

Λ(A) := EΦ(A) =
∞∑
n=1

nP(Φ(A) = n),

whereA ⊂ Rd is a Borel set and the symbolE denotes expectation with respect to
the underlying probability measureP, i.e.EΦ(A) = 〈Φ(A)〉 in the notation used by
physicists. The point processΦ is said to bestationary, if its distribution is invariant
under translations, which means thatP(Φ + x ∈ C) = P(Φ ∈ C), for all x ∈ Rd and
all eventsC ∈ N . In this case,P(x ∈ Φ) does not depend onx ∈ Rd, so that Fubini’s
theorem implies

P(0 ∈ Φ) =
∫

[0,1]d
P(x ∈ Φ)dx = EVd(Φ ∩ [0, 1]d) = 0,

where thedx always refers to integration with respect to the Lebesgue measure on the
underlying space (in this caseRd). The intensity measureΛ of a stationary point process
Φ fulfills

Λ(A) = γVd(A),

for all Borel setsA, where theintensityγ of Φ is defined as the mean number of points
falling in a set of volume1, i.e.

γ := EΦ([0, 1]d).

We always assumeγ < ∞.
The contributions by C. Beisbart et al. and by V. Robins in Chap. 3, and by G. Döge

and D. Stoyan in Chap. 4 of this volume contain applications of point processes in the
natural sciences.

3.2 Particle Processes

Point processes can be considered on quite general metric spaces. In particular, we can
define a point processX onCd, the class of compact subsets ofRd, to be a locally finite
random subset ofCd (equivalently, a locally finite, random counting measure onCd).
Such a point processX is called aparticle process. In the present context,X is said to
be locally finite if

X({C ∈ Cd : C ∩D �= ∅}) < ∞, D ∈ Cd. (1)

Condition (1) is stronger thanX(A) < ∞, for each compact subsetA ⊂ Cd (here
compactness refers to the Hausdorff metric onCd).

More general processes are possiblewhere the ‘particles’ are closed sets, for example
affine subspaces (flats) of a certain dimensionk ∈ {0, . . . , d−1} (the casek = 0 brings
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us back to the ordinary point processes onRd). Although contact distributions can also
be considered for suchk-flat processes, we will concentrate on compact particles, in the
following.

Since the translation group operates onCd in the obvious way, we can define in-
variance properties of particle processesX. In particular, we callX stationary, if the
distribution ofX is translation invariant.

3.3 Particle Processes as Marked Point Processes

In general, amarkedpoint processΨ onRd (withasuitablemetric spaceKasmarkspace)
is a point process onRd ×K such thatΨ(C ×K) < ∞ almost surely for any compact
setC ⊂ Rd. The points ofΨ can be enumerated in the form(ξ1, κ1), (ξ2, κ2), . . ., where
theξn are random elements ofRd and theκn are random elements ofK. Here we will
only consider marked point processes for whichξn �= ξm for n �= m, that is, for which
the unmarked point processΦ := Ψ(·×K) is simple. The intensity measure of amarked
point process is a measure onRd×K. Its value on a Borel setA ⊂ Rd×K is again the
expected numberEΨ(A) of points ofΨ falling intoA. In caseA = B × L, this is the
mean number of marked points(x,K) ∈ Ψ with x ∈ A and markK ∈ L. A marked
point process is said to bestationaryif the distribution of{(ξn + x, κn) : n = 1, 2, . . .}
is independent ofx ∈ Rd. In that case we define the intensityγ of Ψ as the intensity of
the unmarked processΦ. The intensity measure of a stationary marked point processΨ
with finite intensityγ is of the formEΨ(·) = γVd⊗Q, whereQ is a probability measure
onK. If the marks are independent and identically distributed as well as independent of
the point processΦ, we say thatΨ is anindependent markingof Φ or (somewhat sloppy)
thatΨ hasindependent marks. In this case we have the decompositionEΨ(·) = Λ⊗Q,
whereΛ is the intensity measure ofΦ andQ is the distribution of the marks. Notice
that, in general, stationarity does not imply independent marks; an important example
where this implication holds is the Poisson process discussed in later sections. In the
cases whereΨ is stationary or obtained by independent marking, we callQ themark
distributionof Ψ .

Physical applications of marked point processes can be found in the contribution
by C. Beisbart, M. Kerscher and K. Mecke in Chap. 4 of this volume, as well as in the
article by F. Schmid and N.H. Phuong in Chap. 2.

There is an important connection between particle processes and marked point pro-
cesses with mark spaceCd (instead of marks we speak ofgrainshere). Each particle
processX can be transformed into a marked point processΨ onRd × Cd, if compact
setsC are represented as pairs(x,D) (where we think ofx as the ‘location’ ofC and
whereD := C−x is considered to be the ‘shape’ ofC). Such a representation is always
possible, if we have chosen acenter mapc : Cd → Rd, that is a measurable mapping
which is translation covariant in the sense thatc(C + x) = c(C) + x is satisfied, for
x ∈ Rd andC ∈ Cd \ {∅}, andc(∅) = 0. For a given center mapc, the mapping
C → (c(C), C − c(C)) transformsX into a marked point processΨ . Here we assume
that different particles have different centers. (The finiteness condition for marked point
processes is another extra assumption; ifc(C) ∈ C for all C ∈ X, then it is induced by
(1).) Themarkedpoint processΨ is stationary if andonly ifX is stationary. Further, in the
stationary case, the grain distributionQ is concentrated onCd0 := {C ∈ Cd : c(C) = 0}.
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Also then the intensity ofΨ can be interpreted as the mean number of particles ofX per
unit volume.

The representation of a particle process as a marked point process is frequently
suggested by the given physical situation, and then a center map is given in a natural
way. For example, we may choosec(C) as the midpoint of the circumsphere ofC
in which case the particlesC + x, (x,C) ∈ Ψ , can be interpreted as grains grown
around the germsx. A further center map of physical nature is the center of mass. In
statistical applications often other center maps are natural, for example the lower/upper
left tangent point. In the stationary case, different representations of a particle process
X as marked point processesΨ1, Ψ2 (according to different center mapsc1, c2) lead to
the same intensities, but to different (though closely related) grain distributionsQ1,Q2.
In the following it is convenient to represent a particle processX as

X = {C + x : (x,C) ∈ Ψ} = {Zn + ξn : n ∈ N}, (2)

whereΨ = {(ξn, Zn) : n ∈ N} is a marked point process which is locally finite, i.e.
satisfies the condition∫

Rd×Cd

1{(C + x) ∩D �= ∅}Ψ(d(x,C)) < ∞, D ∈ Cd, (3)

equivalent to (1).

3.4 Random Sets and Grain Models

Point processes inRd can be interpreted as locally finite random sets. Now we consider
more general random (closed) setsZ in Rd. Formally, arandom closed setZ can be
defined as a random element of the spaceFd of all closed subsets ofRd (again, a mathe-
matical description requires a suitableσ-field onFd such thatZ becomes a measurable
mappingZ : Ω → Fd). For the general theory, see [24, 39, 42]. We say thatZ is
stationary, if Z andZ+x have the same distribution, for allx ∈ Rd. A general example
of a random setZ is the union set of a particle processX or, equivalently,

Z =
⋃
n∈N

(Zn + ξn), (4)

whereΨ = {(ξn, Zn) : n ∈ N} is the marked point process representingX as in (2).
Condition (3) (resp. (1)) guarantees thatZ is closed. A random setZ represented as in
(4) is also referred to as agrain model. The reader should be warned that grain models
have been defined in different ways in the literature (see e.g. [29, 39, 42]).

Since a non-empty stationary random closed setZ is almost surely either empty or
its convex hull coincides with the whole spaceRd, a stationary grain model is almost
surely either empty or the union of infinitely many grains.

Grain models are still of quite general nature. In fact, every random closed setZ
in Rd allows a representation (4). Moreover, ifZ is stationary, one can assume that the
marked point processΨ is also stationary. In order to get a smaller (andmore interesting)
class, we may assume thatΨ has independent marks, that means, the grainsZ1, Z2, . . .
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are independent and identically distributed as well as independent of the germ process
Φ. In this case, or ifΨ is stationary, we call themark distributionQ thedistribution of the
typical grainand fix a randomclosed setZ0 (thetypical grain) with this distribution. The
most prominent example of a grainmodel with independent grains is theBooleanmodel,
where the underlying germ processΦ is aPoisson process. In the next section, we study
this class of random sets (and point processes) in more detail under the assumption of
stationarity; more general point processes and random sets are discussed subsequently.

3.5 Grain Models with Convex Grains

Of special interest are random setsZ with realizations in theextended convex ring

Sd := {A ∈ Fd : A ∩K ∈ Rd for allK ∈ Kd}.
Here,Kd denotes the class of all compact convex subsets ofRd (convex bodies), and
theconvex ringRd is the class of finite unions of convex bodies (polyconvex bodies).
RandomSd-sets provide a sufficiently general framework to covermost situationswhich
arise in practical applications (see [32, 42]). If a grain modelZ is given for which all the
grains are convex, thenZ is a randomSd-set. This model is of particular importance,
since every randomSd-setZ can be represented as a grain model (4) with convex grains
Zi (and with stationary germ processΦ, if Z is stationary) (see [39] and [52]). Whereas
the representation ofZ as a grain model with compact grains is rather simple, it is more
difficult to construct a decomposition into random convex grains which have the same
invariance properties asZ.

3.6 Integrability Conditions

For a grain modelZ, the assumption (3) on the underlying marked point processΨ (or
the corresponding particle process (2)) is implied by∫

Rd×Cd

1{(C + x) ∩D �= ∅}Λ̃(d(x,C)) < ∞, D ∈ Cd, (5)

whereΛ̃ is the intensity measure ofΨ . ByCampbell’s theorem, the above integral is just
the expectation of (3). In the case of stationarity, condition (5), for allD ∈ Cd, amounts
to the same as requiring that the typical grainZ0 fulfills

EVd(Z0 +D) < ∞, D ∈ Cd, (6)

(see also [8] or [39]).

4 Contact Distribution Functions

4.1 The Capacity Functional

By a simple measure theoretic argument, one sees that the distribution of a random set
Z is completely determined by thecapacity functionalTZ of Z. It is defined onCd by
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TZ(C) := P(Z ∩ C �= ∅) = 1 − P(Z ∩ C = ∅), C ∈ Cd.
In the case of a point processΦ onRd we haveTΦ(C) = 1−P(Φ(C) = 0) for C ∈ Cd.
The distribution of a random closed setZ need not be determined by the restriction ofTZ
toKd (this fact applies already to point processes).However, the valuesTZ(K),K ∈ Kd,
still contain interesting information and are easier to treat from both an analytical and a
statistical point of view. They are closely connected to the contact distribution functions
of Z which we introduce next.

4.2 Contact Distributions

LetB ∈ Kd with 0 ∈ B be fixed. For a stationary random setZ the formal definition of
the contact distribution function with structuring elementB is

HB(r) := P(rB ∩ Z �= ∅ | 0 /∈ Z), r ≥ 0, (7)

or equivalently,
HB(r) = P(dB(0, Z) ≤ r | 0 /∈ Z), r ≥ 0, (8)

(we always assumeP(0 /∈ Z) > 0, i.e. we exclude the uninteresting caseZ = Rd P-a.s.,
where the contact distribution is not well defined).HB is a distribution function in the
extended sense, it may have an atom at infinity.

A closely related concept is theempty space function

FB(r) := P(dB(0, Z) ≤ r) = TZ(rB), r ≥ 0,

of Z. It has an atom at0 of size

p := P(0 ∈ Z).

Due to stationarity and Fubini’s theorem we have

p =
∫

[0,1]d
P(x ∈ Z)dx = EVd([0, 1]d ∩ Z),

which explains whyp is called thevolume fractionof Z (the mean volume ofZ per unit
volume ofRd). Since0 ∈ B we have

(1 − p)(1 −HB(r)) = P(rB ∩ Z = ∅) = 1 − FB(r).

If p = 0 (this occurs for lower dimensional setsZ),HB andFB coincide.
For a given realization ofZ, HB can be estimated from volume measurements.

Namely, we have

HB(r) = P(dB(0, Z) ≤ r | 0 /∈ Z) = P(rB ∩ Z �= ∅ | 0 /∈ Z)

= 1 − P(0 /∈ Z + rB∗)
P(0 /∈ Z)

=
P(0 ∈ Z + rB∗) − p

1 − p

=
E [Vd((Z + rB∗) ∩ [0, 1]d) − p]

1 − p
, r ≥ 0.
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A straightforward generalization is

HB(r) =
E [Vd((Z + rB∗) ∩W ) − Vd(Z ∩W )]

Vd(W ) − EVd(Z ∩W )
, (9)

for an arbitrary Borel setW ⊂ Rd of positive volume.
If Z = Φ is a point process, we havep = 0, hence the condition0 /∈ Φ (required in

the definition of a contact distribution function) is fullfilled almost surely. Also, in this
case,HB ≡ 0 if B is lower dimensional. IfB has a non-empty interior, then

(1 − p)(1 −HB(∞)) = P(Z = ∅),

whereHB(∞) := limt→∞ HB(t). HenceHB(∞) < 1 in caseP(Z = ∅) > 0. For
point processes there exist notions related to the contact distribution function such as
the nearest-neighbour distribution function or theJ-function introduced in [47] and
extended in [48]; see also [42]. For the latter, an extension to certain grain models is
suggested in [20]. Other extensions concern then-neighbour distance distribution, see
[16] and [44] for further details.

The values of the contact distribution functionsHB essentially depend on the choice
of the gauge bodyB. Therefore, wemay choose different gauge bodies to gain additional
information about a given random structure. Two contact distribution functions, which
have received particular attention in the literature, are thespherical contact distribution
functionHs := HBd and thelinear contact distribution functionH[0,u] in direction
u ∈ Sd−1, whereSd−1 := ∂Bd is the Euclidean unit sphere (in the literature oftenHl

is used for the linear contact distribution; however, this does not reflect the dependence
on the directionu which is important ifZ is not isotropic). The connection of the
linear contact distribution to chord length distributions is explained in [42]; see also
the references given in Sect. 12. For an application of this connection to the study of
contact and chord length distributions of stationary Voronoi tessellations see [10] and
[31]. The following sections contain a more detailed discussion of these special contact
distributions.

4.3 Estimators of Contact Distribution Functions

Formula (9) suggests

Vd((Z + rB∗) ∩W ) − Vd(Z ∩W )
Vd(W ) − Vd(Z ∩W )

as a simple estimator ofHB(r) (plus sampling). It requires, however, knowledge from
outside the windowW . A traditional approach to cope with this problem is to consider
only thosepoints inW having a certainminimal distance from theboundary ofW (minus
sampling). Further information on this and more sophisticated methods can be found in
[1, 42, 45]. In [3] an instructive comparison is provided between Hanisch type (Horvitz-
Thompson style) and Kaplan-Meier type estimators for the empty space function of a
stationary random closed set.
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The estimators ofHB discussed in the literature are based on a single observation of
Z and can be computed (or rather approximated)with the help of digital image analysers.
They serve as convenient and useful summary statistics in the exploratory analysis of
spatial patterns (see e.g. [2, 3, 6, 7, 9]). For instance one might plot these estimators
against theoretically known contact distribution functions, such as those of the Boolean
model with convex grains (see Sect. 5). IfZ is ergodic, thenHB can in principle be
determined from a single realization ofZ by extending the observation window (see
[9]).

4.4 Regularity Properties

Thecontact distribution functionsof stationary randomclosedsetswith respect togeneral
gauge bodies enjoy an important regularity property. In [7] it was shown that the contact
distribution functionHB of a stationary random closed setZ is absolutely continuous if
0 is an interior point of the gauge bodyB. Hence it makes sense to define and estimate
the density (and the hazard rate). More specifically, in the spherical case the densityH ′

s

ofHs satisfies

(1 − p)H ′
s(r) = E

[Hd−1(∂(Z + rBd) ∩ [0, 1]d)
]
, r > 0, (10)

whereHd−1(C) is the(d− 1)-dimensional Hausdorff measure ofC. (If C is a smooth
(d−1)-dimensional surface, thenHd−1(C) is just the surface area ofC.) Independently,
and by a completely different approach, in [21] not only the absolute continuity ofHs

for a randomSd-set was proved, but also a formula expressing the density in terms of
certain geometric mean values. We will resume this issue later in this paper.

4.5 Generalizations of Contact Distributions

We have already mentioned that the contact distribution functions do not determine the
distribution ofZ. Hence, it is natural to extend their definition by taking into account
more information than just the distancedB(0, Z). Using thecontact direction vector
uB(0, Z), we can define a generalizedcontact distribution functionof Z,

HB(r, C) := P(dB(0, Z) ≤ r, uB(0, Z) ∈ C | 0 /∈ Z), (11)

wherer ≥ 0 andC ⊂ ∂B is a Borel set. This definition is subject to the assumption
that the vectoruB(0, Z) isP-a.s. well-defined given that0 /∈ Z. If Z is a random closed
set andB is strictly convex, containing0 in its interior, then this is indeed the case.
This follows fromVd(exoB(Z)) = 0 (compare the remark at the end of Sect. 2) and
the stationarity ofZ. The functionHB(·, ·) determines the conditional distribution of
the pair(dB(0, Z), uB(0, Z)) and hence that of thecontact vectordB(0, Z)uB(0, Z).
For each fixedr the functionHB(r, ·) is a measure on∂B. Note thatHB(·, ∂B) is the
contact distribution function defined by (7).

In Sect. 11 further extensions of (generalized) contact distributions are discussed;
there, in particular, local (second order) information aboutZ at the point of contact is
taken into account.
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5 Poisson Processes and Boolean Models

In this sectionweprovide explicit formulas for contact distributions of stationaryPoisson
processes and Boolean models with respect to various structuring elementsB. Applica-
tions of these models in physics may be found in [25, 26] or in the contributions by C.
Arns, M. Knackstedt and K. Mecke (Chap. 1) and by V. Robins (Chap. 3) in this volume.

5.1 The Stationary Poisson Process

The most important instance of a stationary point process onRd is a stationaryPoisson
process. It is themathematical model for a collection of points that are distributed “com-
pletely random” in space. For aPoisson processΦonRd,Φ(A1), . . . , Φ(Ak)are stochas-
tically independent random variables, whenever the measurable setsA1, . . . , Ak ⊂ Rd

are pairwise disjoint. Moreover,

P(Φ(A) = m) =
(γVd(A))m

m!
exp[−γVd(A)], m = 0, 1, . . . ,

for all Borel setsA ⊂ Rd, i.e. Φ(A) is Poisson distributed with parameterγVd(A).
It follows thatγ is the intensity ofΦ and that the distribution of a stationary Poisson
processΦ is completely determined by its intensity.

From the uniqueness result mentioned in the previous section we obtain that a point
processΦ onRd is a stationary Poisson process of intensityγ if and only if

P(Φ(A) = 0) = exp[−γVd(A)],

for all Borel setsA ⊂ Rd. In this case we have

HB(r) = 1 − P(Φ(rB) = 0) = 1 − exp[−γVd(B)rd], r ≥ 0. (12)

5.2 The Stationary Boolean Model

A stationaryBoolean modelZ is a grain model

Z =
⋃
n∈N

(Zn + ξn),

with independent, identically distributed grainsZn, where the underlying point process
Φ = {ξn : n = 1, 2, . . .} is a stationaryPoisson process that is independent of{Zn : n =
1, 2 . . .}. In this case the finiteness condition (3) is even equivalent to (6). An alternative
definition of the Boolean model in terms of a stationary Poisson particle processX will
be given later in Sect. 10.3.

The distribution of a stationary Boolean modelZ is determined by the pair(γ,Q),
whereγ is the intensity ofΦ andQ is the common distribution of the grainsZi. We
again consider a random setZ0 with distributionQ and call this thetypical grainof Z.
The capacity functionalTZ of Z has the form
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TZ(C) = 1 − P(Z ∩ C = ∅)

= 1 − exp
{
−γ
∫

Cd

Vd(K + C∗)Q(dK)
}

(13)

= 1 − exp{−γEVd(Z0 + C∗)},
and hence we have

p = P(0 ∈ Z) = 1 − exp{−γEVd(Z0)}.
Reversely the distribution ofZ determines the intensityγ and the distributionQ (up to
the centering of the particles, see [39]). The stationaryBooleanmodelwill be generalized
later in this paper. If not stated otherwise a Boolean model will always be assumed to
be stationary.

5.3 The Spherical Contact Distribution of the Boolean Model

By (13) the spherical contact distributionHs of the stationary BooleanmodelZ is given
by

Hs(r) = 1 − exp
{
−γ
∫

Cd

[Vd(K + rBd) − Vd(K)]Q(dK)
}
. (14)

At this point, we can proceed further if we assume convexity of the grains, since this
allows us to use theSteiner formulafor convex bodies,

Vd(K + rBd) =
d∑

j=0

rjbjVd−j(K). (15)

Here,bj is the (j-dimensional) volumeof theEuclideanunit ball inRj and thecoefficients
V0(K), . . . , Vd(K) are theintrinsic volumesor Minkowski functionalsof the convex
bodyK. Note that these functionals occur in the literature with different normalization,
different enumeration and also different names.We have chosen here the notation which
is standard in convex geometry (see Schneider’s book [37]). In particular,Vd(K) is the
volume ofK, Vd−1(K) is half the surface area,Vd−2(K) is proportional to the integral
mean curvature, ...,V1(K) is proportional to the mean width ofK, andV0(K) is the
Euler characteristic (which, for convexK, is1 if K is non-empty and0 if K is the empty
set). Combining (14) with (15), we arrive at

Hs(r) = 1 − exp

−γ
d∑

j=1

rjbjEVd−j(Z0)

 . (16)

Theusefulness of (16) for the statistical analysis ofZ is obvious. Fitting a polynomial
of order d (and without constant term) to the (empirical) function corresponding to
− ln(1 − Hs(r)), yields estimators forγEV0(Z0), . . . , γEVd−1(Z0) and can also be
used to check the Boolean hypothesis (see [40] or [42]). Note that hereγEV0(Z0) = γ,
hence we obtain in particular an estimator of the intensityγ of Φ. Note also that the
remaining mean valueγEVd(Z0) can be estimated directly from the volume fractionp
of Z.
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5.4 General Structuring Elements

If we aim to estimate other functionals of the stationary Boolean modelZ, in particular,
functionals which reflect the anisotropy ofZ, then the spherical contact distributionHs

is no longer sufficient andwe are forced to usemore general structuring elementsB (e.g.
linear contact distributionsHB whereB = [0, u] is a segment). The above formula for
the capacity functional of a Boolean model (with convex grains) immediately implies

HB(r) = 1 − exp
{
−γ
∫

Kd

[Vd(K + rB∗) − Vd(K)]Q(dK)
}
. (17)

For a further investigation of the right side, we again assume convexity, not only of
the grainsK, but also ofB. The reason for this is that ifB is a convex body, then a
generalization of the Steiner formula can be used. More explicitly, given convex bodies
K,B, the generalized Steiner formula reads

Vd(K +B) =
d∑

k=0

(
d

k

)
V (K [k], B [d− k])

with mixed volumes

V (K [k], B [d− k]) := V (K, . . . ,K︸ ︷︷ ︸
k

, B, . . . , B︸ ︷︷ ︸
d−k

)

(sometimes we writeV (K,B [d − 1]) instead ofV (K [1], B [d − 1])). Hence, in this
case, we obtain

HB(r) = 1 − exp

{
−γ

d∑
k=1

(
d

k

)
rk
∫

Kd

V (K [d− k], B∗ [k])Q(dK)

}
. (18)

Relation (16) is a special case of (18) as can be seen from

Vj(K) =

(
d
j

)
bd−j

V (K [j], Bd [d− j]), j = 0, . . . , d.

Therefore measurements of the contact distribution functionHB(r), r ≥ 0, for
convex bodiesB ∈ Kd as structuring elements lead to estimators for

γ

∫
Kd

V (K [d− k], B∗ [k])Q(dK), k = 1, . . . , d.

These formulas can be specified further by special choices ofB and under additional
assumptions on the grains. For instance, one can chooseB to be a cube and the typical
grain to beP-a.s. a rectangular parallelepiped; compare [45].
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5.5 The Linear Contact Distribution of the Boolean Model

The linear contact distribution functions are defined with a gauge bodyB that is a
segment[0, u], u ∈ Sd−1. ForB = [0, u], the summands in (18) corresponding tok ≥ 2
all vanish, and hence

H[0,u](r) = 1 − exp
{
−γrd
∫

Kd

V ([0, u],K [d− 1])Q(dK)
}

= 1 − exp
{
−γr
∫

Kd

Vd−1(K |u⊥)Q(dK)
}

= 1 − exp
{
−γ r

2

∫
Kd

∫
Sd−1

|〈u, v〉|Sd−1(K; dv)Q(dK)
}
,

due to classical formulas for the mixed volumeV ([0, u],K [d − 1]) (compare§5.3 in
[37]). Here,Vd−1(K |u⊥) is the(d− 1)-volume of the orthogonal projection ofK onto
the hyperplaneu⊥, 〈u, v〉 is the scalar product of the (unit) vectorsu, v, andSd−1(K; ·)
denotes the surface area measure ofK (of orderd − 1), which is a finite measure on
Sd−1 (see Sect. 7). If we define the mean surface area measure of the typical grain by

S̄d−1 :=
∫

Kd

Sd−1(K; ·)Q(dK) (19)

as a measure overSd−1, we finally obtain

H[0,u](r) = 1 − exp
{
−γ r

2

∫
Sd−1

|〈u, v〉|S̄d−1(dv)
}
.

If Z (and henceZ0) is isotropic,Q is rotation invariant, and thereforeHl := H[0,u] is
independent ofu. We obtain

Hl(r) = 1 − exp
{
−γr2bd−1

dbd
EVd−1(Z0)

}
.

5.6 The Mean Normal Distribution

The measureµ := γS̄d−1 is also called theoriented mean normal measureof the
underlying Poisson particle processX, X := {Z1 + ξ1, Z2 + ξ2, . . . } (with Φ =
{ξ1, ξ2, . . . } and with convex grainsZi). The oriented mean normal measure ofX is the
surface areameasure of a convex body (unique up to translations, ifµ is not degenerated),
which is called theBlaschke bodyB(X) of X. The normalized measure

M :=
µ

µ(Sd−1)
=

ESd−1(Z0; ·)
2EVd−1(Z0)

is calledoriented mean normal distribution, it describes the distribution of the outer
normal vector in a typical boundary point of the grains (more precisely, a typical point
of
⋃∞
n=1(∂Zn + ξn)). We emphasize thatM contains oriented directional information
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about the grains, it distinguishes between outer and inner normals in the boundary points.
The corresponding unorientedmean normal distributionis given by

M̃(A) :=
1
2
(M(A) + M(A∗)), A ⊂ Sd−1.

If the grains are almost surely(d−1)-dimensional, then the oriented and the unoriented
mean normal distributions coincide. They both vanish if the grains have dimension
≤ d − 2. However, for Boolean modelsZ with full dimensional grains (or surfaces as
grains), themeasuresM andM̃ contain relevant directional information about the grains.
It is therefore important to know, how far the measuresM̃ (resp.M) are determined by
linear contact distribution functionsH[0,u], u ∈ Sd−1. Since

H[0,u](r) = 1 − exp
{
−γrEVd−1(Z0)

∫
Sd−1

|〈u, v〉|M̃(dv)
}
, (20)

we find that the collection of all linear contact distribution functions{H[0,u], u ∈ Sd−1}
determines the unoriented mean normal distributionM̃ uniquely (but not the oriented
mean normal distributionM). The reason for this result is that the spherical integral
transform (the so-calledCosine transform)

ρ → Tρ, Tρ(u) :=
∫
Sd−1

|〈u, v〉|ρ(dv),

which maps finite measuresρ on Sd−1 to continuous functions, is injective oneven
measures (but is not injective in general, sinceTρ = Tρ∗, whereρ∗ is the reflection
of ρ). If we restrictT to the evenC∞ functions, then the inverse transformT−1 can
be obtained using expansions into spherical harmonics. However, the inverse transform
is not stable, which means that it is quite sensitive to small perturbations of the given
data. For example, if the linear contact distributionsH[0,u](r) of Z are determined
for a fixedr and finitely many directionsu = u1, . . . , uk, and if the resulting values
H[0,u1](r), . . . , H[0,uk](r) are interpolated to obtain a smooth functionf onSd−1, the
resulting estimator

− 1
γrEVd−1(Z0)

T−1 ln(1 − f(·))

for M̃ will typically be a signed measure, which may be far from the true one. This
problem can be overcome by means of more sophisticated estimators (based on linear
programming methods or the EM algorithm), it is discussed in a quite similar situation
(the estimation of fibre processes from hyperplane sections) in [17].

6 Poisson Cluster Processes

Poisson processes can be used to build more general point processmodels. An important
example arePoisson cluster processeswhose spherical contact distribution functions are
studied in the present section. This subject is continued in Sect. 8 with the investigation
of Poisson cluster models.
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6.1 Definition of a Poisson Cluster Process

We start with the construction of Poisson cluster processes. There is a stationary Poisson
processΦp (of parents) with finite intensityγp and a family{Nx : x ∈ Φp} of finite
point processes onRd such that{(x,Nx) : x ∈ Φp} is an independent marking ofΦp.
The conditional distribution ofNx givenΦp is the same for allx ∈ Φp and we letN0
denote atypical cluster, i.e. a point process with this distribution. We also assume that
the mean numberγc of cluster points,

γc := EN0(Rd),

is finite. Then

Φ :=
⋃
x∈Φp

(Nx + x) (21)

is a stationary point process with intensity

γ = γpγc.

It is calledPoisson cluster process based onΦp and the typical clusterN0 (we remark that
the points of different clusters are almost surely different, i.e. we do not have multiple
points).

6.2 Contact Distributions of a Poisson Cluster Process

APoisson cluster processΦ can be interpreted as a Booleanmodel with typical (compact
but in general not convex) grainN0. Using (13), we obtain that

TΦ(C) = 1 − exp {−γpEVd(N0 + C∗)} (22)

for C ∈ Cd. This shows that the distribution ofΦ is determined byγp and by the
distribution ofN0. In particular, the contact distribution ofΦ with respect to a fixed
structuring elementB is given by

HB(r) = 1 − exp {−γpEVd(N0 + rB∗)} . (23)

To exploit this we need a formula for the generalized parallel volumeVd(N0 + rB∗).
We start with the Euclidean caseB = Bd, the general case will be treated later. For
ϕ ∈ N we define

ϕ(0) := ϕ \ {0} .
A straightforward argument yields for allϕ ∈ N and allr > 0 the formula

Vd(ϕ+ rBd) =
∫ r

0

∫
Sd−1

∫
Rd

1{Bd(tu, t) ∩ (ϕ− x)(0) = ∅} (24)

× td−1ϕ(dx)Hd−1(du)dt,
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whereSd−1 is the unit sphere inRd andBd(x, r) is the Euclidean ball with radiusr
and center atx. Formally, this is a very special case of the generalizedSteiner formula
in [21], Theorem 3.1. Inserting (24) into (23), we obtain that

1 −Hs(r) = exp
{
−
∫ r

0
λs(t)dt

}
, (25)

where

λs(t) := γpt
d−1
∫
Sd−1

E

[∫
Rd

1{(N0 − x)(0) ∩Bd(tu, t) = ∅}N0(dx)
]
Hd−1(du).

(26)

In caseN0 = {0} we haveΦ = Φp and

λs(t) = γdbdt
d−1, (27)

in accordance with (12). (Note that hereγc = 1.) Adapting the terminology used in
reliability theory to our situation, we callλs the empty space hazardof Φ (see [7]).
Loosely speaking, we have

P(d(0, Φ) ∈ (t, t+ h] | d(0, Φ) ≥ t) ≈ λs(t)h

for smallh > 0. Formula (25) has been proved in [20]. Additional formulae for the
spherical contact distribution functions of some special Poisson cluster processes can be
found in [35] and [44].

6.3 Gauss–Poisson Processes

In this subsection we assume that the clusterN0 has at most2 points, henceη :=
N0(Rd) ≤ 2. Then we can write

N0 =


∅ if η = 0,
{Y0} if η = 1,
{Y1, Y2} if η = 2,

(28)

whereY0, Y1, Y2 are random vectors inRd with Y1 �= Y2. If Y0 = Y1 = 0 andη is
independent ofY2, thenΦ is calledGauss-Poissonprocess. We have

E

[∫
Rd

1{(N0 − x)(0) ∩Bd(tu, t) = ∅}N0(dx)
]

= P(η = 1)

+ P(η = 2)P(Y1 − Y2 /∈ Bd(tu, t) | η = 2)

+ P(η = 2)P(Y2 − Y1 /∈ Bd(tu, t) | η = 2)

(if P(η = 2) > 0), and therefore (26) simplifies to

t1−dλs(t) = γpdbdP(η = 1)

+ 2P(η = 2)γp
∫
Sd−1

P(Y1 − Y2 /∈ Bd(tu, t) | η = 2)Hd−1(du)

(see also Example 5.2 in [20]).
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6.4 Neyman–Scott Processes

We now consider the case that the typical cluster is given by

N0 =

{
∅ if η = 0,
{Yi,n : i = 1, . . . , n} if η = n ≥ 1,

(29)

where the random cluster sizeη is a random element ofN0, and theYi,n, n ∈ N,
i = 1, . . . , n, are independent and identically distributed random elements ofRd that
are independent ofη. In this caseγc = E η which we have assumed to be finite. The
Poisson cluster processΦ is then called aNeyman–Scott process(see also§16.2 in [44]).
LetV denote the distribution ofY1,1. We have

E

[∫
Rd

1{(N0 − x)(0) ∩Bd(tu, t) = ∅}N0(dx)
]

= P(η = 1) +
∞∑
n=2

nP(η = n)P(Yi,n − Y1,n /∈ Bd(tu, t), i = 2, . . . , n)

= P(η = 1) +
∞∑
n=2

nP(η = n)
∫

Rd

P(Y1,1 − x /∈ Bd(tu, t))n−1V(dx)

=
∫

Rd

g′(P(Y1,1 − x /∈ Bd(tu, t)))V(dx),

whereg′ is thederivativeof theprobability generating functiong ofη.Henceweconclude
from (26) that

λs(t) = γpt
d−1
∫
Sd−1

∫
Rd

g′(P(Y1,1 − x /∈ Bd(tu, t)))V(dx)Hd−1(du), (30)

correcting a statement in Example 5.1 of [20].

6.5 Asymptotic Behaviour of the Empty Space Hazard

Let Φ be a general Poisson cluster process as in Sects. 6.1 and 6.2. Formula (26) gives
the empty space hazardλs of Φ in terms of the parent intensityγp and the distribution of
the typical clusterN0. Although informative, this formula is still rather complicated. It
is therefore instructive to compareλs as given by (26) with the right side of (27). From
monotone convergence

lim
t→0

t1−dλs(t) = γdbd, (31)

i.e. for small values oft the empty space hazard of a Poisson cluster process behaves
approximately like the empty space hazard of a Poisson process with the same intensity.
As t → ∞ we haveBd(tu, t) ↑ {0} ∪ {x ∈ Rd : 〈x, u〉 > 0} for eachu ∈ Sd−1 and it
easily follows that
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lim
t→∞ t1−dλs(t) = γp

∫
Sd−1

E

[∫
Rd

1{(N0 − x)(0) ∩H+
u = ∅}N0(dx)

]
Hd−1(du),

(32)

whereH+
u := {x ∈ Rd : 〈x, u〉 ≥ 0}. It is an interesting fact that the convergence in

(31) and (32) is monotone, i.e. thatt1−dλs(t) is monotone decreasing int. The right-
hand side of (32) can be considerably simplified. Splitting the expectation according to
the eventsN0(Rd) = n, n ∈ N, we have to determine the integrals∫

Sd−1

[
n∑

k=1

P(〈Yj − Yk, u〉 ≤ 0 for all j �= k,N0(Rd) = n)

]
Hd−1(du),

for all n ≥ 2, whereY1, . . . , Yn are pairwise distinct (random) vectors inRd. Fixing
u ∈ Sd−1 and assuming without loss of generality that〈Yj − Yk, u〉 �= 0 for j �= k,
it can be shown by induction that the above sum in brackets is justP(N0(Rd) = n).
Hence we obtain from (32) that

lim
t→∞ t1−dλs(t) = P(N0 �= ∅)γpdbd, (33)

irrespective of any specific assumptions on the typical clusterN0. This is the same
asymptotics as that of the Poisson process{x ∈ Φp : Nx �= ∅}. The latter has intensity
P(N0 �= ∅)γp. Thismeans in a sense, that different cluster points cannot be distinguished
from a very far distance.

7 Local Geometric Concepts

7.1 Support Measures

The Minkowski functionals are important characteristics of convex bodies and of sets
in the convex ring (polyconvex bodies). For convex bodies, they can be obtained as
coefficients of a Steiner formula, for polyconvex bodies they are determined by their
additivity properties.Wenowdescribehow these functionals canbe localized tomeasure-
valued functionals which appear as coefficient measures of a local Steiner formula. We
have already seen in the second part of Sect. 5 that it is important to gain local directional
information about randomSd-sets. The (Euclidean)support measures(or generalized
curvature measures) Θi(K; ·), i = 0, . . . , d− 1, of a convex bodyK ∈ Kd, which we
introduce now, are essential geometric tools useful to quantify this local information.
The support measures are finite measures onRd × Sd−1 which can be obtained as
coefficients of a local Steiner formula, and whose definition is based on the underlying
Euclidean structure and therefore on the geometric properties of the Euclidean unit ball.
Thesemeasures, and in particular thesurface areameasuresSi(K; ·) := Θi(K; Rd×·),
i = 0, . . . , d − 1, have been used in the literature since quite a while. (Recall that we
already introduced the surface area measureSd−1(K; ·) in Sect. 5.) Of more recent
vintage are (relative) support measures which are defined with respect to a more general
convex gauge bodyB (with 0 ∈ B) which replaces the Euclidean unit ball.
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In order to be consistent with the literature, we first setdB(K,x) := dB∗(x,K)
anduB(K,x) := −uB∗(x,K) for x ∈ Rd \ K. Furthermore, we assume thatK and
B are in general relative position, which means thatK andB do not contain parallel
segments in parallel and equally oriented support (hyper)planes. A sufficient condition is
thatK orB is strictly convex, but the condition is also satisfied for an arbitrary convex
bodyK and almost all rotational images of an arbitrary convex bodyB. For convex
bodiesK andB in general relative position (with0 ∈ B), there are finite measures
Θ0(K;B; ·), . . . , Θd−1(K;B; ·) onRd × ∂B which satisfy the local Steiner formula

Vd({x ∈ (K + rB) \K : (x− dB(K,x)uB(K,x), uB(K,x)) ∈ ·}) (34)

=
1
d

d−1∑
j=0

rd−j
(
d

j

)
Θj(K;B; ·),

for all r ≥ 0. The crucial point here is that the local parallel volume on the left side
is a polynomial in the distance parameterr, and the coefficients of this polynomial are
measures. These measures are calledrelative support measuresofK with respect toB;
for further details see [14, 15, 18, 38]. Note thatΘj(K;B; ·) is concentrated on∂K×∂B
and that

Θj(K; ·) := Θj(K;Bd; ·)
just defines the Euclidean support measures. Therelative surface area measures
Sj(K;B; ·) := Θj(K;B; Rd × ·) and the ordinary surface area measuresSj(K; ·)
arise as image measures of (relative) support measures. Especially, we get

Θj(K;B; ∂K × ∂B) = dV (K [j], B [d− j])

and, in particular,

Θj(K; Rd × Sd−1) =
dbd−j(

d
j

) Vj(K),

for j = 0, . . . d− 1.

7.2 Smooth Convex Bodies

For sufficiently smooth convex bodies, the Euclidean surface area measures can be
described in terms of basic curvature functions. LethK(u) := max{〈x, u〉 : x ∈ K},
u ∈ Rd, denote thesupport functionof K ∈ Kd at u. We say thatK is of classC2

+
if ∂K is a hypersurface of classC2 with everywhere positive Gauss curvature. Now
let K ∈ Kd be of classC2

+. This assumption implies thathK is of classC2 andK
is strictly convex. The gradient∇hK(u) is the unique boundary pointτ(K,u) of K
with exterior unit normal vectoru. Theprincipal radii of curvatureof K in (direction)
u are the reciprocals of the principal curvatures ofK at τ(K,u). Writing sj(K,u),
j ∈ {1, . . . , d − 1}, for the j-th normalized elementary symmetric function of the
principal radii of curvature ofK in u and settings0(K,u) := 1, for all u ∈ Sd−1, we
get for anyK ∈ Kd of classC2

+ that

Sj(K; ·) =
∫
Sd−1

1{u ∈ ·}sj(K,u)Hd−1(du).
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Thisequationprovidesa relationshipbetween thecoefficientsof the localSteiner formula
for the convex bodyK and second order (local) geometric information on the bounding
hypersurface∂K. For more details we refer to [37].

7.3 Additive Extensions of Support Measures

An important property which the relative support measures share with the Minkowski
functionals is additivity. As a consequence these measures can be extended as additive,
signed, measure-valued functionals to the (extended) convex ring, and we use the same
notation for these extensions. Later we will make use ofΘd−1(K;B; ·),K ∈ Sd. Now
we provide some information on these measures, but we have to refer to [14] for the
details. We assume that the gauge bodyB is strictly convex and contains the origin in
its interior. Then the measureΘd−1(K;B; ·) is non-negative and concentrated on the
relative (generalized) normal bundleNB(K) ofK which is defined by

NB(K) := {(x− dB(K,x)uB(K,x), uB(K,x)) : x /∈ K ∪ exoB∗(K)}.
Furthermore, it can be expressed in terms of the Euclidean support measureΘd−1(K; ·)
and the support functionhB of B:

Θd−1(K;B; ·) =
∫

N
Bd (K)

1{(x,∇hB(u)) ∈ ·}hB(u)Θd−1(K; d(x, u)). (35)

Assume thatK is regular, i.e. coincides with the closure of its interior. ThenΘd−1(K; ·)
is just an integral over the boundary ofK:

Θd−1(K; ·) =
∫
∂K

1{(x, ν(K,x)) ∈ ·}Hd−1(dx).

Hereν(K,x) denotes the outer normal ofK at the boundary pointx, which is uniquely
defined forHd−1-a.e.x ∈ ∂K.

8 Poisson Cluster Models

In this section we consider generalized contact distribution functions of grain models
which are constructed from stationary Poisson cluster processes with independent mark-
ing. Especially, wedescribe formulas for the local contact distributions of Poisson cluster
processes and Boolean models.

8.1 Definition of a Poisson Cluster Model

We continue the discussion of Poisson cluster processes by considering the grain model
Z (with convex grains) defined by (4), whereΦ is a stationary Poisson cluster process
(compareSect. 6) andZ1, Z2, . . . is a sequenceof independent and identically distributed
random convex bodies which is independent ofΦ = {ξi : i = 1, 2, . . .}. Again, wewrite
Q for the common distribution of the grains andZ0 for the typical grain, i.e. a random
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convex body with distributionQ. From Sect. 3 we recall the standard assumption (6)
which ensures that{Zi + ξi : i = 1, 2, . . .} is a locally finite particle process. It can be
easily shown (compare [8]) that the capacity functional ofZ is given by

TZ(C) = 1 − exp
{
− γp

∫ (
1 − E

[ ∏
x∈N0+y

P(Z0 ∩ (C − x) = ∅)
])

dy

}
(36)

for all C ∈ Cd. On the other hand, the random closed setZ thus obtained can also be
interpreted as a stationary Boolean model with typical (compact, but not necessarily
convex) grain ⋃

x∈N0

(Z(x) + x), (37)

where{Z(x) : x ∈ N0} is a family of random convex bodies that are conditionally
independent givenN0 and where the conditional distribution ofZ(x) givenN0 is Q.
In order to check this, one shows that the capacity functional of such a Boolean model
is equal to the functional (36). The capacity functional ofZ can be used to derive
formulas for the contact distribution functions ofZ. However, in order to include contact
directions, we have to pursue a different approach.

Thereduced second moment measureof N0 is the measure onRd defined by

α0 := E

[ ∑
x,y∈N0
x=y

1{x− y ∈ ·}
]
. (38)

Throughout the section we will assume that this measure is absolutely continuous.

8.2 The Spherical Contact Distribution of a Poisson Cluster Model

In this subsectionwestudy thegeneralized spherical contact distribution functiondefined
by (11) withB = Bd, that is

Hs(r, C) := P(d(0, Z) ≤ r, u(0, Z) ∈ C | 0 /∈ Z),

wherer ≥ 0 andC ⊂ Sd−1 is a Borel set. First we define the means of the support
measures with respect to the distributionQ of the typical grain (reflected at the origin),

Θ̄∗
j :=
∫

Θj(K∗; ·)Q(dK).

By our integrability assumption onQ, we thus obtain finite measures onRd × Sd−1.
For givenψ =

∑m
n=1 δxn

, we letΓ (ψ, ·) denote the distribution of the random closed
set∪mn=1(Zn + xn), whereZ1, . . . , Zm are independent with distributionQ. We also
setΓ (∅, ·) := δ∅. Finally, we define

µ0 := E

[∫
Rd

∫
Fd

1{A ∈ ·}Γ ((N0 − y)(0), dA)N0(dy)
]
,
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which is a finite measure onFd. Then

Hs(r, C) = γp

d−1∑
j=0

(
d− 1
j

)∫ r

0

∫
Rd×C

∫
Fd

(1 −Hs(t))td−1−j

× 1{d(−x− tu,A) > t}µ0(dA)Θ̄∗
j (d(x, u))dt. (39)

This equation has been proved in [20] in the special caseC = Rd. For a general
measurable setC ⊂ Rd, (39) is a special case of Proposition 4.27 and Example 4.28 in
[14]. Defining

λs(t, C) := γp

d−1∑
j=0

(
d− 1
j

)
td−1−j

∫
Rd×C

∫
Fd

× 1{d(−x− tu,A) > t}µ0(dA)Θ̄∗
j (d(x, u)), (40)

we see thatHs(·, C) has the densityλs(t, C)(1−Hs(t)). The functionλs(·, C) can be
interpreted as a direction dependent empty space hazard, because

P(d(0, Z) ∈ (t, t+ h], u(0, Z) ∈ C | d(0, Z) ≥ t) ≈ λs(t, C)h

for smallh > 0. The choiceC = Sd−1 leads to

Hs(r) = 1 − exp
{
−
∫ r

0
λs(t)dt

}
, (41)

whereλs(t) := λs(t, Sd−1). If Φ is Poisson, thenZ is a Boolean model (with typical
grainZ0) and (41) simplifies to (16). Moreover, we have in this case

λs(t, C) = γ

d−1∑
j=0

td−j−1
(
d− 1
j

)
S̄∗
j (C), (42)

where

S̄∗
j :=
∫

Θj(K∗; Rd × ·)Q(dK) = Θ̄∗
j (R

d × ·), (43)

is the mean of thej-th surface area measureSj(K∗; ·) with respect toQ andγ = γp
sinceγc = 1.

As t → 0, the inner integral of (40) tends to∫
Fd

1{x /∈ A∗}µ0(dA).

Furthermore,

lim
t→∞ t1−dλs(t, C) = γp

∫
Rd×C

∫
Fd

1{(Hu,x ∪ {x}) ∩A∗ = ∅}µ0(dA)Θ̄∗
0(d(x, u)),

whereHu,x := {x+ y : y ∈ Rd, 〈y, u〉 > 0}.
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8.3 Examples

We now discuss cluster models based on the two special cluster processes introduced
in Sects. 6.3 and 6.4. First we consider the typical cluster given by (28). In order to
guarantee the absolute continuity of the measure (38) we assume that the conditional
distribution ofY1 − Y2 given thatη = 2 is absolutely continuous. Equation (40) takes
the form

λs(t, C) = γpP(η = 1)
d−1∑
j=0

(
d− 1
j

)
td−1−jS̄∗

j (C)

+ γpP(η = 2)
d−1∑
j=0

(
d− 1
j

)
td−1−j (44)

×
∫

Rd×C

{
P((Z1 + Y2 − Y1) ∩Bd(−x− tu, t) = ∅ | η = 2)

+ P((Z2 + Y1 − Y2) ∩Bd(−x− tu, t) = ∅ | η = 2)
}
Θ̄∗
j (d(x, u)),

whereZ1, Z2 have distributionQ andY1 − Y2, Zi are independent fori = 1, 2.
Next we consider a Neyman–Scott processΦ as defined at (29) and assume that the

distribution ofY1,2 −Y2,2 is absolutely continuous. The measure (38) is then absolutely
continuous and we obtain similarly as above

λs(t, C) = γp

d−1∑
j=0

(
d− 1
j

)
td−j−1

∫
Rd×C

∫
Rd

(45)

× g′(P((Z0 + Y0 − y) ∩Bd(−x− tu, t) = ∅))V(dy)Θ̄∗
j (d(x, u)),

whereY0 has the distributionV of theYi,n and is independent of the typical grainZ0.
This corrects a statement in Example 5.3 of [20].

Formulas (44) and (45) can be used to computeλs(t) = λs(t, Sd−1) via Monte-
Carlo integration. Clearly this requires more specific assumptions on the typical grain.
A convenient and popular choice is a spherical grainZ0 = τBd, whereτ is a positive
random variable. In [20], it has been shown (ford = 3) that the empty space hazard
might be an appropriate tool to reveal clustering phenomena. However, if the typical
clusterN0 contains at most two points (as in the Gauss-Poisson case, for instance) then
the empty space hazard can verymuch resemble that of a Booleanmodel. If, on the other
hand,N0 contains three or even more points, then the empty space between the grains
of the cluster cannot be neglected anymore and a quadratic function cannot be fitted to
the rate in a satisfactory manner.

8.4 General Gauge Bodies

Now we turn to the generalized contact distribution ofZ with respect to a general gauge
bodyB. Since for our analysis we have to use relative support measures with respect
toB, we now make the further asumption thatB∗ and the typical grainZ0 are almost
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surely in general relative position. IfB is strictly convex, or ifQ is concentrated on the
set of strictly convex bodies, then this assumption is automatically satisfied. Extending
a previous definition, we set

Θ̄∗
j (B; ·) :=

∫
Θj(K∗;B; ·)Q(dK), j = 0, . . . , d− 1,

and obtain finite measures onRd × ∂B. As a generalization of (39), we have

HB(r, C) = γp

d−1∑
j=0

(
d− 1
j

)∫ r

0

∫
Rd×C

∫
Fd

(1 −HB(t))td−1−j

× 1{dB(−x− tu,A) > t}µ0(dA)Θ̄∗
j (B; d(x, u))dt, (46)

for all r ≥ 0 and Borel setsC ⊂ ∂B. For smoothB this has been proved in [14]. The
present more general result can be obtained by combining a special case of Theorem 5.1
in [15] with Example 4.28 in [14]. In Sect. 10, we will describe a further extension to
instationary models.

The special caseZ0 = {0} of (39) deserves some discussion. In that case,Z = Φ
and

HB(r, C) = γp

∫ r

0

∫
C

(1 −HB(t))td−1 (47)

× E

[∫
Rd

1{dB(−tu, (N0 − y)(0)) > t}N0(dy)
]
ΘB(du)dt,

where

ΘB := d

∫
B

1{x/dB(0, x) ∈ ·}dx. (48)

This is just the measureΘ0({0};B; {0} × ·) with total massd · Vd(B). If B is
lower dimensional, thenΘB is the zero measure and the right side of (47) vanishes
identically, in accordance withP(dB(0, Φ) < ∞) = 0. In caseB = Bd wemay use po-
lar coordinates to see thatΘBd is theHausdorff measureHd−1 onSd−1. More generally,
for anyB ∈ Kd with 0 as an interior point one has

ΘB =
∫
∂B

1{u ∈ ·}hB(ν(B, u))Hd−1(du).

Suppose that the expectation

E

[∫
Rd

1{dB(−tu, (N0 − y)(0)) > t}N0(dy)
]

does not depend onu ∈ ∂B for all t > 0. This is the case if the cluster distribution is
isotropic, i.e. invariant under rotations around the origin. Equation (47) then implies the
independence ofdB(0, Φ) anduB(0, Φ). In the Poisson case (where isotropy is fulfilled
automatically),
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HB(r, C) = γΘB(C)
∫ r

0
(1 −HB(t))td−1dt, (49)

or
HB(r, C) = (dVd(B))−1ΘB(C)(1 − exp[−γrdVd(B)]).

Other special cases of (46) and (47) can be discussed as before.

9 General Stationary Random Sets

In this section, we consider a general stationary randomSd-setZ and discuss the in-
formation contained in the contact distribution functionHB of Z, whereB is a general
gauge body. Even under these weak assumptions, we can deduce some regularity prop-
erties ofHB .

9.1 The General Form of Direction Dependent Contact Distributions

As explained in Sect. 3wemay representZ as a stationary grainmodelZ =
⋃
n∈N

(Zn+
ξn) with underlying stationary marked point processΨ = {(ξn, Zn) : n ∈ N} on
Rd × Kd. SinceΨ is stationary, the intensity measurẽΛ of Ψ can be decomposed in
the formΛ̃ = γVd ⊗ Q, whereγ is the intensity andQ is the grain distribution ofΨ
(compare Sect. 3.3). We assume that the structuring elementB andK∗ are in general
relative position forQ-almost allK and thatΨ satisfies a weak regularity condition (for
details, see [14, 15]). Then we obtain

(1 − p)HB(r, C) = γ

d−1∑
j=0

(
d− 1
j

)∫ r

0

∫
Kd

∫
Rd×C

td−1−j (50)

× P(0,K)({ψ : dB(−y − tu, Z(ψ,K)) > t})Θj(K∗;B; d(y, b))Q(dK)dt,

where
Z(ψ,K) :=

⋃
(x,L)∈ψ\{(0,K)}

(L+ x),

and where the probability measuresP(0,K), K ∈ Kd, are the Palm distributions ofΨ .
The latter can be interpreted as conditional distributions ofΨ given that(0,K) ∈ Ψ ; see
§3.4 and§4.3 in [39]. In [15], a more general result was deduced without the assumption
of stationarity. The statement of such a result requires the general Palm distributions
P(x,K), (x,K) ∈ Rd × Kd, of Ψ . Relation (50) can be deduced either directly or from
the more general result by means of

P(x,K) =
∫

1{ψ + x ∈ ·}P(0,K)(dψ)

which holds forΛ̃-a.e.(x,K) ∈ Rd×Kd, whereψ+x := {(y+x,K) : (y,K) ∈ ψ}.
From equation (50) we can deduce several further consequences. A first observation is
that (50) implies thatHB(·, C) is absolutely continuous and a version of the density is
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given explicitly. In particular, we see that the (right) derivative ofHB(·, C) at 0 exists
and can be expressed in the form

(1 − p)H ′
B(0, C) = γ

∫
Kd

∫
Rd×C

P(0,K)({ψ : −y /∈ Z(ψ,K)})

×Θd−1(K∗;B; d(y, b))Q(dK)dt.

A related version of such a result is stated as Proposition 5.4 in [14], the additional
assumptions onB (such as smoothness), which are adopted in [14], can be removed.
The absolute continuity ofHB was already shown in [2] and [7] for rather general
random closed sets, though in a less explicit and in a nonlocal form.

9.2 First Derivatives and Surface Intensities

In the remaining part of this section we assume thatB is strictly convex and0 is in the
interior ofB. Using the mean of the support measureΘd−1(Z;B∗; ·) (see Sect. 7.3) the
derivativesH ′

B(0, C), C ⊂ ∂B, can be expressed as

(1 − p)H ′
B(0, C) = EΘd−1(Z;B∗; [0, 1]d × C∗). (51)

This formula holds without any reference to a marked point processΨ from whichZ
may be derived. The right-hand side of this formula can be interpreted as a direction
dependent (relative)surface densityof Z. SinceEΘd−1(Z;B∗; · × ∂B∗) is a locally
finite (by assumption), translation invariant, non-negative measure, it follows that

EΘd−1(Z;B∗; · × ∂B∗) = λd−1;BVd,

where the constantλd−1;B := EΘd−1(Z;B∗; [0, 1]d × ∂B∗) is the (relative)surface
densityof Z. (By assumption this number is finite.) Hence

H ′
B(0) = λd−1;B/(1 − p). (52)

In caseB = Bd, the numberλd−1;B is just the classical surface density ofZ.
DefineCd := [0, 1]d and let∂+Cd denote the upper right boundary ofCd. Then,

under a suitable integrability assumption,

EΘd−1(Z;B∗; [0, 1]d × ·) = lim
r→∞

ESd−1(Z ∩ rW ;B∗; ·)
Vd(rW )

(53)

= ESd−1(Z ∩ Cd;B∗; ·) − ESd−1(Z ∩ ∂+Cd;B∗; ·)

for anyW ∈ Kd with Vd(W ) > 0; moreover, ifZ is ergodic, then the expectation on
the right side of (53) can be omitted and we obtainP-a.s. equality. Furthermore, we have

(1 − p)H ′
B(0) =

∫
h(B∗, u)EΘd−1(Z; [0, 1]d × du), (54)

which is a consequence of (35) and (51) that will be used below. All these assertions
follow from results which were obtained in a general non-stationary setting in [14],
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Sects. 4 and 5, and from [13], Sect. 3. Finally, we remark that ifZ is assumed to be
ergodic, then by a modification of the argument for Theorem 3.4 in [13] we getP-a.s.

(1 − p)H ′
B(0) = lim

r→∞ lim sup
ε↓0

Vd([(Z + εB∗) \ Z] ∩ rW )
εVd(rW )

. (55)

Relation (55) remains true if ‘lim sup’ is replaced by ‘lim inf ’.

9.3 Mean Normal Measure and Dilation Volumes of Stationary Boolean Models

We now assume thatZ is a stationary Boolean model as defined in Sect. 5.2. In this case
relation (50) and Slivnyak’s theorem for marked point processes (see Theorem 3.4.9 in
[39]) directly yield that

HB(r, C) = γ

d−1∑
j=0

(
d− 1
j

)
S̄∗
j (B;C)

∫ r

0
td−1−j(1 −HB(t))dt, (56)

where

S̄∗
j (B; ·) := Θ̄∗

j (B; Rd × ·) =
∫

Θj(K∗;B; Rd × ·)Q(dK)

are the relative versions of the measures defined by (43). Relation (56) can also be
obtained as a special case of equation (46). Amore general result for a stationaryBoolean
modelZ with grains inRd is contained in [13], Theorem 2.4. In particular, (56) implies
that

H ′
B(0) = γS̄∗

d−1(B; ∂B) = γ

∫
h(B, u)S̄∗

d−1(du), (57)

which can also be deduced from equation (18). Moreover, sinceZ + tB is a stationary
Boolean model, for allt ≥ 0, and therefore ergodic, we getP-a.s.

HB(t) = lim
r→∞

Vd([(Z + tB∗) \ Z] ∩ rW )
Vd(rW \ Z)

, (58)

for anyt ≥ 0 and an arbitraryW ∈ Kd with Vd(W ) > 0. As in (19) we letS̄d−1 denote
the mean normal measure of the typical grain of a stationary marked Poisson process
Ψ from whichZ is derived. Then, combining (57) and (58), we obtain for an arbitrary
gauge bodyB with 0 ∈ B thatP-a.s.

γ

∫
h(B, u)S̄d−1(du) = lim

ε↓0
lim
r→∞

Vd([(Z + εB) \ Z] ∩ rW )
εVd(rW \ Z)

. (59)

On the other hand, using (54), (55) and Theorem 4.1 in [49], we also get thatP-a.s.

γ

∫
h(B, u)S̄d−1(du) = lim

r→∞ lim sup
ε↓0

Vd([(Z + εB) \ Z] ∩ rW )
εVd(rW \ Z)

, (60)

for anyW ∈ Kd with Vd(W ) > 0. Equation (60) holds for all convex bodiesB which
contain the origin as a relative interior point; moreover, ‘lim sup’ can be replaced by
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‘ lim inf ’ in (60). Note that the limits on the right sides of (59) and (60) are taken in
reversed order. Since the dilation volumes on the right sides of these equations can
be determined in principle from observations of the Boolean model for all admissible
convex bodiesB, the oriented mean normal measure is determined. It is obvious now
that these relations can be used to estimate the (unoriented) mean normal distribution of
the underlying stationary Poisson particle processX, but the problemswith the inversion
of the Cosine transform which we mentioned in Sect. 5 occur here as well.

9.4 Second Derivatives

Assume thatZ is a locally finite union of segments inRd, d ≥ 3. (Such random sets
Z are also called segment processes, see e.g. [42].) Then the first derivativeH ′

s(0, C)
vanishes, as follows from (52). However, ford = 3, Corollary 5.2 in [14] implies that

H ′′
s (0, C) = 2πLVR1(C).

Here,LV is the length density ofZ andR1(·) is the (normalized) rose of directions of
Z. Although not yet available in the literature, this result remains true for the union
sets of stationary fibre processes inR3 (i.e. processes of curves with suitable reg-
ularity properties). Analogous results should hold fork-dimensional random setsZ,
k ∈ {2, . . . , d− 2}.

For full-dimensional grains inRd the situation becomes more complicated. In [23],
a further step was made by considering the second derivativeH ′′

s (0) of the spherical
contact distribution at0. As the authors show, for stationary grain models with smooth
convex grains, and under some mild conditions on the size and relative position of
the grains, the derivativeH ′′

s (0) exists (in the sense of Radon–Nikodym), but does not
coincide with one of the standard functionals ofZ. More precisely,

H ′′
s (0) =

2π
1 − p

(λ+
d−2 − µd−2),

whereλ+
d−2 is the intensity of the non-negative(d − 2)-nd curvature measure ofZ

(see [14, 21]) andµd−2 is a corresponding intensity of a measure which integrates the
tangens of the ‘outer’ angle over all singular boundary points ofZ (see [23]). A heuristic
discussion of the second derivative of the parallel volumeV2(K + rB2), K ∈ R2, is
given in [25].

10 The Instationary Case

10.1 Introduction

So far wemainly considered stationary point processes. IfΦ is an arbitrary point process,
then we can still define direction dependent contact distribution functions with respect
to a structuring elementB by

HB(x, r, C) := P(dB(x, Φ) ≤ r, uB(x, Φ) ∈ C | x /∈ Φ), (61)
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wherer ≥ 0 andC ⊂ ∂B is a Borel set, provided thatP(x /∈ Φ) > 0 anduB(x, Φ) is
well-definedP-a.s. Notice that we now take into account the locationx ∈ Rd, i.e. we
considerx+ tB, t > 0, as the growing set. In a similar way the contact distribution of an
arbitrary random closed set is defined. In contrast to the stationary case, these functions
depend on the choice of a reference pointx ∈ Rd. They can be studied by means of the
family of Palm distributions ofΦ (see [14]).

10.2 The Instationary Poisson Process

A general Poisson processΦ on Rd is a point process which has the same indepen-
dence properties as a stationary Poisson process (i.e. for pairwise disjoint Borel sets
A1, . . . , Ak ⊂ Rd, the random variablesΦ(A1), . . . , Φ(Ak) are independent) and which
satisfies

P(Φ(A) = m) =
Λ(A)m

m!
exp[−Λ(A)], m = 0, 1, . . . ,

for all Borel setsA ⊂ Rd, whereΛ(A) = EΦ(A) is the mean number of points ofΦ in
the setA. Λ is a measure onRd, which is called theintensity measureof Φ. Since we
have assumed from the very beginning thatΦ({x}) ≤ 1 for all x ∈ Rd, it follows that
the intensity measureΛ is diffuse, i.e. thatΛ({x}) = 0 for all x ∈ Rd. If the intensity
measureΛ ofΦ is amultiple of Lebesguemeasure, thenΦ is a stationaryPoisson process.

Assume now thatΦ is a Poisson process with an absolutely continuous intensity
measureΛ. Hence, for all Borel setsA ⊂ Rd,

Λ(A) =
∫
A

γ(x)dx, (62)

whereγ : Rd → [0,∞) is a measurable function, which may be called theintensity
functionof Φ. This assumption ensures thatP(x ∈ Φ) = 0 and thatuB(x, Φ) is almost
surely uniquely determined; moreover,

HB(x, r, C) =
∫ r

0

∫
C

(1 −HB(x, t))td−1γ(x+ tu)ΘB(du)dt, (63)

whereHB(x, t) := HB(x, t, ∂B) and the measureΘB has been defined by (48).

10.3 General Poisson Processes and Boolean Models

A Poisson process can be defined on a general metric spaceX. Given a diffuse and
σ-finite measureΛ onX, the definition in the preceding subsection applies verbatim.

Consider aPoissonprocessΦonRdwith intensitymeasureΛand letΨ = {(ξn, Zn) :
n ∈ N} be an independent marking ofΦ with mark distributionQ on Cd. It is one
of the nice and fundamental properties of the Poisson process (see e.g. [19, 39]) that
Ψ is a Poisson process onRd × Cd with intensity measurẽΛ = Λ ⊗ Q. From the
mapping theorem for Poisson processes (see [19]) we obtain that the particle process
X := {Zn + ξn : n ∈ N} is a Poisson process onCd (providedX has a locally finite
intensity measure). It is natural to generalize the definition in Sect. 5.2 and to call
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Z :=
⋃
n∈N

(Zn + ξn) (64)

again a (inhomogeneous) Boolean model.
Motivated by the preceding observations we can define a general Boolean model as

Z = ∪K∈XK, whereX is aPoisson particle process, i.e. a Poisson process onCd with
a locally finite intensity measure. Alternatively (and almost equivalently) we can start
with a Poisson processΨ = {(ξn, Zn) : n ∈ N} onRd × Cd, whose intensity measure
Λ̃ satisfies (5), and define a Boolean model by (64). We take the second approach. The
capacity functional of a general Boolean modelZ is given by the formula

TZ(C) = 1 − exp
{
−
∫

Rd×Cd

1{(K + y) ∩ C �= ∅}Λ̃(d(y,K))
}
. (65)

Therefore the distribution ofZ determines the intensity measure (restricted toCd \ {∅})
and hence the distribution of the associatedPoisson particle processX = {Zn+ξn : n ∈
N} (assuming thatX has a diffuse intensity measure). However it does not determine
the intensity measure ofΨ . For an instationary random closed setZ, the volume fraction
is defined as a function ofx ∈ Rd by

p(x) := P(x ∈ Z) = TZ({x}).
Spezializing (65), we thus obtain for a Boolean modelZ that

p(x) = 1 − exp
{
−Λ̃({(y,K) : x ∈ K + y})

}
, x ∈ Rd.

Let us fix a Boolean model as defined by (64) in terms of a Poisson processΨ =
{(ξn, Zn) : n ∈ N} having intensity measurẽΛ. We assume that the measureΛ :=
Λ̃(· × Cd) is locally finite and diffuse. ThenΦ := {ξn : n ∈ N} is a Poisson process
with intensity measureΛ. GivenΦ, the grainsZ1, Z2, . . . are conditionally independent,
the conditional distribution being described by astochastic kernelκ fromRd toCd. This
kernel is defined by

Λ̃ =
∫

Rd

∫
Cd

1{(x,K) ∈ ·}κ(x, dK)Λ(dx).

Given thatx is a point ofΦ, the probability measureκ(x, ·) is the conditional distribution
of the grain associated withx. The marked point process is an independent marking of
Φ if and only if there is some probability measureQ (the mark distribution) such that
κ(x, ·) = Q forΛ-a.e.x ∈ Rd. In this case we callZ a (inhomogeneous) Booleanmodel
with independent grains. This definition depends not only on the distribution ofZ, but
also on the distribution ofΨ . It is possible thatZ can be represented in terms of two
Poisson processes, where the first has independent marks and the second not. (In a sense
this is the rule rather than the exception.)

Later (in Sect. 10.5) we will assume that

Λ̃ =
∫

Rd

∫
Kd

1{(x,K) ∈ ·}γ(x,K)dxQ(dK), (66)
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for some (measurable) functionγ onRd×Kd and a probability measureQ onKd. This
happens if and only ifκ(x, ·) is forΛ-a.e.x ∈ Rd absolutely continuous with respect to
Q. ThenΨ has independent marks if and only ifγ(x,K) is independent ofK for Q-a.e.
K andΛ-a.e.x ∈ Rd. In this caseγ is the intensity function of the Poisson processΦ.

10.4 Instationary Cluster Models

In this subsection we describe the direction dependent contact distribution function of
an instationary Poisson cluster model. LetΦp be a Poisson process inRd with absolutely
continuous intensity measure as in (62) and intensity functionγp. Let {Nx : x ∈ Φp}
be a family of point processes that are conditionally independent givenΦp and such
that the conditional distribution ofNx is the same for allx ∈ Φp. As in the stationary
case we may then introduce atypical clusterN0 which satisfiesEN0(Rd) < ∞ and for
which the reduced second moment measure ofN0 is absolutely continuous (compare
Sect. 8.1). Then we define the cluster processΦ as in (21) and impose the assumption
thatEΦ(C) < ∞ for all C ∈ Cd. It is easy to see that

EΦ(A) =
∫
A

∫
Rd

γp(x− y)EN0(dy)dx,

for Borel setsA ⊂ Rd, hence the intensity measure ofΦ is absolutely continuous. The
Poisson cluster modelZ is now obtained fromΦ by independent marking as in the
beginning of Sect. 8. Here we impose the integrability assumption∫

Rd

P((Z0 + x) ∩ C �= ∅)EΦ(dx) < ∞

for all C ∈ Cd, which is just assumption (5). Similarly to the stationary situation,Z
can be interpreted as an inhomogeneous Boolean model with independent grains and
a typical grain as in (37). (Again this interpretation can be justified by a comparison
of capacity functionals.) From this we can deduce a formula forHB(x, r). In order to
obtain a local result, we have to proceed in a different way and combine results from
[14] and [15]. Using the probability measuresΓ (ψ, ·) introduced in Sect. 8.2, we define

µ′
0(·) := E

[∫
Rd

∫
Rd×Fd

1{(y,A) ∈ ·}Γ ((N0 − y)(0), dA)N0(dy)
]
.

This is a finite measure onRd ×Fd. Assuming (as in Sect. 8.4) thatB∗ and the typical
grainZ0 are almost surely in general relative position, we obtain

HB(x, r, C) =
d−1∑
j=0

(
d− 1
j

)∫ r

0

∫
Rd×C

∫
Rd×Fd

(1 −HB(x, t))td−1−j (67)

× 1{dB(−z − tu,A) > t}γp(x+ z + tu− y)
× µ′

0(d(y,A))Θ̄∗
j (B; d(z, u))dt.

This result encompassesall results concerningPoissonclustermodels or processeswhich
we mentioned so far. It is a special case of Proposition 4.27 in [14] except that we do
not have to assume thatB is smooth (see Theorem 5.1 in [15]).
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10.5 Direction Dependent Contact Distributions of the General Boolean Model
with Convex Grains

We consider a general Boolean modelZ as defined in Sect. 10.3. We assume that the
underlying Poisson processΨ is concentrated onRd × Kd and that it has an intensity
measureΛ̃ of the form (66). Finally, we fix a gauge bodyB and assume (as previously)
thatB∗ and the typical grainZ0 are almost surely in general relative position. Then

HB(x, r, C) =
d−1∑
j=0

(
d− 1
j

)∫ r

0

∫
Kd

∫
Rd×C

(1 −HB(x, t))td−1−j (68)

× γ(x+ z + tu,K)Θj(K∗;B; d(z, u))Q(dK)dt,

a result which has been proved in [15]. In the case of a Boolean model with independent
grains the functionγ(x,K) ≡ γ(x) does not depend onK and we obtain

HB(x, r, C) =
d−1∑
j=0

(
d− 1
j

)∫ r

0

∫
Rd×C

(1 −HB(x, t))td−1−j (69)

× γ(x+ z + tu)Θ̄∗
j (B; d(z, u))dt.

Clearly, this formula is also a special case of (67), obtained by puttingN0 = {0}.
Equation (63) is recovered ifZi = {0} andN0 = {0} P-a.s.

For aBooleanmodelwith independent grainswenowexplore the kindof information
about(γ,Q)which we can retrieve from knowledge of the contact distribution functions
of Z. Under suitable continuity and integrability assumptions we obtain from (69) that

H ′
B(x, t, C)

1 −HB(x, t)
=

d−1∑
j=0

(
d− 1
j

)
td−1−j

∫
Rd×C

γ(x+ z + tu)Θ̄∗
j (B; d(z, u)), (70)

where the derivative ofHB(x, t, C) is taken with respect tot. This already indicates
that in its present form, the contact distribution functions may determine certain mean
values for any choice of a measurable setC ⊂ Rd and a strictly convex bodyB ∈ Kd.
However, in order to make significant further progress and to determine spatial densities
or distributions, it seems to be necessary to extend the notion of a contact distribution
function by including additional second order information. This subject will be pursued
more thoroughly in the next section.

10.6 A Boolean Model with Spherical Grains

The following special but important example shows the sort of information we can hope
to extract from the contact distribution in its present form. LetZ be an inhomogeneous
Boolean model with independent grains. We assume that the typical grain is of the
(randomly scaled) formτBd, whereτ has finite moments up to orderd − 1. We also
assume that the intensity measure of the germ process has a continuous and bounded
densityγ(x). In this special situation, we can deduce from (70) that the local contact
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distribution functionsHBd(x, t, C) (actually the local hazard rates), forx ∈ Rd, t ≥ 0
and measurable setsC ⊂ Sd−1, determine

d−1∑
j=0

(
d− 1
j

)
td−1−jE [τ jγ(x− τu− tu)] (71)

for all x ∈ Rd, t ≥ 0 andu ∈ Sd−1. Settingt = 0, we find thatE [τd−1γ(x − τu)] is
determined for allx ∈ Rd andu ∈ Sd−1. Replacing in this expressionx by x− tu, we
find thatE [τd−1γ(x− τu− tu)] is determined as well. Hence we can conclude that

d−2∑
j=0

(
d− 1
j

)
td−2−jE [τ jγ(x− τu− tu)]

is also determined for allx ∈ Rd, t ≥ 0 andu ∈ Sd−1. This argument can be repeated
until we finally get thatE [γ(x− τu)] is determined for allx ∈ Rd andu ∈ Sd−1. Thus
we obtain at least some information onγ of convolution type. Assuming additionally
thatγ is constant along all lines of a known directionu0 ∈ Sd−1, we can infer thatγ
and the momentsE τ j , j = 1, . . . , d − 1, are determined. Another simple case where
γ is determined arises ifτ is deterministic and known. We remark that nonspherical
convex randomly scaled grains can be treated similarly, if an appropriate gauge bodyB
is chosen instead of the unit ballBd. In general, however, we cannot expect to determine
γ or the distribution ofτ , on the basis of the information which is encoded in the kind
of contact distribution functions we have considered up to now.

11 Smooth Boolean Models and Second Order Information

11.1 Smooth Boolean Models

The example at the end of the preceding section shows that even for a very special
BooleanmodelZ, the contact distribution functions studied so far do not contain enough
information to determine all characteristic quantities ofZ. Therefore we extend the
notion of a contact distribution again by including additional, second order information
aboutZ in its definition. At the same time, wewill restrict our attention to certain classes
of Boolean models which are still sufficiently general to describe many situations which
are considered in practice.

For the following considerations, we concentrate on (non-stationary) Boolean mod-
elsZ with independent convex grains which fulfill certain smoothness conditions. We
assume that the intensity measureΛ̃ of the underlying Poisson processΨ has the form

Λ̃ =
∫

Kd

∫
Rd

1{(x,K) ∈ ·}γ(x)dxQ(dK), (72)

with the spatial intensity functionγ and thedistributionQof the typical grain. In addition,
we assume that

(i) γ is bounded and continuous,
(ii) K is of classC2

+ for Q-a.e.K ∈ Kd.

We then callZ asmooth Boolean model.
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11.2 Contact Distributions with Local Information

LetZ be a smooth Booleanmodel andx ∈ Rd. For almost all realizations ofZ such that
x /∈ Z there isauniqueboundarypoint (contact point)y ∈ Z such thatd(x, Z) = d(x, y)
andy lies in the boundary of a unique particleK(x, Z) = L+ z, (z, L) ∈ Ψ . Note that
L+ z has outer normal−u(x, Z) aty. Then we define

s̃(x, Z) := (s̃1(x, Z), . . . , s̃d−1(x, Z)) ∈ Rd−1,

wheres̃j(x, Z) := sj(K(x, Z),−u(x, Z)) is thej-th normalizedelementary symmetric
function of the principal radii of curvature of the convex bodyK(x, Z) in direction
−u(x, Z). The (extended) generalized contact distribution function ofZ is now given
as

H(x, r, C ×D) := P(d(x, Z) ≤ r, u(x, Z) ∈ C, s̃(x, Z) ∈ D | x /∈ Z), (73)

for all x ∈ Rd, r ≥ 0 andmeasurable setsC ⊂ Sd−1,D ⊂ Rd−1. Extended generalized
contact distributions of a similar kind have been introduced and studied for much more
general random closed setsZ; see [15].

Knowing all the conditional probabilities in (73) is equivalent to knowing the con-
ditional expectations

E [1{d(x, Z) ≤ r}h(u(x, Z), s̃(x, Z)) | x /∈ Z]

for all x ∈ Rd and all measurable functionsh : Sd−1 × Rd−1 → [0,∞). In addition
to distributional information about the position of the contact point inZ realizing the
distance fromx toZ, theseconditional probabilities andexpectationsalso contain second
order information aboutZ in a (arbitrarily small) neighbourhood of this contact point
(local information). In the remaining part of this section, we describe the extent to which
γ andQ are determined by the contact distribution functions of the form (73), i.e. we
study the sort of information about the characteristics ofX which is implicitly included
in (73).

The crucial relationship which we use for our analysis is

E [1{d(x, Z) ≤ r}h(u(x, Z), s̃(x, Z)) | x /∈ Z]

=
d−1∑
j=0

(
d− 1
j

)∫ r

0
td−1−j(1 −H(x, t))

∫
Kd

∫
Sd−1

h(−u, s(K,u)) (74)

× γ(x− tu− τ(K,u))sj(K,u)Hd−1(du)Q(dK)dt,

wheres(K,u) := (s1(K,u), . . . , sd−1(K,u)) ∈ Rd−1. More general formulas, relat-
ing conditional expectations of locally defined functionals ofZ to mean values ofγ (of
convolution type) with respect toQ, have been established in [15]. For instance, as in
the preceding sections one can consider other gauge bodies than the unit ball, drop the
smoothness assumptions on(γ,Q), use local functionals ofZ different from s̃(x, Z),
and one can even avoid the Poisson assumption onΨ . Relation (74) implies that the
contact distribution functions (73) determine the mean values
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Kd

γ(x− τ(K,u))g(s(K,u))Q(dK), (75)

for all x ∈ Rd, u ∈ Sd−1 and all measurable functionsg : Rd−1 → [0,∞). Subse-
quently, we consider the difficult inverse problem of retrieving information about(γ,Q)
from these mean values.

11.3 Independent Marking with Respect to Tangent Points

A situation of a very special nature is given if there is a directionu0 ∈ Sd−1 such that
the mark distributionQ of Ψ is concentrated on the set{K ∈ Kd : τ(K,u0) = 0}.
This situation corresponds to the choice of the center mapc(K) = τ(K,u0),K ∈ Kd,
(compare Sect. 3.3); hence,c(K) is the unique ‘tangent point’ ofK with exterior unit
normalu0. Note thatc(K) is uniquely defined forQ-a.e.K ∈ Kd. Then, for the choice
u = u0, the expression in (75) simplifies to

γ(x)
∫

Kd

g(s(K,u0))Q(dK),

for all x ∈ Rd and measurable functionsg : Rd−1 → [0,∞), sinceτ(K,u0) = 0
for Q-almost allK ∈ Kd. Therefore the spatial densityγ and the distributionQ({K :
s(K,u0) ∈ ·})areuniquelydeterminedby (73).Aparticular casearises ifZ is stationary,
since then we may choosec(K) = τ(K,u), for anyu ∈ Sd−1. In this case, we thus
find that the intensityγ ofX and the distribution of the functions(Z0, u) of the typical
grainZ0 of Ψ are determined by (73). This result then holds for any other center map
as well since the intensityγ remains the same and the grain distribution given for the
new center map is a well-defined image ofQ. (Note thatsj(K,u) = sj(K + x, u) for
allK ∈ Kd of classC2

+, x ∈ Rd andu ∈ Sd−1.)
Note that for a stationary Booleanmodel, it is known that the point process of tangent

points determines all parameters of theBooleanmodel (see [28, 30]). However, this point
process is not used directly in the preceding investigation.

11.4 The Case of Integrable Intensity Functions

We return to a general smooth Booleanmodel, but assume now thatγ is integrable. Then,
integrating with respect tox ∈ Rd, using Fubini’s theorem and exploiting the translation
invariance of Lebesgue measure, we see that (75) implies that the distribution

Q({K : s(K,u) ∈ ·}) (76)

is determined for allu ∈ Sd−1. As a simple consequenceweobtain that themean surface
measures̄Sj of the particles are determined by (73), since∫

Kd

Sj(K,C)Q(dK) =
∫
C

∫
Kd

sj(K,u)Q(dK)Hd−1(du),

for all measurable setsC ⊂ Sd−1. The above argument can be extended to the class
of intensity functions which are integrable on a subspace and enjoy a partial invariance
property with respect to the orthogonal subspace; see [15] for a precise statement.
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11.5 Homothetic Particles

Another special case where we obtain further results is that of a smooth Boolean model
(with independent grains) where the particles are multiples of certain fixed shapes and
the spatial intensity functionγ is integrable.

In a first example of that kind, we consider a typical grainZ0 of the form

Z0 = τ Z ′
0, (77)

whereτ > 0 is a random variable andZ ′
0 is a random convex body (of classC2

+) with
Z ′

0 ∈ {K1, . . . ,Km}. In addition, we assume that there is somei ∈ {1, . . . ,m} such
that

P(Z ′
0 = Ki) > 0 and P(τ ≤ ε | Z ′

0 = Ki) > 0, (78)

for all ε > 0. This condition means that arbitrarily small scaled copies of a particular
shape can be observed with positive probability. Under these assumptions, not only the
distribution in (76), but also the spatial densityγ is uniquely determined by (73).

A second example is given by (77) withZ ′
0 ∈ {K1,K2}, whereK1,K2 are two

convex bodies that cannot be transformed into each other by translations and dilatations.
Setαi := P(Z ′

0 = Ki), i ∈ {1, 2}, and assume that

lim sup
n→∞

E [τn | Z ′
0 = Ki]

1
n /n < ∞ (79)

wheneverαi > 0. Then, (73) determinesα1, α2 andP(τ ∈ · | Z ′
0 = Ki) whenever

αi > 0. Moreover, if the bodiesK1,K2 are known, thenQ = P(Z0 ∈ ·) is determined
as well. Under the additional assumption (78),γ is also determined (compare the first
example). Here, forαi > 0, the weak growth condition (79) ensures that the conditional
distributionP(τ ∈ · | Z ′

0 = Ki) is determined by its momentsE [τn | Z ′
0 = Ki],

n ∈ N.
In our final example, we consider a single shape, i.e. we assume thatZ0 = τK0,

whereK0 is a fixed (but in general unknown) convex body andτ is normalized in
the sense thatE τ = 1. Thenγ, Q andK0 are determined by the generalized contact
distribution functions ofZ of the form (73). In order to illustrate the sort of information
which is required on the right side of (73), let us consider the special case where we
already know thatK0 = Bd is the Euclidean ball (compare the example at the end of
Sect. 10). HenceZ is a Booleanmodel with spherical grains. Then, for a pointx /∈ Z we
have to determine the directionu(x, Z) of the unit vector pointing fromx to the nearest
boundary point inZ, which is uniquely determinedP-a.s. Further, in this nearest point
we have to measure the reciprocals of the principal curvatures of∂Z in order to get the
value ofs̃1(x, Z) (say); in the case of spherical grains, this value is equal to the radius of
theP-a.s. unique spherical particle ofZ nearest tox. Assuming that we can perform all
these measurements for almost all pointsx /∈ Z, we find that the spatial densityγ and
the radial distribution of the spherical grains are determined by these measurements.

We remark that the above examples are special cases of more general results in [15].
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12 Final Remarks

In this section we discuss some further extensions (and modifications) of contact distri-
butions and indicate potential topics of future research. Throughout we fix a stationary
random closed setZ ⊂ Rd.

12.1 General Sampling Schemes

Let B ∈ Kd, 0 ∈ B, be a gauge body. The contact distribution functionHB can be
interpreted as the distribution function of the relative distance of a “randomly chosen”
point in the complementRd \Z of Z fromZ. It was proposed in [34] (see also [36]) to
generalize this sampling scheme by choosing the reference point as the “typical point”
of a random measureζ on Rd. To give a rigorous definition we assume thatζ has a
finite and positive intensityE ζ([0, 1]d) and thatζ is stationaryjointlywith Z. (The joint
distribution ofZ andζ is invariant under translations.) LetP0

ζ denote thePalmprobability
measureof ζ defined on the underlying sample space(Ω,A). The probabilityP0

ζ(A) of
an eventA ∈ A can be interpreted as the conditional probability ofA given that0 is a
typical point ofζ (see [22] for more formal definitions and further references). We then
define

HB,ζ(r) := P0
ζ(dB(0, Z \ {0}) ≤ r), r ≥ 0. (80)

Choosingζ as the Lebesgue measure restricted to the complement ofZ, we obtain the
classical contact distribution functionHB discussed in this paper. But there are many
other interesting special cases. If, for instance,Z = ζ is a point process, thenHBd,ζ is
the nearest-neighbour distance distribution function ofZ. As another example wemight
chooseζ as the(d − 1)-dimensional Hausdorff-measure restricted to the exoskeleton
exoB(Z) of Z. (This requires suitable regularity properties ofexoB(Z).)

Definition (80) can be further extended by allowing random gauge bodies. A conve-
nient way to accomplish this extension is to use arandom fieldY = {Y (x) : x ∈ Rd}
taking values in the set of all gauge bodies and being stationary jointly withZ andζ.
We may then define

HY,ζ(r) := P0
ζ(dY (0)(0, Z \ {0}) ≤ r), r ≥ 0. (81)

For instancewemight assume that the randomgauge bodyY (0) is underP0
ζ independent

of Z. ThenHY,ζ is just a mixture of the distribution functionsHB,ζ . A natural choice
in such a setting (discussed in [34]) isY (0) = [0, U ] (or Y (0) = [−U,U ]), where
U is a random element ofSd−1. Another special case is to takeζ as the(d − 1)-
dimensional Hausdorff-measure restricted to the boundary ofZ and to defineY (x) =
[0, νZ(x)], whereνZ(x) is the outer normal ofZ at the boundary pointx. ThenHY,ζ is
the distribution of the distance of a typical boundary pointx of Z fromZ \ {x} in outer
normal direction. In this caseY (0) andZ arenot independent underP0

ζ .

12.2 Intrinsic Volumes of Parallel Sets

Up to affine transformation (see (9)) the contact distribution functionHB(r)with respect
to a gauge bodyB is the volume fraction of the generalized parallel set
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Z⊕r := Z + rB∗.

Instead one can also study the means of other geometric functionals applied to (the suit-
ably restricted) random setZ⊕r. An appropriate mathematical concept are thedensities
of additive functionals. Assume thatZ is a randomSd-set, letB be a strictly convex
gauge bodyB containing0 in its interior, and letW ∈ Kd with Vd(W ) > 0. Under
suitable integrability conditions the limit

HB,j(r, C) = lim
t→∞

E [Θj(Z⊕r ∩ tW ;B∗; Rd × C)]
Vd(tW )

(82)

exists (and is finite) for anyj ∈ {0, . . . , d − 1}, r ≥ 0, andC ⊂ ∂B∗ (see [13] and
[39]). Moreover,HB,j(r, ·) is a signed measure on∂B∗. Forj = d−1 this measure has
been discussed in Sect. 9.2.

The idea to study the behaviour of intrinsic volumes as a function of a threshold-
parameter was first formulated in [27] in the context of continuous percolation. Further
very fruitful applications of such and related ideas to the analysis of complex spatial
structures occuring in statistical physics can be found in [25] and [26] (see also the
contributions by H-J. Vogel (Chap. 1), by M. Lösche and P. Krüger (Chap. 2), by C.
Beisbart et al. (Chap. 3), and by C. Beisbart, M. Kerscher and K. Mecke (Chap. 4), in
this volume). In [16], the functionsHs,j(r) := HBd,j(r, Sd−1) are used as summary
statistics for the analysis of point processesZ composedby the centers of galaxy clusters.
Moreover, in [46] it is suggested to analyse means of various geometric functionals of
eroded or dilated porous media in order to gain insight into their physical properties or
for testing goodness-of-fit of potential models for such structures.

If Z is a (stationary) Boolean model with typical convex grainZ0, thenZ⊕r is a
Boolean model with typical grainZ0 + rB∗. If Z0 has an isotropic distribution it is
possible to use general results for Boolean models (see e.g. [25, 39, 50]) to express the
functionsHs,j in terms of the intensity of the underlying Poisson process and the mean
volumesEVj(Z0). In the non-isotropic case the formulas forHs,1, . . . , Hs,d−2 become
more complicated (see [50, 51]). We are not aware of any other (more or less) explicit
analytic results.
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