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Abstract
In the statistical and actuarial literature several generalizations of quantiles
have been considered, by means of the minimization of a suitable asymmetric
loss function. All these generalized quantiles share the important property of
elicitability, which received a lot of attention recently since it corresponds to
the existence of a natural backtesting methodology. In this paper we investigate the case of M -quantiles as the minimizers of an asymmetric convex loss
function, in contrast to Orlicz quantiles that have been considered in Bellini
and Rosazza Gianin (2012). We discuss their properties as risk measures and
point out the connection with the zero utility premium principle and with
shortfall risk measures introduced by Föllmer and Schied (2002). In particular, we show that the only M -quantiles that are coherent risk measures are
the expectiles, introduced by Newey and Powell (1987) as the minimizers of
an asymmetric quadratic loss function. We provide their dual and Kusuoka
representations and discuss their relationship with CVaR. We analyze their
asymptotic properties for α → 1 and show that for very heavy tailed distributions expectiles are more conservative than the usual quantiles. Finally,
we show their robustness in the sense of lipschitzianity with respect to the
Wasserstein metric.
Keywords: expectile, coherence, elicitability, Kusuoka representation,
robustness, Wasserstein metric.
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1. Introduction
It is well known that the quantiles qα of a random variable X may be
defined as the minimizers of a piecewise-linear loss function. Namely,

qα (X) = argmin αE[(X − x)+ ] + (1 − α)E[(X − x)− ] ,
x∈R

where we use the notation x+ := max{x, 0} and x− := max{−x, 0}. This
property is very important in the statistical as well as in the actuarial literature; it lies in the heart of the quantile regression (see, for example,
Koenker (2005)), and it is the starting point of the approach of Rockafellar and Uryasev (2002) for the computation of the Conditional Value at Risk
(CVaR henceforth). In the statistical literature several generalized quantiles
xα have been introduced, by considering more general loss functions: Newey
and Powell (1987) introduced the expectiles as the minimizers of a piecewise
quadratic loss function, Chen (1996) considered power loss functions (Lp quantiles), Breckling and Chambers (1988) considered generic loss functions
(M -quantiles). In the context of the evaluation of point forecasts, Gneiting
(2011) introduced the general notion of elicitability for a functional that is
defined by means of a similar loss minimization process; the relevance of
elicitability in connection with backtesting has been recently addressed by
Embrechts and Hofert (2013) while the relationship between coherency and
elicitability has been considered in Ziegel (2013). In this paper, we will adopt
the following general asymmetric formulation:

xα (X) = argmin αE[Φ1 ((X − x)+ )] + (1 − α)E[Φ2 ((X − x)− )] , (1)
x∈R

with convex loss functions Φ1 and Φ2 .
Under suitable conditions (see Proposition 1), the minimizer in (1) is
unique and satisfies a first order condition; in this case, xα can be equivalently
defined as the unique solution of
E[ψ(X − xα )] = 0,
for an appropriate function ψ : R → R, and is thus a special case of a zero utility premium principle, well known in the actuarial literature (see for example
Deprez and Gerber (1985) and the references therein). The same object has
been studied from different points of view under different names: Föllmer
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and Schied (2002) called a slightly more general version shortfall risk measure and Ben-Tal and Teboulle (2007) called it ψ-mean certainty equivalent.
Generalized quantiles share several good properties of the usual quantiles:
for instance, translation equivariance and monotonicity with respect to the
usual stochastic order. It is then quite natural to further investigate the
properties of these statistical functionals from the point of view of the axiomatic theory of risk measures. We characterize the generalized quantiles
that have positive homogeneity and convexity properties, and show that the
only generalized quantiles that are coherent risk measures are the expectiles
eα (with α ≥ 12 ), that have been introduced by Newey and Powell (1987) as
the minimizers of an asymmetric quadratic loss

eα (X) = argmin αE[((X − x)+ )2 ] + (1 − α)E[((X − x)− )2 ] .
x∈R

Related generalizations of the notion of quantiles have also arisen in connection with the Haezendonck-Goovaerts risk measures (see for example
Goovaerts et al. (2012), Bellini and Rosazza Gianin (2012) and the references therein). An interesting alternative formulation has been suggested by
Jaworski (2006), a brief comparison will be discussed in Section 2. Section 3
is devoted to the study of expectiles, which are becoming increasingly popular also in the econometric literature (see for instance Kuan et al. (2009), De
Rossi and Harvey (2009) and Embrechts and Hofert (2013) and the references
therein.) By applying the results of Föllmer and Schied (2002), we compute
their dual representation and their Kusuoka representation. We show that
they can be seen as the supremum of ’bilateral’ CVaR that have also been
considered by Pflug and Ruszczynski (2004). We then discuss the problem
of the comparison of expectiles with quantiles. We can prove an asymptotic
result that shows that for distributions with Paretian tails, for high values of
the tail index α, expectiles are larger than quantiles in the infinite variance
case while the opposite inequality holds in the finite variance case. Finally,
we discuss robustness properties of expectiles. It has been recently argued
by several authors that an appropriate notion of robustness for risk measures
is continuity with respect to the Wasserstein distance (see for example Stahl
et al. (2012)). We prove that actually expectiles are Lipschitz continuous
with respect to the Wasserstein metric (see also Pflug and Wozabal (2007)
or Pichler (2012) for related results for CVaR or more general coherent risk
measures).
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2. Generalized quantiles
Let Φ1 , Φ2 : [0, +∞) → [0, +∞) be convex, strictly increasing functions
satisfying
Φi (0) = 0 and Φi (1) = 1.
(2)
Given a function Φ as above, a probability space (Ω, F, P ) and the space L0
of all random variables X on (Ω, F, P ), we recall that the Orlicz heart M Φ



 
|X|
Φ
0
< +∞, for every a > 0
M := X ∈ L : E Φ
a
is a Banach space with respect to the Luxemburg norm k·kΦ , defined as

 


|Y |
kY kΦ := inf a > 0 : E Φ
≤1 .
a
To simplify the notation, X ≥ Y will often stand for X ≥ Y , P -a.s., while
X ≥st Y will denote that X dominates Y in the first-order stochastic dominance, that is P (X ≤ x) ≤ P (Y ≤ x) holds for any x ∈ R.
We consider now the minimization problem
πα (X) := inf πα (X, x) ,

(3)





πα (X, x) := αE Φ1 ((X − x)+ ) + (1 − α) E Φ2 ((X − x)− ) .

(4)

x∈R

where

Following Breckling and Chambers (1988), we call any minimizer
x∗α ∈ argmin πα (X, x)
a generalized quantile.
Since the defining minimization problem is convex, generalized quantiles
can be characterized by means of a first order condition (f.o.c. henceforth).
In the next Proposition we give a general statement that does not require
differentiability properties of the Φi .
Proposition 1. Let Φ1 , Φ2 : [0, +∞) → [0, +∞) be convex, strictly increasing and satisfy (2). Let X ∈ M Φ1 ∩ M Φ2 , α ∈ (0, 1) and πα (X, x) as in (4).
(a) πα (X, x) is finite, non-negative, convex, and satisfies
lim πα (X, x) = lim πα (X, x) = +∞;

x→−∞

x→+∞
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(b) the set of minimizers is a closed interval:
∗+
argmin πα (X, x) := [x∗−
α ; xα ];

(c) x∗α ∈ argmin πα (X, x) if and only if





αE 1{X>x∗α } Φ01− ((X − x∗α )+ ) ≤ (1 − α) E 1{X≤x∗α } Φ02+ ((X − x∗α )− )
,
αE 1{X≥x∗α } Φ01+ ((X − x∗α )+ ) ≥ (1 − α) E 1{X<x∗α } Φ02− ((X − x∗α )− )
(5)
0
0
where Φi− and Φi+ denote the left and right derivatives of Φi ;
∗+
(d) if Φ1 and Φ2 are strictly convex, then x∗−
α = xα .
Proof. (a) If X ∈ M Φ1 ∩ M Φ2 , then (X − x)+ ∈ M Φ1 and (X − x)− ∈
M for any x ∈ R. Indeed, by convexity and monotonicity of Φ1 , it follows
that E [Φ1 ((X − x)+ )] ≤ E [Φ1 (|X| + |x|)] ≤ 21 E [Φ1 (2 |X|)] + 21 Φ1 (2 |x|) <
+∞. Similarly, E [Φ2 ((X − x)− )] < +∞ for any x ∈ R. So, πα (X, x) is
finite for any x ∈ R. Non-negativity and convexity of πα (X, x) are trivial.
By the Monotone Convergence Theorem, it follows that limx→−∞ πα (X, x) =
limx→+∞ πα (X, x) = +∞; (b) is a direct consequence of (a).
(c) From the convexity of πα (X, x) it follows that x∗α is a minimizer if and
+
−
only if 0 ∈ ∂πα (X, x∗α ) := [ ∂ ∂xπα , ∂ ∂xπα ]. Define r(x) = E[Φ1 ((X − x)+ )] and
l(x) = E[Φ2 ((X − x)− )]. Let y > x. We have that
Φ2

E[Φ1 ((X − y)+ )] − E[Φ1 ((X − x)+ )]
r(y) − r(x)
=
=: E[HX (x, y)],
y−x
y−x
where the random variable HX (x, y) fulfills
 Φ (X−y)−Φ (X−x)
1
1


y−x
(X−x)
HX (x, y) = − Φ1y−x


0

if X ≥ y
if x < X < y
if X ≤ x.

Since Φ1 is convex and X ∈ M Φ1 we have that y 7→ HX (x, y) is non-positive
and increasing, and therefore for all y with |y − x| ≤ 1 it holds
E|HX (x, y)| ≤ E|HX (x, x − 1)| < ∞.
From the dominated convergence theorem we get
0
r+
(x) = lim+
y→x

r(y) − r(x)
0
= E[ lim+ HX (x, y)] = −E[1{X>x} Φ1− ((X − x)+ )].
y→x
y−x
5

The same argument gives
0

0
r−
(x) = −E[1{X≥x} Φ1+ ((X − x)+ )]

and similarly
0

0
l+
(x) = E[1{X≤x} Φ2+ ((X − x)− )]
0

0
l−
(x) = E[1{X<x} Φ2− ((X − x)− )]

Since πα (X, x) = αr(x) + (1 − α)l(x), we get




∂ − πα
(X, x) = −αE 1{X≥x} Φ01+ ((X − x)+ ) + (1 − α) E 1{X<x} Φ02− ((X − x)− )
∂x




∂ + πα
(X, x) = −αE 1{X>x} Φ01− ((X − x)+ ) + (1 − α) E 1{X≤x} Φ02+ ((X − x)− )
∂x
from which (c) follows immediately.
(d) If Φ1 and Φ2 are strictly convex, then for each t the function
g (t, x) := αΦ1 ((t − x)+ ) + (1 − α) Φ2 ((t − x)− )
is strictly convex in x. It follows that πα (X, x) = E[g(X, x)] is strictly convex
in x, hence its minimizer is unique.
In the general case the f.o.c. that identifies generalized quantiles is thus
given by two inequalities, and cannot be reduced to a single equality; the
simplest example of this situation is that of the usual quantiles.
Example 2 (Quantiles). For Φ1 (x) = Φ2 (x) = x, generalized quantiles
reduce to the usual quantiles. Indeed, the f.o.c. (5) becomes





αE 1{X>x∗α }  ≤ (1 − α) E 1{X≤x∗α } 
αE 1{X≥x∗α } ≥ (1 − α) E 1{X<x∗α }
or, equivalently,
P (X < x∗α ) ≤ α ≤ P (X ≤ x∗α ).
Under additional smoothness assumptions on the functions Φ1 and Φ2 or
on the distribution of X, the f.o.c. (5) reduces to a single equation:
Corollary 3. Under the assumptions of Proposition 1, let Φ1 and Φ2 be differentiable. If Φ01+ (0) = Φ02+ (0) = 0 or if the distribution of X is continuous,
then the f.o.c. (5) reduces to




αE Φ01 (X − x∗ )+ = (1 − α) E Φ02 (X − x∗ )− .
(6)
6

Proof. If Φ1 and Φ2 are differentiable, then Φ0i+ = Φ0i− . Hence (5)
becomes





) ≤ (1 − α)E 1{X≤x∗α } Φ02 ((X − x∗α )− ) 
αE 1{X>x∗α } Φ01 ((X − x∗α )+
.
≥ (1 − α) E 1{X<x∗α } Φ02 ((X − x∗α )− )
αE 1{X≥x∗α } Φ01 (X − x∗α )+
If moreover Φ01+ (0) = Φ02+ (0) = 0 or if X is a continuous random variable
(hence P (X = x∗α ) = 0), then the two inequalities above reduce to




αE Φ01 ((X − x∗α )+ ) = (1 − α) E Φ02 (X − x∗α )− .

A prototypical case is that of expectiles, which will be investigated in
detail in the following Section. The preceding Corollary shows that in contrast to quantiles, expectiles can always be identified as the solution of an
equation, even when the distribution of X is not continuous.
Example 4 (Expectiles). For Φ1 (x) = Φ2 (x) = x2 , generalized quantiles reduce to expectiles. Since Φ1 and Φ2 are differentiable and Φ01+ (0) =
Φ02+ (0) = 0, the f.o.c. (5) is given by




αE (X − x∗α )+ = (1 − α) E (X − x∗α )− .
Any solution of the equality above is called α-expectile of X and denoted by
eα (X).
In all cases in which the hypotheses of Corollary 3 are satisfied, generalized quantiles are defined implicitly by means of equation (6). Letting

−(1 − α)Φ02 (−t)
t<0
,
(7)
ψ(t) :=
0
αΦ1 (t)
t≥0
we have that ψ : R → R is strictly increasing, ψ(0) = 0 and x∗α is the unique
solution of the equation
E[ψ(X − x∗α )] = 0.
Thus generalized quantiles are special cases of the zero utility premium principle, very well known in the actuarial literature (see for example Deprez
and Gerber (1985)), although we remark that in our setting the function ψ
is not necessarily convex. Apart from an unessential sign change, Ben-Tal
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and Teboulle (2007) called the same quantities u-mean certainty equivalents.
Föllmer and Schied (2002) introduced shortfall risk measures, defined by
ρF S (X) = inf {m ∈ R | E[l(−m − X)] ≤ x0 } ,
where l : R → R is nondecreasing and convex. In particular, for x0 = 0 the
shortfall risk measure can also be equivalently defined as the unique solution
of
E[l(−ρF S (X) − X)] = 0.
It follows that generalized quantiles can also be seen as special cases of shortfall risk measures; we will exploit the results of Föllmer and Schied (2002) in
the next Section, in order to compute the dual representation of expectiles.
In the following Proposition, we collect some elementary properties of
generalized quantiles.
Proposition 5. Let Φ1 , Φ2 : [0, +∞) → [0, +∞) be convex, strictly increasing and satisfy (2). Let X ∈ M Φ1 ∩ M Φ2 , α ∈ (0, 1) and let πα (X, x) be as
in (4). We denote with yα∗− , yα∗+ the (lower and upper) generalized quantiles
of Y . Then the following holds.
(a) translation equivariance: if Y = X + h with h ∈ R then
∗+
[yα∗− ; yα∗+ ] = [x∗−
α + h; xα + h];

(b) positive homogeneity: if Φ1 (x) = Φ2 (x) = xβ , with β ≥ 1, then
∗+
Y = λX for λ > 0 ⇒ [yα∗− ; yα∗+ ] = [λx∗−
α ; λxα ];
∗−
∗+
∗+
(c) monotonicity: if X ≥st Y , then x∗−
α ≥ yα and xα ≥ yα ;
∗+
(d) constancy: if X = c, P -a.s., then x∗−
α = xα = c;
∞
∗−
∗+
(e) internality: if X ∈ L , then [xα ; xα ] ∈ [ess inf (X) ; ess sup (X)];
∗−
(f ) monotonicity in α: if α1 ≤ α2 , with α1 , α2 ∈ (0, 1), then x∗−
α1 ≤ xα2 and
∗+
x∗+
α 1 ≤ xα 2 .

Proof.
(a) and (b) follow immediately from
πα (X + h, x) = πα (X, x − h),

for any h ∈ R,

and
πα (λX, λx) = λβ πα (X, x),
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for any λ > 0,

respectively.
−
(c) From (5), it is easy to see that the functions g − (X, x, α) := ∂ ∂xπα and
+
g + (X, x, α) := ∂ ∂xπα are nonincreasing in X and α and nondecreasing in x.
Moreover, we have that
x∗−
= inf{x ∈ R : g + (X, x, α) ≥ 0},
α
= sup{x ∈ R : g − (X, x, α) ≤ 0}.
x∗+
α
Suppose now that X ≥st Y . Since g + (Y, x, α) ≥ g + (X, x, α) and g − (Y, x, α) ≥
∗+
∗+
∗−
g − (X, x, α), it follows that x∗−
α ≥ yα and xα ≥ yα .
(d) If X = c, P - a.s., then it is straightforward to check that πα (X, x) = 0
holds if and only if x = c.
(e) follows immediately from (c) and (d), while (f) can be proved similarly
to (c).
In the next Proposition we characterize those generalized quantiles that
have reasonable properties in the sense of the axiomatic theory of risk measures. In particular, we characterize generalized quantiles that are positively
homogeneous and generalized quantiles that are convex. As a consequence,
we will show that the only generalized quantiles that are coherent risk measures are the expectiles with α ≥ 12 . Similar characterizations have been
obtained by Ben-Tal and Teboulle (2007) and Weber (2006) under slightly
different hypotheses, so we provide an independent proof.
Proposition 6. Let Φ1 ,Φ2 : [0, +∞) → [0, +∞) be strictly convex and differentiable with Φi (0) = 0, Φi (1) = 1 and Φ01+ (0) = Φ02+ (0) = 0. Let
α ∈ (0, 1) and





x∗α (X) = argmin αE Φ1 (X − x)+ + (1 − α) E Φ2 (X − x)− .
x∈R

(a) x∗α (X) is positively homogeneous if and only if Φ1 (x) = Φ2 (x) = xβ , with
β > 1.
(b) x∗α (X) is convex if and only if the function ψ : R → R defined in (7) is
convex; it is concave if and only if ψ is concave.
(c) x∗α (X) is coherent if and only if Φ1 (x) = Φ2 (x) = x2 and α ≥ 12 .
Proof. (a) Due to the assumptions made on Φ1 and Φ2 , the minimizer
is the unique solution of

x∗α (X)

E[ψ(X − x∗α )] = 0.
9

(8)

Assume now that x∗α is positively homogeneous. Let δ < 0 < γ and

δ, with prob. p
X=
,
γ, with prob. 1 − p
with
p=

ψ(γ)
.
ψ(γ) − ψ(δ)

Since
E[ψ(X)] = pψ(δ) + (1 − p)ψ(γ) = 0,
it follows immediately by (8) and by the uniqueness of x∗α (X) that
x∗α (X) = 0.
If x∗α is positively homogeneous, then we must have for every λ > 0
x∗α (λX) = 0,
that is
pψ(λδ) + (1 − p)ψ(λγ) = 0.
Denoting by ψ1 and ψ2 the restrictions of ψ to the domains (−∞, 0) and
(0, +∞), respectively, the previous equation can be written as
ψ1 (δ)
ψ1 (λδ)
=
ψ2 (λγ)
ψ2 (γ)
for every δ < 0 < γ and for every λ > 0.
For γ = 1 we get
ψ1 (δ)ψ2 (λ)
ψ1 (λδ) =
,
ψ2 (1)
which is a Pexider functional equation. From Theorem 4 in Aczel (1966) it
follows that ψ1 (−λ) = ψ1 (−1)λc and ψ2 (λ) = ψ2 (1)λc , for some c > 0.
The condition Φ1 (x) = Φ2 (x) = xβ , with β > 1, follows by integrating
equation (7). The reverse implication is due to Proposition 5(b).
(b) The convexity of the zero utility principles is well known in the actuarial literature (see for example Deprez and Gerber (1985)). For sake of
completeness we provide a direct proof. Due to the f.o.c. x∗α (X) is the unique
solution of
E[ψ(X − x∗α (X))] = 0;
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furthermore, the term on the left side of the equality above is a nonincreasing
function of x∗α (X). If ψ is convex, it follows that
E[ψ(λX + (1 − λ)Y − λx∗α (X) − (1 − λ)x∗α (Y ))]
= E[ψ(λ(X − x∗α (X)) + (1 − λ)(Y − x∗α (Y )))]
≤ λE[ψ(X − x∗α (X))] + (1 − λ)E[ψ(Y − x∗α (Y ))] = 0,
from which we get
x∗α (λX + (1 − λ)Y ) ≤ x∗α (λX) + (1 − λ)x∗α (Y ).

(9)

If ψ is concave, then the opposite inequality holds, so that
x∗α (λX + (1 − λ)Y ) ≥ x∗α (λX) + (1 − λ)x∗α (Y ).

(10)

It remains to prove the reverse inequality in (9) (as well as in (10)). We
prove it by contradiction, with an argument similar to Weber (2006). Hence,
)>
suppose that ψ is not convex; then there exist x, y ∈ R such that ψ( x+y
2
ψ(x)
ψ(y)
+ 2 . Therefore there must exist z ∈ R and α ∈ (0, 1) such that
2




x+y
ψ(x) ψ(y)
+
αψ(z) + (1 − α)
< 0 ≤ αψ(z) + (1 − α)ψ
.
2
2
2
Consider now two random variables X, Y satisfying
P (X = z, Y = z) = α,
P (X = x, Y = y) = P (X = y, Y = x) =

1−α
.
2

)] ≥ 0. Hence,
It is clear that E[ψ(X)] = E[ψ(Y )] < 0, while E[ψ( X+Y
2
∗
∗
∗ X+Y
∗
xα (X), xα (Y ) < 0 and xα ( 2 ) ≥ 0, so that xα cannot be convex.
(c) From (b), ψ has to be convex. This implies that Φ02 has to be concave
and Φ01 has to be convex. Moreover, from (a) it follows that Φ1 and Φ2 should
necessarily satisfy Φ1 (x) = Φ2 (x) = xβ for some β > 1. Putting together the
two conditions above, we get β = 2. To ensure convexity of ψ we have to
require additionally that α ≥ 1/2.
Bellini (2012) showed by means of order theoretic comparative static techniques that expectiles with α ≥ 21 are the only generalized quantiles (in the
symmetric Φ1 = Φ2 case) that are isotonic with respect to the increasing
11

convex order, in accordance with the results of Bäuerle and Müller (2006).
Before moving to a deeper study of expectiles, we mention that several
alternative generalized quantiles that cannot be cast in the form of the minimization problem (3) have been considered in the literature. Bellini and
Rosazza Gianin (2012) defined Orlicz quantiles as the minimizers of the following loss function:
πα (X, x) := α (X − x)+

Φ1

+ (1 − α) (X − x)−

Φ2

,

while Jaworski (2006) considered instead loss functions of the type


πα (X, x) := E Φ1 (X − x)+ + Φ2 (x),
that depend only on the right tail of the distribution. For the sake of comparison, we recall that Orlicz quantiles are always positively homogeneous, while
generalized quantiles have this properties only in the case Φ1 (x) = Φ2 (x) =
xp . Orlicz quantiles in general lack the property of monotonicity with respect to the ≤st order, as it was shown by means of a counterexample in
Bellini and Rosazza Gianin (2012). Jaworski’s quantiles are monotonic and
(under additional assumptions) convex, but they do not satisfy translation
invariance nor positive homogeneity.
Another remarkable issue is that the value function
πα (X) = inf πα (X, x)
x∈R

is a convex deviation measure in the sense of Rockafellar et al. (2006) in the
case of generalized quantiles, while it is a coherent deviation measure in the
case of Orlicz quantiles (see Bellini and Rosazza Gianin (2012), Rockafellar
et al. (2006)).
3. Expectiles
We devote this Section to the study of expectiles eα (X). As we have
shown in Proposition 6, they are the only generalized quantiles that are
coherent risk measures (in the case of α ≥ 21 ). The f.o.c. for expectiles can
be written in several equivalent ways:




αE (X − eα (X))+ = (1 − α) E (X − eα (X))−
(11)
12

or also

2α − 1
E[(X − eα (X))+ ]
(12)
1−α
(see Newey and Powell (1987)). We remark that equations (11) and (12)
have a unique solution for all X ∈ L1 , so expectiles are well defined on L1 ,
although the loss function (4) can assume the value +∞. From Propositions
5 and 6 we know that expectiles satisfy translation equivariance, positive
homogeneity, monotonicity with respect to the ≤st order and subadditivity
(when α ≥ 12 ). In the next Proposition we collect some further immediate
properties:
eα (X) − E[X] =

Proposition 7. Let X, Y ∈ L1 and let eα (X) be the α -expectile of X. Then:
(a) X ≤ Y and P (X < Y ) > 0 imply that eα (X) < eα (Y ) (strong monotonicity);
(b) if α ≤ 21 , then eα (X + Y ) ≥ eα (X) + eα (Y );
(c) eα (X) = −e1−α (−X).
Proof. If X < Y on a set A with P (A) > 0, then at least one of the
sets A ∩ {X > eα (X)} and A ∩ {X < eα (X)} must
 have
 strictly positive

measure. This implies that either E (Y − eα (X))+ > E (X − eα (X))+ or




E (Y − eα )− < E (X − eα )− . Since eα (X) satisfies (11), we have that




αE (Y − eα (X))+ − (1 − α) E (Y − eα (X))− > 0,
which implies eα (X) < eα (Y ).
(b) can be seen as a consequence of Proposition 6. We also provide an
alternative direct proof. Denote, for simplicity, eα (X) := x and eα (Y ) := y.
If α ≤ 21 , we have
αE[(X + Y − x − y)+ ] − (1 − α)E[(X + Y − x − y)− ]
= (2α − 1)E[(X + Y − x − y)+ ] + (1 − α)E[X − x] + (1 − α)E[Y − y]
= (2α − 1)E[(X + Y − x − y)+ ] − (2α − 1)E[(X − x)+ ] − (2α − 1)E[(Y − y)+ ]
= (2α − 1) {E[(X + Y − x − y)+ ] − E[(X − x)+ ] − E[(Y − y)+ ]} ≥ 0.
Since the function
g(X, x, α) := αE[(X − x)+ ] − (1 − α)E[(X − x)− ]
is nonincreasing in x, it follows that eα (X + Y ) ≥ eα (X) + eα (Y ). For α ≥ 12 ,
the opposite inequality holds.
(c) The expectile e1−α (−X) satisfies the f.o.c.




(1 − α)E (−X − e1−α (−X))+ = αE (−X − e1−α (−X))− .
13

This is equivalent to




αE (X + e1−α (−X))+ = (1 − α)E (X + e1−α (−X))− .
Due to the uniqueness of the solution of (11), it follows that e1−α (−X) =
−eα (X).
So expectiles satisfy a strict monotonicity property that is stronger than
the usual monotonicity property of coherent risk measures. It is easy to see
that for example CVaR is not strictly monotone, since it depends only on the
right tail of the distribution. Strict monotonicity will be reflected in the dual
representation of the next Section by the strict positivity of the generalized
scenarios.
3.1. Dual representation
Since the expectiles are special cases of shortfall risk measures or u -mean
certainty equivalents, their dual representation can be obtained by means of
the results in Föllmer and Schied (2002) or in Ben-Tal and Teboulle (2007),
as it was noticed by Müller (2010). The following result provides the dual
representation of expectiles (as maximal - or minimal - expected value over
a set of scenarios) as well as the explicit expression of the optimal scenario.
Proposition 8. Let X ∈ L1 , and let eα (X) be the α-expectile of X. Then

 max E[ϕX],
if α ≥ 21
ϕ∈Mα
,
(13)
eα (X) =
if α ≤ 12
 min E[ϕX],
ϕ∈Mα

where the set of scenarios is


ess sup ϕ
∞
Mα = ϕ ∈ L : ϕ > 0 a.s., EP [ϕ] = 1,
≤β ,
ess inf ϕ
 α 1−α
with β = max 1−α
, α . Moreover, the optimal scenario ϕ in the dual
representation (13) is given by
ϕ :=

α1{X>eα } + (1 − α)1{X≤eα }
.
E[α1{X>eα } + (1 − α)1{X≤eα } ]
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(14)

Proof. The f.o.c. for an α-expectile can be written as E[ψ(X −eα (X))] =
0, where ψ is given by

2αt, if t ≥ 0
ψ(t) =
.
2(1 − α)t, if t < 0
Let us assume that α ≥ 21 . In this case, ψ is convex. From Proposition 4.104
and Theorem 4.106 in Föllmer and Schied (2004), we get that
eα (X) = max {E[ϕX] − αmin (ϕ)} ,
ϕ∈M

where
M = {ϕ ∈ L∞ s.t. ϕ ≥ 0 a.s., EP [ϕ] = 1}
and




1
∗
αmin (ϕ) = inf
E[ψ (λϕ)] .
λ>0
λ
Since ψ is positively homogeneous, its convex conjugate ψ ∗ is given by

0, if 2(1 − α) ≤ ψ ≤ 2α
∗
ψ (t) =
.
+∞, otherwise
Hence, it follows that

αmin (ϕ) =

0,
+∞,

if 2(1 − α) ≤ λϕ ≤ 2α for some λ > 0
otherwise

which implies the dual representation (13). If α ≤ 21 , we get from Proposition
7 (c)
eα (X) = −e1−α (−X) = − max E[ϕ(−X)] = min E[ϕX].
ϕ∈M1−α

ϕ∈Mα

It remains to check the optimality of ϕ, that is eα (X) = E[ϕX]. We first
note that


ess sup ϕ
α
1−α
= max
,
= β,
ess inf ϕ
1−α
α
i.e. ϕ ∈ Mα . The optimality of ϕ then follows from
E[αX1{X>eα } + (1 − α)X1{X≤eα } ]
E[α1{X>eα } + (1 − α)1{X≤eα } ]
E[α(X − eα (X))1{X>eα } + (1 − α)(X − eα (X))1{X≤eα } ]
= eα (X) +
E[α1{X>eα } + (1 − α)1{X≤eα } ]
= eα (X),

E[ϕX] =

15

where the last equality is due to first order condition.
From the dual representation (13) it is possible to derive the so called
Kusuoka representation (see for example Kusuoka (2001) or Pichler and
Shapiro (2012) and the references therein), that is basically the representation of a law invariant coherent risk measure as a supremum of convex
combinations of CVaR. As a consequence, we have a lower bound for the
expectiles. More specifically, we get the following result.
Proposition 9. Let X ∈ L1 , α ≥

1
2

and β =

α
.
1−α

Then

eα (X) = max
{(1 − γ)CV aR β− γ1 + γE[X]}.
1
γ∈[ β ,1]

β−1

In particular,
eα (X) ≥

E[X]
2α

+ 1−

1
2α



CV aRα (X).

Proof. From the dual representation (13)
max E[ϕX],

eα (X) = max E[ϕX] = max
1

γ∈[ β ,1] ϕ∈Mγ,βγ

ϕ∈Mα

where for 0 < γ < 1 < δ we define
Mγ,δ := {ϕ ∈ L∞ , E[ϕ] = 1, γ < ϕ < δ}.
we note that
max E[ϕX] = max E[γX + (ϕ − γ)X]

ϕ∈Mγ,δ

ϕ∈Mγ,δ

ϕ−γ
)X]
1−γ
E[ϕX]
e

= γE[X] + (1 − γ) max E[(
ϕ∈Mγ,δ

= γE[X] + (1 − γ)

max

ϕ∈M
e

δ−γ
0, 1−γ

= γE[X] + (1 − γ)CV aR δ−1 (X).
δ−γ

The last equality follows from
CV aRα (X) =

max

ϕ∈M
e
0,

1
1−α

E[ϕX].
e

Since in our case δ = βγ, we get
eα (X) = max
{(1 − γ)CV aR β− γ1 + γE[X]};
1
γ∈( β ,1]

putting γ =

1
2α

β−1

gives the desired inequality.
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3.2. Robustness properties of expectiles
The important topic of robustness properties of risk measures has recently
found increasing interest; see e.g. Krätschmer et al. (2012a, b) and Stahl et
al. (2012). As already observed in these papers, one cannot expect robustness
properties with respect to weak convergence for reasonable risk measures
like CVaR or, more generally, for coherent risk measures. This also applies
to expectiles, as they also contain the expectation as a limiting case, and
expectation is not continuous with respect to weak convergence. Therefore
we need a stronger notion of convergence, and a natural candidate is the
classical Wasserstein distance. We review here some of its properties, as
they can be found e.g. in Bickel (1981) or Dudley (2002).
The Wasserstein distance of two probability measures P and Q is defined
as the smallest expected difference between random variables with these distributions, i.e.
dW (P, Q) := inf{E[|X − Y |] : X ∼ P, Y ∼ Q}.

(15)

We will also write dW (X, Y ) := dW (PX , PY ) for random variables X, Y with
distributions PX , PY . Many equivalent characterizations of this distance are
available in the literature. The following ones will be useful in our context.
First,
Z ∞
Z 1
dW (X, Y ) =
|FX (t) − FY (t)|dt =
|FX−1 (α) − FY−1 (α)|dα,
−∞

0

where FX denotes the cumulative distribution function of X, and FX−1 the
quantile function. Second,
dW (X, Y ) = sup{|E[f (X)] − E[f (Y )]| : kf kL ≤ 1},
where
kf kL :=

(16)

|f (x) − f (y)|
|x − y|
x,y∈R:x6=y
sup

denotes the Lipschitz-seminorm.
We also recall that convergence in the Wasserstein distance is stronger
than convergence in distribution; more precisely,
dW (Xn , X) → 0 if and only if Xn → X in distribution and E[Xn ] → E[X].
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Thus, convergence in the Wasserstein distance is a special case of the ψ-weak
convergence as considered by Krätschmer et al. (2012a) with ψ(x) = |x|.
We are now ready to state (and prove) the following quantitative result
about robustness of expectiles with respect to the Wasserstein distance. Pflug
and Wozabal (2007) proved a similar result for CVaR, while a discussion of
the same property for general coherent risk measures can be found in Pichler
(2012).
Theorem 10. For all X, Y ∈ L1 and all α ∈ (0, 1) it holds that |eα (X) −
α
; 1−α
}.
eα (Y )| ≤ βdW (X, Y ), where β = max{ 1−α
α
Proof. Take now α >

1
2

and define the functions

f (x) := x − E[X];

g(x) :=

2α − 1
E[(X − x)+ ].
1−α

The Lipschitz-seminorms of f and g are then equal to
kf kL = 1

kgkL =

and

2α − 1
.
1−α

According to equation (12), the expectile eα (X) of X solves the equation
f (eα (X)) = eα (X) − E[X] =

2α − 1
E[(X − eα (X))+ ] = g(eα (X)).
1−α

(17)

Assume now dW (X, Y ) ≤  and w.l.o.g. eα (Y ) ≥ eα (X). By (16) it
follows that |E[Y ]−E[X]| ≤  and |E[(Y −eα (X))+ ]−E[(X −eα (X))+ ]| ≤ .
Hence,
E[X] = E[Y ] + 1 and E[(X − eα (X))+ ] = E[(Y − eα (X))+ ] + 2
with |1 |, |2 | ≤ . From (17), we deduce that
eα (X) − E[Y ] + 1 =

2α − 1
(E[(Y − eα (X))+ ] + 2 ).
1−α

(18)

Replacing X by Y , and using (17) again, we get
eα (Y ) − E[Y ] =

2α − 1
E[(Y − eα (Y ))+ ].
1−α
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(19)

Subtracting equation (18) from (19) and rearranging terms yields
2α − 1
(E[(Y − eα (Y ))+ ] − E[(Y − eα (X))+ ] − 2 )
eα (Y ) − eα (X) = 1 +

 1−α
2α − 1
≤· 1+
1−α
α
=·
,
1−α
where the inequality follows from eα (Y ) ≥ eα (X).
Let now α < 21 . The result follows immediately by applying the inequality
just proved to e1−α (−X), since eα (X) = −e1−α (−X) (by Proposition 7(c))
and dW (−X, −Y ) = dW (X, Y ). The case α = 1/2 is trivial as, in that case,
eα (X) = E[X].
3.3. Comparing expectiles with quantiles
In the statistical literature (see for example Jones (1994)) it is often argued that typically the expectiles eα are closer to the center of a distribution
than the corresponding quantiles qα . For example, this is indeed the case for
the uniform or the standard normal distribution. We are not aware of a general comparison result; however Koenker (1993) has derived an example of a
distribution where the expectiles eα (X) and the quantiles qα (X) coincide for
all α ∈ (0, 1). It turns out that this distribution is a Pareto-like distribution
with tail index β = 2, which in particular means that it has infinite variance.
Here we say that a distribution is Pareto-like with tail index β if
FX (x) = 1 − L(x) · x−β
for some function L which is slowly varying at infinity, i.e. with
L(tx)
= 1 for all t > 0,
x→∞ L(x)
lim

see e.g. Bingham et al. (1987).
We can prove an asymptotic comparison result (as α → 1) that shows
that actually Koenker’s case β = 2 discriminates between situations in which
asymptotically expectiles are larger than quantiles (β < 2) and situations in
which quantiles are larger than expectiles (β > 2). In other words, at least
for large α, we can say that expectiles are a more conservative risk measure
than the quantiles for (extremely) heavy tailed distributions.
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Theorem 11. Assume that X is a Pareto-like distribution with tail index
β > 1. Then
F (eα (X))
∼ 1 − α as α → 1.
(20)
β−1
If β < 2, then there exists some α0 < 1 such that for all α > α0 it holds
eα (X) > qα (X). If β > 2, then there exists some α0 < 1 such that for all
α > α0 it holds eα (X) < qα (X).
Proof. From equation (11) it is easy to see that if X has a Pareto-like
distribution, then eα (X) → +∞ as α → 1. From the Karamata theorem
(see for example Proposition 1.5.10 in Bingham et al. (1987)) it holds that
when x → +∞,
xF (x)
.
E[(X − x)+ ] ∼
β−1
Since by equation (12), any expectile solves
eα (X) − E[X] =

2α − 1
E[(X − eα (X))+ ],
1−α

we can conclude that as α → 1
eα (X) − E[X] ∼

eα (X) F (eα (X))
,
1−α β−1

that gives
eα (X) ∼

eα (X) F (eα (X))
,
1−α β−1

from which the first part of the theorem follows. Since clearly F (qα (X)) ∼
1 − α, then
F (eα (X))
∼ β − 1, as α → 1,
F (qα (X))
from which also the remaining part of the statement follows.
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Krätschmer, V., Schied, A., Zähle, H., 2012b. Qualitative and infinitesimal
robustness of tail dependent statistical functionals. Journal of Multivariate
Analysis 103, 35-47.
Kuan, C. Yeh, J., Hsu, Y., 2009. Assessing Value at Risk with CARE, the
Conditional AutoRegressive Expectile Models. Journal of Econometrics
150, 261–270.
Kusuoka, S., 2001. On law invariant coherent risk measures. Advances in
mathematical economics 3, 83-95.
22

Müller, A., 2010: Expectiles as risk measure. Presentation at DagStat conference.
Newey, W., Powell, J., 1987. Asymmetric least squares estimation and testing. Econometrica 55, 819-847.
Pichler, A. 2012. Insurance pricing under ambiguity. Forthcoming in European Actuarial Journal.
Pichler, A., Shapiro, A., Uniqueness of Kusuoka representations. ArXiv
preprint, 1210.7257
Pflug, G., Ruszczynski, A., 2004. A Risk Measure for Income Processes. In
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