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Abstract

The problem of testing for multivariate normality has received much
attention. Among the myriad of tests available, we confine ourselves to
three affine invariant and simple to implement tests. In order to compare
the power of these tests against skew-normal distributions we use Monte
Carlo simulations and isotones, a graphical device introduced by Mud-
holkar et al. (J. Roy. Statist. Soc. B 53, 1991, 221–232). To this end,
we generalize the notion of a profile, a deterministic ideal sample used to
construct isotones, to the bivariate case.

AMS Subject Classifications: 62G10 and 62G30

Key words: Profiles, Isotones, Simulation, Bivariate Skew-Normal distri-
bution, Goodness-of-fit test.

1 Introduction

Let X1, . . . , Xn be independent copies of a d-dimensional random vector X ,
where d ≥ 1 is a fixed integer. We assume that the distribution P

X of X has a
Lebesgue density but is otherwise unknown. Writing

Nd := {Nd(µ,Σ) : µ ∈ R
d and Σ ∈ R

d,d nonsingular}

for the class of all nondegenerate d-variate normal distributions, this paper
considers the use of profiles, introduced by Mudholkar et al. ([13])) in the case
d = 1, for testing the hypothesis

H0 : P
X ∈ Nd

against general alternatives. The problem of testing for multivariate normality
has received much attention (for an overview, see e.g. [11])). Among the myriad
of tests available, we confine ourselves to the tests of Mardia based on skewness
and kurtosis and the BHEP tests (see Section 2). All these tests are affine
invariant and simple to implement. Moreover, the BHEP tests are consistent
against each fixed nonnormal alternative distribution. The paper is organized as
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follows. In Section 2, we introduce the test statistics under discussion. Section 3
deals with profiles, their generalization to more than one dimension and isotones,
a tool for the graphical comparison of the power of goodness-of-fit tests. In
Section 4, the tests of normality against skew-normal alternatives are compared
using isotones and Monte Carlo simulations. The final section contains some
concluding remarks.

2 Test statistics

In what follows, X̄n = n−1
∑n

j=1Xj and Sn = n−1
∑n

j=1(Xj − X̄n)(Xj − X̄n)′

denote the mean vector and the covariance matrix of X1, . . . , Xn, respectively.
All vectors are column vectors, and the prime denotes transpose. We make the
tacit assumption n > d which entails the almost sure invertibility of Sn (see

[4]). The scaled residuals are denoted by Yn,j = S
−1/2
n (Xj − X̄n), j = 1, . . . , n.

Here, S
−1/2
n is the symmetric positive definite square root of S−1

n .

2.1 Mardia’s test based on multivariate skewness

Multivariate sample skewness in the sense of Mardia ([12]), defined as

b
(n)
1,d =

1

n2

n
∑

j,k=1

{Y ′
n,jYn,k}3,

is a consistent estimator of the underlying population parameter

β1,d = E{(X1 − µ)′Σ−1(X2 − µ)}3.

Here, µ and Σ denote the mean and the covariance matrix of X , respectively.

A test for multivariate normality based on b
(n)
1,d rejects H0 for large values of

Tn,S =
nb

(n)
1,d

6
.

Mardia [12] showed that the limit null distribution of Tn,S is χ2
d(d+1)(d+2)/6.

More general results on the asymptotic behavior of Tn,S have been obtained
by Baringhaus and Henze ([3]). Since the convergence of quantiles of the finite
sample H0-distribution of Tn,S is fairly slow, we use empirical quantiles of Tn,S

based on 100 000 replications.

2.2 Mardia’s test based on multivariate kurtosis

Multivariate sample kurtosis in the sense of Mardia ([12]) is defined as

b
(n)
2,d =

1

n

n
∑

j=1

{Y ′
n,jYn,j}2.

Obviously, b
(n)
2,d is a consistent estimator of the population parameter β2,d =

E{(X − µ)′Σ−1(X − µ)}2. A test of H0 using b
(n)
2,d is based on

Tn,K =
√
n
b
(n)
2,d − d(d+ 2)
√

8d(d+ 2)
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with a two-sided rejection region. The limit null distribution of Tn,K is standard
normal ([12]). The limit law of Tn,K under general alternatives was obtained
in ([9]). Like for Tn,S, we also used Monte Carlo quantiles of Tn,K based on
100 000 replications.

2.3 The BHEP test

Writing ψn(t) = n−1
∑n

j=1 exp(it′Yn,j), t ∈ R
d, for the empirical characteristic

function of the scaled residuals and ψ(t) = exp(−‖t‖2/2) for the characteristic
function of the standard normal distribution in R

d, the BHEP test rejects H0

for large values of

Tn,β =

∫

Rd

∣

∣

∣

∣

ψn(t) − exp

(

−‖t‖2

2

)∣

∣

∣

∣

2

ϕd,β(t)dt.

Here,

ϕd,β(t) = (2πβ2)−
d
2 exp

(

−‖t‖2

2β2

)

, t ∈ R
d,

denotes the density of the distribution Nd(0, β
2Id) (Id is the unit matrix of order

d), and β > 0 is a fixed parameter (Henze and Zirkler ([8])). The limit null dis-
tribution of nTn,β is the distribution of an infinite sum of weighted independent
Chi square variates ([8]). Henze and Wagner ([10]) and Gürtler ([5]) obtained
the limit law of Tn,β under contiguous alternatives and fixed alternatives to
normality, respectively.

The test statistic can be written as

Tn,β =
1

n2

n
∑

j,k=1

exp

(

−β
2

2
‖Yn,j − Yn,k‖2

)

− 2

n
(1 + β2)−d/2

n
∑

j=1

exp

(

−β
2‖Yn,j‖2

2(1 + β2)

)

+ (1 + 2β2)−d/2,

which shows that a test of H0 based on Tn,β can be easily carried out. An
alternative expression of Tn,β as an L2-distance between density estimators is
given in [8]). In what follows, we choose the value β = 1. Empirical finite
sample quantiles of Tn,1 were obtained by simulations (100 000 replications).

3 Profiles and isotones

Mudholkar et al. [13] propose a graphical procedure that allows of a comparison
of competing tests for univariate normality against alternatives from a two-
parametric family of distributions that includes the normal law. We briefly
review this procedure and generalize the approach to the bivariate case.

The basic idea is to find a non-stochastic sample of a distribution that, in a
certain sense, is optimal with regard to all possible samples of the same size. To
this end, let F be a (univariate) distribution function. Following Mudholkar et

3



al. [13], a profile from F is a sequence (Pn)n≥1 of sets Pn = {xn1, . . . , xnn} ⊂ R

such that
lim

n→∞
sup
x∈R

|F̂n,Pn
(x) − F (x)| = 0.

Here,

F̂n,Pn
(x) =

1

n

n
∑

j=1

1{xnj ≤ x}, x ∈ R,

is the empirical distribution function corresponding to the ’size n profile’ Pn.
Writing F−1(p) = inf{x ∈ R |F (x) ≥ p}, 0 < p < 1, for the quantile function

of F , Mudholkar et al. [13] choose

P ∗
n = P ∗

n(F ) =

{

F−1

(

j − 0.5

n

)

: j = 1, . . . , n

}

as a size n profile if the distribution function F is continuous. Without proof,
they state the following optimality properties of P ∗

n : If Pn is any other size n
profile of F , then

sup
x∈R

|F̂n,Pn
(x) − F (x)| ≥ sup

x∈R

|F̂n,P∗

n
(x) − F (x)| (1)

and

EF [F̂n,Pn
(X) − F (X)]2 ≥ EF [F̂n,P∗

n
(X) − F (X)]2. (2)

Here, X denotes a random variable having distribution function F .

The first property follows immediately from the observation that, for any
continuous distribution function F , supx∈R

|F̂n,P∗

n
(x) − F (x)| = 1/(2n).

Regarding assertion (2), note that

EF F̂
2
n,Pn

(X) = 1 − 1

n2

n
∑

j=1

(2j − 1)F (xj),

EF F̂n,Pn
(X)F (X) =

1

2
− 1

2n

n
∑

j=1

F (xj)
2,

where x1 < x2 < . . . < xn is any ordered size n profile of F . Therefore, putting
ξj = F (xj) for j = 1, . . . , n, we obtain

EF F̂
2
n,Pn

(X) − 2 EF F̂n,Pn
(X)F (X) =

1

n

n
∑

j=1

ξ2j − 1

n2

n
∑

j=1

(2j − 1)ξj . (3)

Minimizing the right hand side of (3) subject to the constraints 0 ≤ ξ1 < . . . <
ξn ≤ 1 yields ξj = (j − 1/2)/n, from which the second optimality property
follows.

We now generalize the notion of a distribution profile to the bivariate case.
To this end, let F be a bivariate distribution function. By analogy with the
univariate case, a profile from F is a sequence (Pn,2)n≥1 of sets

Pn,2 = Pn,2(F ) = {(xn1, yn,1), . . . , (xnn, ynn)} ⊂ R
2
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Figure 1: Distribution of mass of a bivariate size 9 profile P̃9,2.

such that
lim

n→∞
sup

(x,y)∈R
2

|F̂n,Pn,2
(x, y) − F (x, y)| = 0,

where

F̂n,Pn,2
(x, y) =

1

n

n
∑

j=1

1{xnj ≤ x, ynj ≤ y}

(x, y ∈ R) is the empirical distribution function of (xn1, yn1), . . . , (xnn, ynn).
The set Pn,2 is called a bivariate size n profile of F .

It is an open problem to find optimal bivariate profiles satisfying (1) or (2).
However, the following procedure for obtaining bivariate profiles suggests itself.
It is tailored to the case that n is a square number, i.e., n = m2 for some integer
m, and that F has a Lebesgue density. The idea is to generate a partition of R

2

into n cells of equal probability. To be specific, let F (x, y) = P(X ≤ x, Y ≤ y)
be the distribution function of a bivariate vector (X,Y ) and F2(y) = P(Y ≤ y)
be the marginal distribution function of Y .

We put yk = F−1
2

(

k−0.5
m

)

for 1 ≤ k ≤ m, y0 = −∞, ym+1 = ∞, xj0 = −∞,
xj,m+1 = ∞ and pjk = P(xjk ≤ X ≤ xj+1,k+1, yj ≤ Y ≤ yj+1) if 0 ≤ j, k ≤ m.
Then we choose xjk such that

pij =



















1
4m2 if (i, j) = (0, 0)

1
2m2 if (i, j) = (1, 0), . . . , (m− 1, 0)

1
2m2 if (i, j) = (0, 1), . . . , (0,m− 1)
1

m2 if 1 ≤ i, j ≤ m− 1

Then, P̃n,2(F ) = {(xij , yi)1≤i,j≤m} defines a bivariate size n profile that en-
sures, in a certain sense, equidistribution of the probability mass defined by F .
However, we do not claim this profile to be optimal in the sense (1) or (2).

To illustrate the idea, Figure 1 shows the distribution of mass for the bivari-
ate size 9 profile P̃9,2. Figure 2 exhibits the bivariate size 100 profiles P̃100,2 of

the distributions N2(0, Id) (left) and N2

((

0
0

)

,

(

1 0.7
0.7 1

))

(right).

Isotones provide a graphical comparison of competing goodness-of-fit tests
of normality under alternatives from a two-parametric family F = {F (·; θ1, θ2) :
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Figure 2: Size 100 profile P̃100,2 of N2(0, Id) (left) and the bivariate centered
normal law having unit variances and correlation ρ = 0.7 (right).

θ1 ∈ Θ1, θ2 ∈ Θ2} of distributions that includes the normal law for a spe-
cial choice (θ∗1 , θ

∗
2) of parameter values. Since the power of a goodness-of-fit test

should increase with the distance of an alternative distribution from the null hy-
pothesis, the p-values corresponding to samples from ’more distant’ distributions
should be smaller than p-values from samples originating from distributions that
are nearer to the null hypothesis.

In what follows, our samples are the optimal profiles P ∗
n in the univariate

case and the profiles P̃n,2 in the bivariate case. We define a mapping

pTn
:

{

Θ1 × Θ2 → [0, 1]

(θ1, θ2) 7→ pTn
(θ1, θ2)

that, for each parameter (θ1, θ2), assigns the p-value of a test statistic Tn,
when computed on the data {x1, . . . , xn} = P ∗

n in the univariate case and
{(x1, y1), . . . , (xn, yn)} = P̃n,2 in the bivariate case. Note that these size n
profiles are obtained from the distribution function F (·; θ1, θ2).

We now consider a 3-dimensional plot of the points (θ1, θ2, pTn
(θ1, θ2)),

θ1 ∈ Θ1, θ2 ∈ Θ2 in a cartesian coordinate system. For fixed p ∈ (0, 1), an
isotone I(Tn, p) of a test Tn is the level curve at height p of the surface of p-
values pTn

(θ1, θ2), θ1 ∈ Θ1, θ2 ∈ Θ2 in the θ1-θ2-plane.

Different tests are compared by means of the distance of isotones from the
point (θ∗1 , θ

∗
2), which represents the normal distribution. We will, however, only

qualify two different tests if their isotones do not intersect.
In the latter case, we define a test Tn to be better at level p (p ∈ (0, 1)) than a
test T̃n if the distance of I(Tn, p) and (θ∗1 , θ

∗
2) is smaller than the distance of the

isotone I(T̃n, p) and (θ∗1 , θ
∗
2). A test Tn is better than a test T̃n, if it is better

than T̃n at level p for each p ∈ (0, 1).

The advantage of this graphical tool for comparing competing tests is that
there is no need for large scale simulation studies, since both the optimal size
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n profile P ∗
n in the univariate case and the bivariate size n-Profil P̃n,2 are non-

stochastic. Notice however that the definition of P ∗
n in the univariate case

requires knowledge of the quantile function F−1(·) of the alternative distribu-
tion. If F−1 is not known, numerical techniques must be used. In the bivariate
case, the quantile function of the marginal distribution function of Y must be
known or otherwise approximated by numerical procedures.

4 Results

4.1 Extended Skew-Normal distribution

In this subsection, we assess the power of the three tests introduced in Section
2 against the (univariate) extended skew-normal distribution SNE(α, τ) with
density

fα,τ (z) = ϕ(z)
Φ(τ

√
1 + α2 + αz)

Φ(τ)
, z ∈ R

(see, e.g., Azzalini [1]). Putting τ = 0, one obtains the (univariate) skew nor-
mal distribution SN (α); setting α = 0 yields the standard normal distribution
N (0, 1).

The following stochastic representation due to Henze [7] facilitates random
number generation. Let T and V be independent random variables, where
V ∼ N (0, 1) and T has a truncated normal distribution with density f(t) =
ϕ(t)/(1 − Φ(−τ)) for t ≥ −τ . Then,

Z =
α√

1 + α2
· T +

1√
1 + α2

· V

has a SNE(α, τ)-distribution.
In view of the affine invariance of the test statistics and the fact that Z ∼

SNE(α, τ) implies −Z ∼ SNE(−α, τ), it suffices to consider the case α ≥ 0.
The profiles of the SNE distribution and the corresponding isotones were

computed for several sample sizes n and levels p. Figure 3 exhibits the typical
behavior of the isotones for the case n = 20 and p = 0.3.

Since the isotone corresponding to the skewness test is closer to the line
α = 0 (i.e. the normal distribution) than the isotone of the BHEP test, the
skewness test outperforms the latter. For the given alternatives, the kurtosis
test ranks third.

To corroborate our findings, we conducted a Monte-Carlo study with sample
sizes n = 20 and n = 50. Tables 1, 2 and 3 show the percentages of rejection of
the three tests for n = 50 based on 10000 replications. The results for the case
n = 20 are completely similar.

The simulation results reveal no fundamental difference between the BHEP
and the skewness test, the latter being somewhat superior for negative values
of τ . Again, the test based on kurtosis ranks third.

To sum up, both the simulation study and the graphical procedure based
on isotones lead to similar conclusions regarding the power of the three tests
against the extended skew-normal distribution.
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Figure 3: Isotones of normality tests against SNE alternatives, n = 20, p = 0.3

(α, τ) -3 -2 -1 0 1 2 3

0 5.0 4.8 5.2 4.8 5.0 5.0 4.8
1 5.4 5.1 5.6 5.5 5.7 5.0 4.9
2 6.8 8.5 9.6 9.4 7.2 5.4 4.3
3 11.8 14.9 16.4 13.4 9.4 6.1 4.2
4 18.7 22.1 21.6 15.8 11.0 6.0 4.4
5 25.7 28.2 26.0 17.7 12.1 6.7 4.5
6 30.4 32.5 29.0 17.9 11.7 7.1 4.1
7 35.7 35.9 31.0 19.5 12.1 6.8 4.5
8 38.9 38.5 32.2 19.0 12.8 6.7 4.4
9 42.0 41.1 32.1 20.1 13.0 7.3 4.1
10 43.4 42.0 33.8 19.2 12.6 7.3 4.1

Table 1: Simulated power of the kurtosis test against the distribution
SNE(α, τ), nominal level 5%, sample size 50
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(α, τ) -3 -2 -1 0 1 2 3

0 4.9 5.1 5.1 5.0 5.1 4.8 4.7
1 5.4 5.4 5.5 5.8 6.2 5.4 4.7
2 7.3 10.5 14.8 20.1 14.0 5.6 4.6
3 15.6 24.6 35.9 39.9 22.0 6.0 4.9
4 29.0 43.6 56.0 54.5 27.1 6.2 4.7
5 45.4 59.2 69.5 64.4 29.3 6.1 4.6
6 58.4 72.3 77.7 69.3 31.2 6.3 4.8
7 69.6 80.1 83.8 72.6 33.3 6.3 4.5
8 78.4 85.2 86.4 74.6 33.9 5.8 4.3
9 83.0 88.8 89.1 77.1 35.1 5.9 4.5
10 86.9 90.7 90.9 77.9 35.9 6.3 4.3

Table 2: Simulated power of the BHEP test against the distribution SNE(α, τ),
nominal level 5%, sample size 50

(α, τ) -3 -2 -1 0 1 2 3

0 5.0 5.1 5.0 5.1 5.3 4.9 4.7
1 5.0 5.4 6.2 6.4 6.4 5.1 4.3
2 9.2 13.3 18.4 22.7 14.8 5.0 4.2
3 20.2 30.3 41.1 41.0 21.7 5.6 4.2
4 36.2 49.3 59.1 52.9 25.9 5.9 4.1
5 52.2 64.5 70.4 61.5 26.9 5.6 4.0
6 64.5 74.6 76.7 65.0 29.3 6.1 3.8
7 72.9 80.6 81.9 68.0 29.8 5.7 3.8
8 80.1 85.1 84.5 69.6 31.3 5.7 4.0
9 84.1 88.3 86.0 71.1 31.7 6.1 3.6
10 87.1 89.7 87.9 72.0 32.2 6.0 3.8

Table 3: Simulated power of the skewness test against the distribution
SNE(α, τ), nominal level 5%, sample size 50
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4.2 Two-factor skew-normal distribution

As a second example, we consider the two-factor skew-normal (T SN ) distribu-
tion introduced by Gupta, Chen and Tang [6]. A d-dimensional random vector
X has a T SN distribution with correlation matrix Ω̄ ∈ R

d,d and parameter
λ ∈ R

d,Λ = diag(δ1, . . . , δd) ∈ R
d,d with δi ≥ 0, if X has the density

fλ,Λ,Ω̄(x) = 2ϕd(x; Ω̄)Φ

(

λ′x√
1 + x′Λx

)

, x ∈ R
d .

Here, ϕd(·; Ω̄) stands for the density of Nd(0, Ω̄), and Φ is the distribution
function of the univariate standard normal distribution. This family is denoted
by T SN d(λ,Λ, Ω̄); if Ω̄ = Id, we write T SN d(λ,Λ).

Putting G = Φ, f0(·) = ϕd(·, Ω̄) and w(z) = λ′z√
1+z′Λz

in Lemma 1 of [1], and

noting that w(−z) = −w(z), we obtain the following stochastic representation:

Proposition 4.1. Let X ∼ N (0, 1) and Y ∼ Nd(0, Ω̄) be independent random
variables. Then the random variable

Z =

{

Y, if X < λ′Y√
1+Y ′ΛY

,

−Y, otherwise,

has the density given in (4.2).

The special case Λ = 0 yields the d-dimensional skew-normal distribution
introduced in [1], and denoted by SN d(λ, Ω̄); for λ = 0, the two-factor skew-
normal distribution equals the Nd(0, Ω̄)-distribution.

Here, we treat the case d = 1 (and Ω̄ = 1); hence, there are two parameters
λ and Λ. In view of the affine invariance of the test statistics and the fact that
X ∼ T SN (λ,Λ) implies −X ∼ T SN (−λ,Λ), we consider only nonnegative
values of λ.

Figure 4 illustrates the typical behavior of the isotones for small p (with
n = 20 and p = 0.3). For large values of p, one obtains a quite different picture,
as Figure 5 shows for p = 0.7.

For small p, the isotones of the skewness test are closer to the line λ = 0 than
those of the BHEP test; the isotones of the kurtosis test are even further away
and do not fit within the display window. For large p, the isotones intersect
repeatedly, and it is hardly possible to give any interpretation.

Figure 6 reveals the reason for this strange behavior. It shows a cross section
of the surface of the the kurtosis statistic Tn,K for Λ = 4 and the associated
p-values pT20,K

which are not monotone in λ. Similar pictures are observed for
other values of Λ and the other tests.

This non-monotone behavior can also be observed in simulations. As an
example, Table 4 shows the empirical power of the kurtosis test for n = 50.

The results of a detailed simulation study (not shown here) for the sample
sizes 20 and 50 give a clear picture: The BHEP test slightly outperforms the
skewness test, and both tests are far better than the test based on kurtosis.

4.3 Bivariate Skew-Normal distribution

As third example, we consider the bivariate skew-normal distribution with Ω̄ =
I2, denoted by SN 2(α1, α2). If the random vector (Z1, Z2) has a SN 2(α1, α2)-

10
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Figure 4: Isotones of normality tests against T SN alternatives, n = 20, p = 0.2
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Figure 5: Isotones of normality tests against T SN alternatives, n = 20, p = 0.7

11



0 2 4 6 8 10

−
0.

3
−

0.
2

−
0.

1
0.

0
0.

1
0.

2
0.

3
0.

4

λ

Λ = 4

0 2 4 6 8 10

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

λ

Λ = 4

Figure 6: Cross section of the surface of the kurtosis statistic T20,K (left) and
the corresponding p-values pT20,K

(right) of the T SN -distribution for Λ = 4.

(λ,Λ) 0 1 2 3 4 5 6 7 8 9 10

0 5.0 4.7 4.9 4.7 4.7 5.1 5.3 5.0 5.4 4.8 5.2
1 5.6 8.0 7.4 6.4 5.6 5.4 5.7 5.6 5.6 5.7 5.5
2 9.2 14.2 16.3 16.0 15.4 13.1 11.7 10.7 10.7 9.3 8.9
3 13.9 13.8 18.0 22.5 24.0 23.5 22.8 21.6 19.9 19.5 17.9
4 16.1 15.0 16.1 19.4 22.6 24.4 27.3 27.4 27.6 27.5 27.1
5 16.8 17.4 16.5 17.5 20.0 22.1 24.8 26.3 28.6 28.9 29.1
6 18.5 17.8 18.6 18.5 18.6 19.2 20.7 23.2 25.2 27.3 27.5
7 19.2 18.9 18.3 19.0 18.6 18.3 19.7 20.4 21.5 23.0 24.7
8 19.4 19.8 19.9 18.8 19.5 19.9 19.0 19.9 20.7 21.0 21.6
9 19.8 20.3 19.3 20.2 20.0 19.5 19.8 19.1 20.7 20.3 20.9
10 20.1 19.7 19.7 19.6 20.0 19.3 20.3 20.3 19.9 19.5 20.0

Table 4: Simulated power of the kurtosis test against the distribution
T SN (λ,Λ), nominal level 5%, sample size 50
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Figure 7: Isotones of normality tests against SN 2 alternatives, n = 100, p = 0.3

distribution, the marginal distribution of Z2 is SN (ᾱ), where ᾱ = α2/(
√

1 + α2
1)

(Prop. 2 in Azzalini and Capitanio [2]). This result is useful for the compu-
tation of the bivariate n-Profile P̃n,2. Since (Z1,−Z2) ∼ SN 2(α1,−α2) and
(−Z1, Z2) ∼ SN 2(−α1, α2), we consider only nonnegative values of α1 and α2.
The case (α1, α2) = (0, 0) yields the bivariate normal distribution.

The kurtosis value b
(100)
2,2 for the profile of the normal distribution with n =

100 is 6.50 and thus not a value near 8, which is the theoretical value of β2,2

under bivariate normality. This fact leads to a very small p-value under the
hypothesis, and not a value near 1 as in all other cases. Apparently, the bivariate
size n profile is not a typical sample from a normal distribution in view of the
kurtosis statistic. Consequently, we have not computed isotones of the kurtosis
test, and we also omit the kurtosis test from the simulations.

The typical behavior of the isotones of the remaining tests is illustrated in
Figure 7 (with n = 100 and p = 0.3). The isotones of the skewness test are
closer to (0, 0) for alternatives with α1 ≈ α2; hence, the skewness test is better
for these parameter values. However, if the parameter values differ more, the
BHEP test outperforms the skewness test.

Tables 5 and 6 show part of the results of a power study for the two tests
with sample size n = 100.

Similar as the isotones indicate, the skewness test has higher power for α1 ≈
α2, but only if α1, α2 are small. If one of the parameter values is larger than 4,
the BHEP test outperforms the skewness test.

5 Discussion

The use of profiles and isotones is an interesting alternative to simulation studies
for assessing the power of goodness-of-fit tests. In many cases, the conclusions
drawn from both procedures are in good agreement, as the work of Mudholkar
and co-workers [13], [14], [15] and our own results show. However, the following
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(α1, α2) 0 1 2 3 4 5 6

0 4.9 6.2 21.1 46.0 63.4 74.2 80.9
1 6.0 9.5 26.6 49.6 65.7 73.8 79.9
2 21.2 27.0 42.4 57.2 68.6 76.0 81.2
3 46.1 50.0 57.8 67.0 73.0 78.8 82.7
4 64.2 66.0 69.4 74.1 77.5 81.2 83.7
5 74.6 75.0 76.5 78.8 81.4 82.5 85.3
6 79.6 79.6 81.3 82.5 83.6 85.4 85.8

Table 5: Simulated power of the BHEP test against the distribution
SN 2(α1, α2), nominal level 5%, sample size 100

(α1, α2) 0 1 2 3 4 5 6

0 4.9 6.4 24.1 48.1 63.1 72.1 77.9
1 7.0 11.2 29.9 51.3 65.1 71.8 77.4
2 24.9 30.4 45.7 57.9 68.1 74.0 78.0
3 47.9 51.6 58.1 65.4 71.1 75.9 79.2
4 63.9 64.7 67.8 72.0 74.9 77.7 80.0
5 72.4 71.9 74.3 75.7 78.3 79.6 81.4
6 76.7 77.6 77.3 79.1 80.2 81.8 82.1

Table 6: Simulated power of the skewness test against the distribution
SN 2(α1, α2), nominal level 5%, sample size 100

points should be kept in mind when using this procedure:

• In our experience, the qualitative behavior of isotones hardly changes with
sample size, which is often different in power simulations. The reason
seems to be that, even for a small sample size, the ecdf of a size n profile
is a good approximation to the theoretical cdf. Hence, in the examples in
Section 4, we have confined ourselves to using univariate profiles of size
20 and bivariate profiles of size 100.

• Since alternatives which are distant from the null hypotheses should be
easier to detect, it is reasonable in general to compare different tests by
means of the distance of isotones from the point or line which represents
the normal distribution.

However, as the T SN distribution shows, the test statistic and, hence,
the p-values are not always monotone functions in that distance. In such
cases, interpretation of isotones becomes difficult.

• The use of profiles and isotones seems especially appealing in higher di-
mensions given that time-consuming stochastic simulations are replaced
by deterministic computations. On the other hand, defining multivariate
profiles is demanding since it is not at all clear what an ’ideal sample’ could
be in two or more dimensions; furthermore, the construction of bivariate
profiles as defined in Section 3 is time-consuming by itself since there are
no closed-form expressions for most multivariate distribution functions.
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